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Zusammenfassung

Das Hauptthema dieser Arbeit ist die Rückreaktion von Anregungen mit kleinen Amplitu-
den auf graue Solitonen in quasi-eindimensionalen schwach wechselwirkenden verdünnten
Bose-kondensierten Gasen. Diese Systeme sind von besonderem Interesse, da sie unter
anderem physikalische Fragestellungen rund um die Bildung kollektiver Freiheitsgrade auf-
werfen.

Ein wesentlicher Bestandteil der vorliegenden Arbeit ist das Resultat einer Lineari-
sierung der Gross-Pitaevskii-Gleichung um die Hintergrundlösung des grauen Solitons.
Die Linearisierung entspricht einer systematischen Entwicklung der Heisenbergschen Bewe-
gungsgleichung nach dem verdünnten Gasparameter bis einschließlich erster Ordnung. Die
Lösungen der linearisierten Bewegungsgleichung – auch unter dem Namen Bogoliubov–de
Gennes-Gleichung bekannt – werden mit einer Methode hergeleitet, die der Faktorisierung
aus der Streutheorie ähnelt. Dazu wird die Feldamplitude anhand von Normalmoden mit
reellen Amplituden und harmonischer Zeitentwicklung dargestellt. Jene repräsentieren die
elementaren Anregungen des Systems. Für das unendliche System ohne Randbedingung
sind die gewonnenen Resultate exakt gültig, und können außerdem näherungsweise, bis
auf exponentiell kleine Korrekturen, auf ein periodisches System endlicher Länge übertra-
gen werden. Zudem kann man bestätigen, dass die Normalmoden einen vollständigen und
orthonormalen Funktionensatz bilden.

Der Vorteil der reellen Variablen besteht darin, dass sich die Moden mit einer natürlichen
Frequenz von Null, die sogenannten Nullmoden, direkt aus der quadratischen Hamilton-
funktion herleiten lassen und sich an das untere Ende des (quasi-)kontinuierlichen Spek-
trums der Moden endlicher Frequenz einfügen. Hierbei ist eine diskrete Nullmode mit
negativer Masse hervorzuheben, die mit der räumlichen Translation des Solitons verknüpft
ist. Es wird gezeigt, dass diese Zuordnung jedoch nicht so eindeutig ist wie üblicherweise
angenommen, denn die Nullmoden können über eine kanonische Transformation gemischt
werden, obwohl ihre Massen unterschiedliches Vorzeichen besitzen.

Allgemein lässt die analytische Form der Normalmodenlösungen sofort den Schluss zu,
dass graue Solitonen transparent für elementare Anregungen sind. Allerdings tritt beim
Durchgang der Anregungen durch das Soliton ein wohldefinierter, wellenlängenabhängiger
Phasensprung der Anregungen auf. Dieser Phasensprung stellt die Grundlage der Wech-
selwirkung zwischen grauen Solitonen und jeglichen Anregungen dar.

Zur Untersuchung der Wechselwirkung werden Wellenpaketanregungen mit endlicher
Wellenlänge betrachtet, die sich aus einer ausgewählten Superposition von Normalmoden
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ergeben. Dazu wird eine Darstellung mit komplexen Amplituden genutzt, welche den
Erzeugungs- und Vernichtungsoperatoren von Quasiteilchen-Anregungen der zweiten Quan-
tisierung entsprechen. Im Vergleich zur Propagation in konstantem Hintergrund erfahren
die Wellenpakete aufgrund des Phasensprungs beim Durchgang durch das Soliton eine
endliche räumliche Verschiebung, wie in einer asymptotischen Betrachtung gezeigt wird.
Somit hat die Präsenz des Solitons einen nichttrivialen E!ekt auf das Wellenpaket. Da
Wellenpakete Dichteänderungen entsprechen, ist mit der Verschiebung in erster Ordnung
in der systematischen Entwicklung nach dem verdünnten Gasparameter ein zusätzlicher
Sprung der zugeordneten Schwerpunktsbewegung in zweiter Ordnung verbunden. Um
weitere E!ekte, im speziellen die Rückreaktion auf das Soliton, zu bestimmen, muss da-
her auch die Bewegungsgleichung in dieser Ordnung betrachtet werden. Anhand einer
asymptotischen Lösung für die Wellenpaketanregung in zweiter Ordnung, kombiniert mit
den exakten Erhaltungssätzen für die Teilchenzahl und den linearen Gesamtimpuls, erhält
man letztlich eine analytische Formel für den Rückreaktionse!ekt des Solitons. Es wird
durch die Wechselwirkung mit den Wellenpaketen räumlich verschoben. Der E!ekt wird
durch numerische Integration der Gross-Pitaevskii-Gleichung quantitativ bestätigt.

Die Rückreaktion des Solitons unter dem Einfluss von hydrodynamischen Anregun-
gen wird innerhalb einer Boundary-Layer-Theorie mit mehreren Skalen studiert. Diese
Art der Anregung ist charakterisiert durch Wellenlängen, die deutlich größer als die cha-
rakteristische Längenskala des Kondensats sind. Dabei stellen die oben erwähnten Wel-
lenpaketanregungen für hydrodynamische Wellenlängen den Spezialfall kleiner Amplitude
innerhalb der Boundary-Layer-Theorie dar. Mit dieser Theorie lässt sich eine Bewegungs-
gleichung für das Soliton herleiten, deren Lösung einen geschlossenen Ausdruck für die
Solitonverschiebung ergibt. Das Resultat hängt maßgeblich vom Phasenprofil des Anre-
gungspulses ab. Zudem lässt sich das Ergebnis als ein Grenzfall unendlicher Wellenlänge
der weiter oben erwähnten Rückreaktionsformel interpretieren. Für Anregungspulse mit
gaußförmigem Dichteprofil wird der Ausdruck explizit ausgewertet und anschließend durch
numerische Integration der Gross-Pitaevskii-Gleichung verifiziert.

In beiden Fällen kann man die Ergebnisse für die Rückreaktion mittels der involvierten
Geschwindigkeiten qualitativ erklären. Je kleiner die Di!erenz zwischen der Gruppenge-
schwindigkeit der Anregung und dem Soliton ist, desto länger ist die Wechselwirkungszeit
und umso größer ist die Rückreaktion des Solitons.



Abstract

The main topic of this work is the back-reaction from perturbations of small amplitude on
gray solitons in weakly interacting quasi-one-dimensional dilute Bose gases. These systems
are of special interest, since they raise physical questions connected with the emergence of
collective degrees of freedom.

An essential part of the present work constitutes the result of a linearization of the
Gross-Pitaevskii equation about a gray soliton background solution. The linearization
corresponds to a systematic expansion of the Heisenberg equation of motion in the dilute
gas parameter up to and including first order. The solutions to the linearized equation of
motion, also known as Bogoliubov–de Gennes equation, are derived with a method similar
to the factorization from scattering theory. To this end the field amplitude is expanded
with respect to normal modes with real amplitude and harmonic time evolution, which
represent the elementary excitations of the system. The results are exact for the infinite
system without boundary conditions, but may be transferred to finite systems with periodic
boundary conditions up to exponentially small errors. Furthermore it is confirmed that
the normal mode solutions indeed form a complete and orthonormal set of functions.

The advantage of the real amplitude representation is that the modes with natural
frequency zero, the so-called zero modes, are straightforwardly found from the quadratic
Hamilton function, and they join at the bottom of a (quasi-)continuous spectrum of normal
modes with finite frequency. In particular, a discrete zero mode with negative mass is ob-
tained, which is associated with a spatial translation of the soliton. However, it is clarified
that this assignment is not as unambiguous as commonly assumed, since a mixture of the
zero modes is allowed by canonical transformation although their masses have di!erent
signs.

From the analytical form of the normal mode solutions one can immediately conclude
that gray solitons are in general transparent to excitations, yet the crossing of the excita-
tions through the soliton is accompanied with a well-defined wavelength-dependent phase
shift. This phase shift represents the foundation of the interaction between gray solitons
and excitations of any kind.

In order to study the interaction, wave packet excitations of finite wavelength are
considered that are constructed as a certain superposition of the normal modes. Here
the complex amplitude representation is used, which corresponds to the annihilation and
creation operators of quasiparticle excitations of second quantization. By asymptotic con-
siderations it becomes apparent that wave packets, due to the phase shift when passing the
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soliton, experience a finite spatial displacement in comparison to propagation in constant
background. Therefore, the presence of the soliton has a nontrivial e!ect on the wave ex-
citation. Since wave packets are density perturbations, their displacement at first order in
the systematic expansion in the dilute gas parameter necessarily means a displacement of
the center of mass, but at second order of the expansion. To determine further e!ects, such
as the back-reaction on the soliton, one is forced to solve the equation of motion at second
order. Combining the asymptotic second order solution for the wave perturbation and the
exact conservation laws of total linear momentum and total particle number, an analytical
formula for the back-reaction e!ect on the soliton is derived. Upon interaction with the
wave perturbation the soliton is displaced in space. The e!ect is verified by numerical
integration of the Gross-Pitaevskii equation.

The back-reaction of solitons under the influence of hydrodynamic perturbations –
characterized by wavelengths much larger than the healing length of the condensate – are
studied within a multiple scale boundary layer theory. In this respect, the aforementioned
wave packets of the same wavelength represent the special case of small amplitude exci-
tations within this theory. One can derive an equation of motion for the soliton, whose
solution yields a closed expression for the soliton displacement. It is mainly determined by
the phase profile of the excitation pulse. Furthermore the expression for the soliton shift
may be interpreted as the limit of infinite wavelength of the previous result. The formula is
explicitly evaluated for perturbation pulses with Gaussian density profile and subsequently
confirmed by numerical integration of the Gross-Pitaevskii equation.

In either case the results for the back-reaction can be explained qualitatively in terms
of the involved velocities. The smaller the di!erence between the group velocity of the
excitation and the soliton speed is, the longer the interaction time and the larger the
back-reaction of the soliton is.
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Chapter 1

Introduction

The linear evolution of perturbations around known exact solutions is one of the most
basic tools of theoretical physics. It is invoked constantly in almost every field. While the
perturbative approach is conceptually obvious, this does not make it naive or trivial. It is
typically well justified as the first term in a systematic expansion in a small parameter of the
full theory, and it can be very non-trivial indeed, in cases where the background solution
being perturbed is itself non-trivial. Hawking radiation [1–3], as derived for linearized
quantum fields propagating in fixed spacetime metrics with event horizons, is perhaps the
most exotic example of this very common general scenario. From the very fact that the
perturbations can be so dramatically a!ected by the background configuration, however,
one must expect on the basis of Newton’s third law of motion that the perturbations should
in turn evoke changes in the background itself. This is known as back-reaction.

In quantitative and technical terms, back-reaction is simply one component of the
continuing perturbative expansion beyond leading order; but it is often qualitatively and
conceptually much more significant than any small, higher-order corrections to the evo-
lution of the rest of the excitation modes. The paradigm of perturbations around a fixed
background is so important that it often determines our entire conception of a physical
system. The fact that the background is not fixed may be merely a higher order perturba-
tion in a mathematical sense, but it may often induce a non-perturbatively large change
in how we think about the system as a whole.

Because of their extreme controllability, Bose-Einstein condensates (BECs) of atomic
gases [4,5] provide an excellent test system in which to study back-reaction as a fundamental
problem. Quasi-one-dimensional condensates can serve especially well in this way, because
general solutions to the linearized problem may be available for them in explicit closed
form, even for non-trivial backgrounds. One class of such non-trivial backgrounds in one
dimension are the gray soliton solutions to the nonlinear Schrödinger equation (NLSE)
with repulsive nonlinearity, which is known in its role as the mean field theory for a dilute
Bose gas as the Gross-Pitaevskii equation (GPE) [6–8]. It represents the zeroth order in
the perturbative expansion of the Heisenberg equation of the field operator with respect
to the dilute gas parameter

!
!a3. Its value is determined by the s-wave scattering length

a of the binary interaction between the neutral atoms and the density ! of the gas.
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In more general terms, solitons are a family of dispersionless solutions to a special
class of nonlinear wave equations, which include the NLSE and the Korteweg–de Vries
equation [9], and as such appear in many di!erent physical contexts. Prominent examples
are plasma physics [10], nonlinear optics [11], hydrodynamics [12, 13] and BECs. In the
latter case the GPE emerges as a mean-field approximation to the full quantum many-body
Heisenberg equation and determines the wave function of the macroscopically occupied
state of the condensed gas [14]. The first step towards understanding the dynamics of
solitons, as preferred collective coordinates among infinitely many other field modes, is to
identify the soliton solutions themselves. This has been done in many cases, and the results
constitute much of the extensive literature on solitons [15–19].

With positive sign of the nonlinearity coe"cent, the cubic NLSE is “self-defocusing” in
optics, and represents repulsively interacting BECs. It is in this case that the gray solitons
exist, for which the field amplitude # is locally reduced below its non-zero asymptotic
value: there is a “notch” in the wave function modulus |#| with a concomitant localized
twist in the phase of #. The gray soliton can therefore be detected as a minimum in
the density associated with the squared modulus of the wave function, or a distinct phase
jump. Its position is thus distinct from the background center of mass, and its velocity
relative to the field at infinity is an independent degree of freedom from the global velocity
of the entire system.

Beyond their mathematical existence within nonlinear classical field theory, physical
gray solitons have been observed experimentally in quasi-one-dimensional BECs, where
their motion has been confirmed [20–24] to follow quite well the predictions of the NLSE
in its role as the mean-field theory [25,26]. It is remarkable that the gray soliton, although
it is a solution to a field equation, may also be interpreted as a single particle since it
is a robust object that retains its distinct properties under time evolution, a fact which
is attributed to the infinitely many conserved quantities of the exactly integrable one-
dimensional NLSE. In soliton-soliton collisions, for example, the particle interpretation
is a"rmed experimentally [23, 24, 27]. Simulations of the collision show that the solitons
experience a spatial displacement due to the mutual interaction [23, 27], which are in
agreement with the analytical results obtained from wave function asymptotics [17,28].

The next step is to learn about the solutions to the field equations within a configuration
space neighborhood of the soliton, by solving the equations linearized about the soliton
background. This linearization of the NLSE about a stationary background is known in
the dilute gas context as the Bogoliubov–de Gennes equation (BdGE), and is equivalent to
the first order in the perturbative expansion of the Heisenberg equation in the dilute gas
parameter. Far fewer explicit analytical results are known for this subsequent question.
One contribution of this work is to provide them for a nontrivial family of solitons studied in
nonlinear optics, in hydrodynamics, and in Bose-condensed dilute gases – the gray solitons
of the cubic NLSE in 1+1 dimensions (one dimension of space, one of time) [29]. This
provides a rigorous basis on which to examine the back-reaction e!ects of perturbations
upon gray solitons.

As a qualitative fact it is well recognized that solitons are indeed a!ected by per-
turbations, including quantum and thermal fluctuations. The integrability of the one-
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dimensional NLSE with no spatial inhomogeneity makes the interaction between solitons
and other excitations rather special, but even in this limit it is not entirely eliminated.
In cases where integrability is broken, for instance by a trapping potential, interactions
between solitons and perturbations are of course more general. The interaction between
solitons and general time-dependent long wavelength hydrodynamic excitations was de-
rived in [26] according to a multiple scale treatment within the classical one-dimensional
GPE with slowly varying trapping potentials. In [30,31] and [32] the soliton dynamics was
numerically analyzed within the truncated Wigner approximation [33] for various trapping
potentials. While the initial condensate state is sampled according to quantum statistics,
its dynamics is simulated purely classically in this approximation. This helped to clarify a
misunderstanding about one-dimensional gray solitons: They do not show a filling e!ect,
i.e., accumulation of atoms in the “notch” of the wave function, in single realizations as
proposed in [34]. The broadening of the soliton is in fact an averaging over many realiza-
tions, in which the soliton is randomly displaced due to quantum fluctuations [35]. In a
single realization these fluctuations can even enhance the soliton depth [30,31].

However, gray solitons in dilute Bose gases may behave qualitatively di!erently if the
confinement to one spatial dimension is less rigorous. In this case the soliton degrees of
freedom are coupled to longitudinal excited modes of the condensate via virtual transitions
to higher states of the radial degrees of freedom. These transitions lift integrability of the
GPE [36] such that the soliton becomes unstable and shows a filling e!ect. Therefore, the
soliton dissipates and can be regarded as a particle with a finite lifetime. A common way
to include dissipation e!ects is by introducing a quintic term in the NLSE, its magnitude
determined by the dimensionality of the system. In this case the soliton is not transparent
to excitations anymore, as in the integrable system, and the reflected excitations exert a
friction force on the soliton. Based on the Bogoliubov theory of the unperturbed system,
the reflection is estimated by Fermi’s Golden Rule to yield the soliton lifetime for thermal
excitations [37].

A di!erent mean-field approach is based on the formalism of [38]. The dissipative soliton
dynamics is governed by a NLSE, which is coupled to a Boltzmann equation for thermal
excitations. Numerical studies at finite temperature [39,40] may explain the experimentally
observed growth of the soliton oscillation in a harmonic trap [20]. Since the soliton is an
object of negative mass and is therefore unstable to acceleration, the oscillation is indeed
increased and not decreased as expected for ordinary particles. The preceding model has
been extended to a stochastic and dissipative GPE [41, 42] to incorporate both quantum
and thermal e!ect on the soliton features [43]. Still other recent work toward identifying
the e!ect on solitons of their embedding in the larger dynamical system of the quasi-
condensate has numerically solved a fully quantum discretized version of the problem,
computing correlation functions from which some conclusions about soliton behavior may
be drawn [44,45].

The complementary work reported here is in one respect much less ambitious than
the quantum studies mentioned above, and in another much more. The first part of
this work is entirely described within the linearized theory, in which there is not even any
di!erence between quantum and classical dynamics, and so the issue of quantum corrections
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to the NLSE is completely ignored. On the other hand, though, the presented results
are analytical, explicit, exact, and Hamiltonian. Therefore general tools are provided,
which may be used to understand the quantum dynamics that can be revealed, or at least
suggested, by numerical many-body calculations.

The gray solitons studied here are somewhat unusual among solitons in an important
respect, which may tend to make them more similar to generic collective degrees of freedom,
in spite of their many special features due to integrability. Gray solitons are not simply
isolated waves surrounded by nothing, but propagate through a background field which
posseses many other equally slow degrees of freedom. To see the significance of this feature,
one can compare the gray solitons with the so-called bright solitons which exist for negative
sign of cubic nonlinearity in the NLSE that represents self-focusing in optics [18] and
attractive interaction in gases [16]. Bright solitons are in a sense a trivial case of solitons
as collective degrees of freedom, because away from the soliton, the field amplitude falls
o! rapidly to zero. The bright soliton’s position is thus simply a sort of center of mass
for the entire field, and its motion is simply a Galilean boost of the entire system. The
BdGE solutions for generally moving bright soliton backgrounds are known [46], and their
excitation spectrum exhibits a finite gap. With the associated separation of time scales
the analysis of the soliton lifetime, for example, simplifies considerably in comparison to
the ungapped spectrum of the repulsively interacting gas [47]. Gray solitons in BECs
may therefore be used as a vehicle to address the fundamental question how collective
coordinates especially in quantum many-body systems emerge, but also in classical fields
[48].

The main goal of this work is an analytical and numerical study of interactions between
gray solitons and excitations of the cubic NLSE. Here wave packet excitations and hydro-
dynamic perturbations are treated and their deterministic back-reaction on the soliton is
analyzed. Since one may view thermal excitations of the condensate as an ensemble of
these wave packets, this work allows for a more fundamental insight than the aforemen-
tioned quantum studies. The underlying mechanisms of gray soliton back-reaction in the
presence of excitations are revealed, thus shedding light on the gray soliton as a collective
degree of freedom.

Composition

In Chapter 2 we introduce the concept of Bose-Einstein condensation for an ideal Bose
gas, which may serve as a qualitative picture for the weakly interacting gases we consider
in this work. In a next step we focus on the weakly interacting dilute Bose gas and
describe the assumptions and approximations made to obtain a mean-field equation for
the BEC. We further specify the regime in which the condensed gas is governed by the
one-dimensional NLSE, the central starting point of this work. This chapter concludes
with a brief discussion of selected experimental details of the quasi-one-dimensional Bose
gas.

Chapter 3 starts with a detailed introduction of the gray soliton as a solution to the
NLSE for uniform potential. Subsequently, we introduce the BdGE – the linearized version
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of the NLSE – for gray solitons as the canonical equations of motion of a Hamiltonian sys-
tem, and discuss the amplitudes of the normal modes as canonical coordinates. In contrast
to common literature, we use a representation with real instead of complex amplitudes.
We present the BdGE solutions for gray solitons of all velocities, in detail and at length,
for periodic boundary conditions as well as on the infinite line without boundary condi-
tions. This extends previously known analytical results [49–51] for the simpler dark-soliton
background, i.e., a soliton at rest. We demonstrate the completeness and orthonormality
of our set of modes as a basis for all BdGE solutions. And our detailed discussion of the
zero modes brings out subtleties in distinguishing the soliton collective coordinates from
the gapless continuum modes, issues that do not arise for simpler kinds of solitons, such as
the bright solitons we briefly present here, but which may be typical for collective modes
in more generic nonlinear systems.

In Chapter 4 we study the e!ects of excitation pulses on gray solitons within classical
field theory as a paradigm of back-reaction. Based on the analytical solution to the BdGE,
now in terms of the widely used complex coordinates well suited to represent traveling
perturbation packets, we first show within Bogoliubov approximation that elementary ex-
citations experience a well-defined phase shift in the presence of a gray soliton, while the
soliton is una!ected at this order. The phase shift is responsible for a spatial displacement
of any excitation pulse and is the origin of the back-reaction on soliton. By including
post-Bogoliubov terms we find a spatial displacement of the soliton due to the interaction,
and applying exact conservation of total linear momentum and total particle number we
derive an analytical formula for this e!ect for a certain class of wave excitation pulses.
Comparison with numerical time propagation of the GPE verifies the analytical results.
In the regime of long wavelength compared to the healing length (defined further below),
which is the characteristic length scale of the condensate, the perturbations of the NLSE
are sound wave solutions [52]. We explicitly derive the equations of motion for the gray soli-
ton interacting with the sound waves by using a combination of hydrodynamic theory and
boundary layer theory [26] and present a closed expression for the soliton back-reaction.
At last, this analytical result is confirmed by numerical integration of the GPE for the
special case of excitations with a Gaussian density profile, as have been generated in a
BEC by shining a Gaussian light sheet on the condensate [53].

In Chapter 5 we summarize the results of this work and present an outlook for future
studies.
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Chapter 2

Bose-Einstein Condensation in
atomic gas clouds

The theoretical prediction of the phenomenon of Bose-Einstein condensation goes back to
Albert Einstein. He considered a gas made of non-interacting indistinguishable massive
bosons. Based on the work of Bose on the statistics of photons [54], he concluded that below
a certain temperature a large fraction of the gas occupies the lowest-energy single-particle
eigenstate of the system [55]. Since this e!ect originates in the statistical properties of the
involved particle, which is determined by the integer spin, this is truly a quantum e!ect.
A classical concept of a spin does not exist.

An intuitive picture of Bose-Einstein condensation can be formulated with the de
Broglie wavelength of the atoms !dB = !/(2mkBT )1/2 [56]. This wavelength is a mea-
sure for the position uncertainty of each particle associated with the thermal energy kBT
and is a decreasing function for increasing temperature. The precise value is determined
by the mass m of the atom species, Planck’s constant ! and the Boltzmann constant kB.
When at high temperatures the de Broglie wavelength is short in comparison to the mean
particle separation, which is determined by the inverse of the gas density ", the atoms
are said to behave classically. The uncertainty due to thermal energy is negligible in the
description of the particle trajectory. It is therefore necessary to lower the temperature of
the gas, which means an increase of the de Broglie wavelength to reach the condensation
regime. When !dB becomes the same size as the mean particle separation Bose-Einstein
condensation occurs.

It is thus tempting to say that Bose-Einstein-condensation in monoatomic gases is just
a matter of cold temperatures. But in general, the atomic gas would usually form liquids or
crystals instead of BEC when its temperature is decreased. It can only be reached for very
low densities of the gas. In this case, the three-body collision rate, which is responsible for
the undesirable transition to the liquid or solid phase of the gas, is strongly surpressed in
comparison to the two-body collision rate needed for fast equilibration [57]; Bose-Einstein
condensation is thus an e!ect which can be achieved only in a metastable phase of the
gas. Yet, by the argument made above, the very low densities in turn require ultra-cold
temperatures, the critical temperature is shifted down to the nanokelvin range for atomic
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gases.
In this chapter we present the theoretical foundations for the description of a quasi-

one dimensional Bose gas, which closely follows the introduction in [58]. We start with a
pedagogical explanation of the Bose-condensation of an ideal Bose gas in three dimensions
in Sec. 2.1. Afterwards we discuss the mean-field approximation for an interacting Bose
gas in Sec. 2.2. Within this approximation one finds the single-particle eigenstate of the
system which is macroscopically occupied by the condensed atoms. In Sec. 2.3 we discuss
the prerequisites to obtain a quasi-one dimensional BEC. The results displayed constitute
the starting point of this work. In Sec. 2.4 we give a short overview of an experimental
realization of BEC in ultra-cold gases.

2.1 BEC of an ideal gas

In the following we consider an ideal monoatomic gas, i.e., non-interacting particles of one
species, with integer spin confined in a cubic box of edge length L. For simplicity, we
assume that only one spin degree of freedom is relevant. The derivation can be found in
almost any textbook on statistical mechanics, e.g. in Refs. [29,59].

The single-particle eigenenergies are given by

Ek =
!2k2

2m
, (2.1)

where m is the mass of the particle and k = 2#n/L (n ! Z3) are the allowed wave vectors
obtained by the cyclic boundary conditions. The corresponding eigenfunctions are plane
waves.

Conservation of particle number suggests to use the formalism of the canonical ensemble
in order to describe the statistical properties of the gas. Nevertheless, we derive the
thermodynamic properties of the ideal gas in terms of the grand canonical ensemble because
the calculations simplify in comparison to the canonical ensemble. For systems with large
particle numbers both descriptions are equivalent, and for experimental condensates there
are actually continuous losses such that grand canonical ensemble is even more realistic:
the total number of trapped atoms really does fluctuate.

The grand canonical ensemble is defined by the chemical potential µ, the volume V = L3

and the temperature T of the system. The average atom number that occupy the state
with energy Ek is given by Bose-statistics:

Nk =
1

exp[(Ek " µ)/(kBT )]" 1
. (2.2)

Notice that the chemical potential must be smaller than the lowest energy eigenvalue E0 in
order to guarantee N0 # 0. We now compute the number of excited atoms NT populating
the excited states of the system, i.e., the states with eigenenergies Ek > E0. For large
enough volume V of the cube the energy spacing associated with the system extent is
small compared to the thermal energy, kBT $ h2/2mV 2/3, so that the population of all
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the excited energy levels vary slowly as a function of energy level. The summation of
the excited atoms (2.2) over the discrete wave numbers can then be approximated by an
integral

!

k

! V

(2!)3

"
dk =

V

(2!)3

" !

0

dk 4!k2 . (2.3)

In the last step we have switched to polar coordinates with modulus k " |k|. We remark
that the ground state population N0, however, can become much larger than the population
of the first excited energy level as the chemical potential µ approaches E0 from below. This
means that the ground state contribution is anomalously large, and this is not reproduced
by the integral. If we further define the so-called fugacity z " exp(µ/(kBT )) and substitute
x = (!k)2/2mkBT in the integral, the total number of excited atoms is given by

NT =
V

2!2

#
2mkBT

!2

$3/2 1

2

" !

0

dx
x1/2

z"1ex # 1
. (2.4)

The integral in (2.4) may be expressed in terms of a Bose function, which is defined by

g3/2(z) " 1

!(3/2)

" !

0

dx
x1/2

z"1ex # 1
=

!!

l=1

zl

l3/2
. (2.5)

It is a monotonically rising function for 0 $ z $ 1 with maximum value g3/2(1) = "(3/2) %
2.612. The total number of excited atoms

NT(z) =

#
mkBT

2!!2

$3/2

V g3/2(z) $
#

mkBT

2!!2

$3/2

V g3/2(1) " Nmax (2.6)

is therefore bounded from above, for given temperature T and volume V .
If the total number of atoms N contained in the gas exceeds the maximal number of

excited atoms Nmax, the supernumerous atoms have to accumulate in the ground state of
the system. This phenomenon is called Bose-Einstein condensation. If we use the particle
density # and the definition of the thermal de Broglie wavelength $dB =

%
2!!2/mkBT ,

the criterion for occurrence of BEC in an ideal gas obtained from (2.6) is

# " N

V
>

g3/2(1)

$3
dB

. (2.7)

When the thermal de Broglie wavelength becomes of the order of the mean particle distance,
the system is Bose-condensed. This proves the general intuitive statement made at the
beginning of this chapter for the special case of a three-dimensional ideal Bose gas. The
critical temperature Tc below which the system is Bose-condensed may be obtained from
(2.7):

Tc =
2!!2

mkB

#
N

V g3/2(1)

$2/3

(2.8)
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With (2.6) and (2.8) the number of particles N0 = N #NT contained in the condensate is
given by

N0 = N

&
1#

#
T

Tc

$3/2
'

(2.9)

below the critical temperature. For low temperatures the number of particles in the ground
state tends to the total number of particles while the number of excited atoms goes to zero.

Of course it is obvious that the ground state of an ideal Bose gas is to have all particles
in the single-particle ground state of the system. The non-trivial aspect of Bose-Einstein
condensation is that a finite fraction of all particles – possibly even a large majority of them
– will occupy the single-particle ground state at finite temperature. In fact, condensation
occurs at temperatures high enough to be practically attainable.

With the help of the showcase example of the ideal Bose gas in a box we understand
the relevant basic principles and underlying mechanisms of Bose-Einstein condensation.
Inclusion of an external potential, which changes the dispersion relation (2.1), and (binary)
interaction among the particles lead to changes in the critical temperature, for instance.
Nevertheless, the intuitive picture in terms of the ratio of the de Broglie wavelength and
interparticle separation is still valid.

2.2 Mean-field approximation for a BEC of interact-
ing particles

The main focus of this section is the presentation of a theory for the condensed state
of weakly interacting particles. Starting from first principles, we will derive a dynamical
equation for the condensed atoms by means of the mean-field approximation [60]. General
review material on the derivation can be found in [14, 61, 62], the line of argumentation
presented here goes back to reference [29].

A system of N interacting bosons of mass m in an external potential Vext is described
by the many-body Hamilton operator in second-quantized form

Ĥ =

"
dr"̂†(r, t)

(
# !2

2m
!2 + Vext(r, t)

)
"̂

+
1

2

""
drdr#"̂†(r, t)"̂†(r#, t)V (r# r#)"̂(r#, t)"̂(r, t) . (2.10)

Herein the bosonic field operator "̂(r, t) ("̂(r, t)†) annihilates (creates) a particle at location
r at time t and obeys the bosonic commutation relations

["̂(r, t), "̂†(r#, t)] = %(r# r#) , ["̂(r, t), "̂(r#, t)] = 0 , (2.11)

whereas V (r# r#) defines the binary interaction among the particles. We assume that the
mean particle separation is much larger than the range of the interparticle interaction such
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that three-body collisions (and higher) are negligible. Our considerations are restricted to
the dilute Bose gas.

In the theory of the BEC the single-particle density matrix

#(r#, r, t) " &"̂†(r#, t)"̂(r, t)' , (2.12)

where &·' denotes the expectation value in the quantum state of the system, plays a crucial
role. Since #(r#, r, t) is hermitian with respect to r and r# it can be diagonalized with
respect to the eigenvectors "k of the eigenvalue equation

"
dr##(r#, r, t)"k(r

#, t) = Nk"k(r, t) . (2.13)

The eigenvectors "k form a complete and orthonormal basis of single-particle wave func-
tions and are well defined for interacting as well as nonuniform systems. With respect to
the eigenfunctions the single-particle density matrix (2.12) can be rewritten in the form

#(r#, r, t) = N0"
$
0(r

#, t)"0(r, t) +
!

k %=0

Nk"
$
k(r

#, t)"k(r, t) (2.14)

where we have separated the state with k = 0 from the sum for a good reason. It will later
denote the condensed state when Bose-Einstein condensation has occurred.

We now expand the field operator in terms of the bosonic annihilation operators âk,
which destroy a particle in the k-th single-particle eigenstate with wave functions "k:

"̂(r, t) = "0(r, t)â0 +
!

k %=0

"k(r, t)âk . (2.15)

The operators âk fulfill the usual bosonic commutation relations

[âk, â
†
l ] = %kl , [âk, âl] = 0 . (2.16)

By inserting (2.15) into (2.12) and comparing with (2.14) one easily finds the expectation
values &â†kâl' = %klNk, where Nk are the eigenvalues of the single-particle density matrix
from Eq. (2.13).

The system is now said to be Bose-condensed if one of the single-particle states is
macroscopically occupied. This state (denoted by k = 0) has an expectation value &â†0â0' =
N0 which is of the order of the total number of atoms N ( 1. In this case the operator
â0 is of the order

)
N0 ( 1, while the commutator between the operators â0 and â†0 is 1.

Hence, we can neglect the operator nature of â0 in the expansion (2.15) for any proportional
calculations and replace it with an ordinary c-number. This is the so-called Bogoliubov
approximation [60]. With the definitions

" "
%

N0"0(r, t) , "̂1 "
!

k %=0

"k(r, t)âk , (2.17)
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the field operator in Bogoliubov approximation can be cast into the form

"̂ = " + "̂1 . (2.18)

The wave function " is often called the order parameter of the system. For a gas at
extremely low temperature one can safely neglect the non-condensed part of the atoms "̂1

in comparison to ", and consequently the condensate is described by a purely classical
field. This is the so-called mean-field approximation.

We may obtain a dynamical equation for the order parameter from the Heisenberg
equation for the exact field operator

i!&t"̂(r, t) = ["̂(r, t), Ĥ]

=

(
# !2

2m
!2 + Vext(r, t) +

"
dr# "̂†(r#, t)V (r# r#)"̂(r#, t)

)
"̂(r, t) .

(2.19)

In the following we will replace the true interaction potential V with a pseudo-potential.
It reproduces identical results to the real binary interaction potential for scattering with
low momentum transfer k between the scattering states, except within the range of the
interaction potential. For a cold gas almost all collisions meet the requirement for low
momentum transfer k|a|* 1, where the s-wave scattering length a characterizes the range
of the interaction potential. In turn, this means that we must have |a| *| r| " r for the
interparticle separation r. We realize that this condition is fulfilled for the dilute gas, which
is characterized by the dilute gas parameter

%
#a3 * 1. Only negligible many particles are

actually within the interaction range of each other for the dilute gas. So in this case only
the asymptotic e#ects of the particle interaction are important—and the pseudo-potential
Vp defined by

Vp(r)"̂(r, t) =
4!!2a

m
%(r)

&

&r
(r"̂(r, t)) (2.20)

gives these correctly [63]. If we apply the mean-field approximation, i.e., we replace the
field operator by the condensate wave function ", (2.19) and (2.20) lead to the dynamical
equation

i!&t"(r, t) =

(
# !2

2m
!2 + Vext(r, t) +

4!!2a

m
|"(r, t)|2

)
"(r, t) (2.21)

for the classical c-number field. We notice that the pseudo-potential is e#ectively an ordi-
nary %-function because the mean field is a smooth function. This is the so-called nonlinear
Schrödinger equation (NLSE) or Gross-Pitaevskii equation (GPE) for the classical field "
derived independently for the first time by Gross [7, 8] and Pitaevskii [6]. It has the form
of a Schrödinger equation in which the interaction is determined by the external potential
Vext and a nonlinear term from the interparticle interaction.

The error made in the mean-field approximation can be estimated from more formal
derivations of the NLSE, which do not apply the Bogoliubov approximation [64, 65], i.e.,
keep the field operator of the condensed state. In these approaches the Heisenberg equation
(2.19) is systematically expanded in the dilute gas parameter

%
#a3. If the interparticle
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distance associated with with the inverse gas density #"1 is much larger than the interaction
range connected with the s-wave scattering length a the gas is in the weakly interacting
regime. In typical experimental situations, such as [4], the scattering length is a + 5 nm
and the density is # + 4, 1014 cm"3, which results in

%
#a3 + 10"3. The NLSE (2.21) is

then obtained at leading order in the expansion in the dilute gas parameter.
Classically, one can simply discuss the time-dependent GPE (2.21) as a field theory. It

is derived from an action principle

%

("
dt

*
H[", "$]# i!

2m

"
dr("$&t"#"&t"

$)

+)
= 0 (2.22)

and generated by a Hamilton functional

H[", "$] =

"
dr

(
!2

2m
|!"|2 + Vext(r, t)|"(r, t)|2 +

1

2

4!!2a

m
|"(r, t)|4

)
. (2.23)

Herein "(r, t) and "$(r, t) are symplectic coordinates [66], i.e., they preserve the canonical
form of the Hamilton equations. Their real and imaginary parts correspond to the usual
canonical position and momentum fields, respectively. The principle of stationary action
(2.22) then yields the equation

i!&t" =
%H

%"$ , (2.24)

which is equivalent to (2.21). The field operators in the Hamilton operator (2.10) have
been replaced by classical field variables (and the bare interaction potential by the pseudo
potential (2.20)).

From the GPE one can derive a continuity equation, which is the same as the analogous
continuity equation for the linear Schrödinger equation. With the definition of the particle
density of the condensate

#(r, t) " |"(r, t)|2 (2.25)

and the usual definition of the density flux [29]

j(r, t) " !
i2m

["$(r, t)!"(r, t)#"(r, t)!"$(r, t)] (2.26)

one obtains the continuity equation

&t#(r, t) + ! · j(r, t) = 0 (2.27)

by multiplying (2.21) with "$ from the left and subtracting the complex conjugate of
this equation. While in single-particle quantum mechanics (2.27) is a statement about
conservation of probability, in the Gross-Pitaevskii mean-field theory it demonstrates the
conservation of particle number.

Up to now the external trapping potential is unspecified in the GPE (2.21). With
tools such as magnetic and optical traps an enormous variety of potentials can be shaped
in cold-atom experiments, leading to geometries for the condensate of almost any desired
form. This is one fascinating part of the extreme controllability of BECs in atomic gases.
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2.3 The one-dimensional Gross-Pitaevskii equation

The external potential is now assumed to factorize into the product of an arbitrary potential
along the x-axis of the system and the potential of a two-dimensional harmonic oscillator
characterized by the frequency '& in the other two directions1:

Vext(x, y, z) = V (x) +
1

2
m'2

&(y2 + z2) . (2.28)

The x-axis is therefore symmetry axis of the system. If the energy !'& associated with
the radial potential is much larger than all the other characteristic energies of the system,
i.e.,

!'& ( kBT,Ex,
4!!2a

m
N , (2.29)

the condensate occupies the ground state of the radial degrees of freedom. Herein kBT is
the energy associated with the temperature of the system, Ex is the characteristic energy
of the potential along the x-axis and the last term is the mean-field energy created by
the particle interaction. Under these conditions the wave function of the condensate state
in y, z-direction is approximately given by the ground state wave function of the two-
dimensional harmonic oszillator

(0(y, z) =
1)
!a&

exp

#
#y2 + z2

2a2
&

$
, (2.30)

where a& "
%

!/m'& is the corresponding characteristic length. Due to the separation of
energy scales in the problem we make the separation ansatz

"(r, t) = "#(x)(0(y, z) (2.31)

for the three-dimensional condensate wave function. Inserting (2.31) into the Hamilton
functional (2.23) followed by an integration over the radial variables y and z yields the
one-dimensional Hamilton functional

H["#, "#$] =

"
dx

(
!2

2m
|&x"

#|2 + V (x)|"#|2 +
1

2
g1D|"#|4

)
, (2.32)

where we have dropped constant terms and defined the one-dimensional interaction strength

g1D "
4!!2a

m

""
dy dz|(0|4 =

2!!2a

ma2
&

. (2.33)

We assume here that the scattering length a * a&. Otherwise it may be necessary to re-
solve the scattering problem with the radial potential taken into account, possibly resulting

1The details of the following derivation can be found in [29,67].
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in a much di#erent g1D [67]. Invoking the variation principle (2.24) for the one-dimensional
Hamilton functional (2.32) leads to the one-dimensional GPE

i!&t"
#(x, t) =

(
# !2

2m
&2

x + V (x) + g1D|"#(x, t)|2
)

"#(x, t) , (2.34)

which describes the time evolution of the condensed part of the atomic gas cloud in mean-
field approximation. It is convenient to define dimensionless variables by

x̃ =
1

)
x , t̃ =

c

)
t , "̃ =

1
)

#1D
"# . (2.35)

The unit length is the so-called healing length

) " !
)

mg1D#1D
(2.36)

of the condensate that defines the characteristic length scale on which variations of the
modulus of the condensate wave function take place. It depends on the interaction strength
and the one-dimensional density #1D = !#a2

&. In typical experiments the healing length )
of a BEC lies in the range 100 nm#1 µm [22,24]. The unit time is then set by * " )/c with
the speed of sound c "

%
g1D#1D/m of the Bose gas, which is of the order 1 mm/s [22]. In

the dimensionless variable (2.35) the GPE (2.34) is equivalent to

i&t̃"̃ =

(
#1

2
&2

x̃ + Ṽ (x̃) + |"̃|2
)

"̃ , (2.37)

with the definition Ṽ = V/g1D#1D. It is the central equation of this chapter and at the
same time the foundation of our complete work presented below. Since we will be using
the dimensionless variables throughout the work (unless otherwise stated), we immediately
drop the tilde on the variables.

We briefly discuss the validity of the mean-field approximation and the implications of
the reduced dimensionality. Certainly, the natural length scale of condensate should be
much larger than the mean-particle separation. This requirement translates into

)#1D ( 1 =- 1

+
" #1D

a2
&
a
( 1 . (2.38)

Thus we recognize that the mean-field approximation in quasi-one dimension becomes
inadequate for very dilute gases. This contrasts the validity of the approximation in three
dimensions, which is better the smaller the (three-dimensional) density is [29]. In this
context it is important to distinguish between the quasi-one-dimensional BEC we treat in
this work and the (strictly) one-dimensional BEC. The latter is existent in the regime + (
1, i.e., when the radial confinement of the BEC is very strong and/or the one dimensional
density #1D is relatively low. The system instead corresponds to a gas of impenetrable
bosons, which show a behavior similar to fermions [68,69].

Moreover, we required the energy scale of the radial confinement to be much larger
than the mean-field energy created by the particle interaction. Combined with (2.38) one
finds a& ( a as necessary condition for the validity of the NLSE (2.37).
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2.4 Experiments with ultra-cold atoms

In 1995, the first BECs of dilute gases of rubidium and sodium atoms were realized [4, 5].
As we discussed at the beginning of the chapter, very low gas densities are needed such that
the three-body recombination rate, which is eventually responsible for the gas to become a
solid at low temperatures, is much smaller than the elastic two-body collision rate. Only in
this regime the rethermalization is fast enough and Bose-Einstein condensation can occur.
However, smaller densities also shift the critical temperature of Bose-Einstein condensation
to lower values, cf. Sec. (2.1). In a typical BEC experiment the gas density is of the order
1014 cm"3 and the corresponding critical temperature is of the order 1µK.

Usually, the temperature of the gas is lowered toward the critical temperature in two
steps. First, the gas is pre-cooled by a combination of various laser-cooling techniques, e.g.
Zeeman slowing [70], Doppler molasses [71,72] and the magneto-optical trap (MOT) [73,74].
All procedures are based on the Doppler e#ect of an atom moving in a laser field. The
atom is subject to counter-propagating lasers of frequency ' detuned to the red, i.e., the
laser frequency is smaller than the transition frequency 'eg from the ground state to an
excited state of the atom. In the rest frame of the atom, which is moving relative to the
laboratory frame, the frequency of the counter-propagating laser is consequently increased
and gets into resonance with the transition frequency 'eg of the atom. The probability
of the atom to absorb a photon of momentum !q = !'/cL (with cL speed of light) is
enhanced. Since the reemission of the photons from the excited atoms is in a random
direction, the atoms have been decelerated. A detailed analysis within this picture of
the atom as a two-state system shows that temperatures attainable by Doppler-cooling is
given by kBT = !!e/2 [61], where 1/!e is the life time of the excited state. The minimum
temperatures of this mechanism for alkali atoms are of the order 100µK.

In current experiments Bose-Einstein condensation is achieved by evaporative cooling
in the second step. The basic physical principle is that, if particles with higher energy
than the average energy of the particles in the system leave the system, then the average
energy of particles remaining in the system is decreasing, ergo the system is cooled. By
steadily lowering the potential of the trap in which the gas is confined, the most energetic
atoms escape from the trap while the remaining atoms rethermalize via elastic two body
collisions at lower and lower temperatures until condensation is achieved. The reader is
referred to [75] for a detailed discussion on evaporative cooling.

After evaporative cooling the condensate can be transferred to other traps of arbitrary
geometries. In the following we will discuss the linear geometry and at the same time
explain the mechanism of magnetic traps. A second type of trapping is based on the
interaction of atoms with time-dependent electrical fields. For a first overview of this
so-called optical trapping the reader might consult [76].

2.4.1 Linear magnetic trap

Magnetic trapping of neutral atoms is based on the Zeeman e#ect. The energy levels of
the atom depend on the magnetic field it is exposed to. In an inhomogeneous magnetic
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Figure 2.1: Two-dimensional microtrap. In (a) the magnetic field lines of a conduction
wire along the x-axis with charge current I and constant magnetic bias field along the
z-axis are illustrated. In (b) the resulting contours of constant B in the yz-plane of this
configuration are shown. At (y, z) = (y0, 0) the modulus B takes its minimum value zero.

field the atom thus experiences a spatially varying potential. Classically, this interaction
originates in the coupling between the magnetic dipole of the moment with the external
field: Eint = #µm ·B. The Zeeman shift of the energy levels in a magnetic field according
to quantum mechanics is given by

EZ(mF , r) = gF mF µB|B(r)| , (2.39)

where mF is the quantum number of the z-component of the total angular momentum
F of the atom, gF is the corresponding Landé factor of the spin state and µB is Bohr’s
magneton. For alkali atoms in the ground state F is the sum of the nuclear spin I and the
electron spin S of the valence electron. In order to trap the atoms the interaction energy EZ

must have a local minimum in space. Since Maxwell’s equations allow only local minima
in regions without electric charges and currents and forbid local maxima [77], only atomic
states with gF mF > 0 (“weak-field seekers”) can be trapped with magnetic fields. The
atoms with gF mF < 0, so-called strong-field seekers, are expelled from magnetic traps.
As magnetic traps can only confine weak-field seeking states, atoms will be lost from the
trap if they undergo a transition to strong-field seeking states. Such a transition occurs if
the adiabaticity condition &t'L * '2

L, where 'L = gF µB/! denoted the Larmor frequency
of an atom with total spin F, is violated on the atom’s trajectory [78]. A moving atom
experiences a time-dependent magnetic field. If the associated frequency is of the order
of the transition frequency of the magnetic sublevels, which are of order µBB, a spin flip
takes places. In regions with a magnetic fields close to zero the trap loss can therefore be
quite large.
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2.4.2 Simple atom guide

As a showcase example for magnetic trapping we present the linear quadrupol trap, which
is created by micro-fabricated current-carrying conductors on an atom chip [78, 79]. This
leads to a highly elongated, cylindrical confinement of the neutral atoms, which represents
the fundamental geometry of our work. To this end consider the magnetic field of an
infinitely long straight wire in x-direction carrying an electric current I combined with an
external magnetic field of strength Bbias, which we refer to as bias field, perpendicular to
the wire. The total magnetic field is then given by

B =

,

-
0
0

#Bbias

.

/ +
Iµ0

2! (y2 + z2)

,

-
0
#z
y

.

/ . (2.40)

Here µ0 is the induction constant and the position of the conducting line coincides with
the origin of the yz-plane, cf. Fig. 2.1 (a). The system is invariant under translation along
the x-axis. The magnetic field vanishes on a line parallel to the conductor given by

(y0, z0) =

#
Iµ0

2!Bbias
, 0

$
(2.41)

as indicated in Fig. 2.1 (b). Hence, the low-seeking states are attracted to this line of
vanishing magnetic field that forms the magnetic waveguide parallel to the x-axis. Con-
veniently, the modulus of the magnetic field is expressed in cylindrical coordinates (r,,)
with respect to an origin located at the minimum of the waveguide

|B(r,,)| =
Iµ0

2!r0

r%
r2 + r2

0 + 2rr0 cos ,
, (2.42)

where r0 " y0 = Iµ0/2!Bbias is the distance of the origin to the wave guide. An expansion
in r/r0 around the waveguide minimum yields

|B(r,,)| =
2!B2

bias

Iµ0
r +O

#
r2

r2
0

$
. (2.43)

As we have explained above, the low-field seekers undergo a spin flip in regions of vanishing
magnetic field and are lost from the trap. By adding a homogeneous magnetic field of mod-
ulus Bo! parallel to the x-axis the total magnetic field can be chosen nonzero everywhere.
One obtains

|Btot(r)| =
0
|B(r,,)|2 + B2

o! = Bo! +
1

2

#
2!B2

bias

Iµ0

)
Bo!

$2

r2 +O
#

r3

r3
0

$
(2.44)

for the modulus of the total magnetic field. Inserting (2.44) into (2.39) we observe that
the magnetic field configuration acts like a cylindrical trap, and the radial confinement is
equal (up to order O(r3/r3

0)) to a two-dimensional isotropic harmonic trap of frequency

'& =
2!B2

bias

Iµ0

1
gF mF µB

mBo!
. (2.45)
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With proper choice of the external parameters the magnetic fields therefore yield a quasi-
one-dimensional geometry for the condensate as discussed in Sec. 2.3. An axial poten-
tial V (x) may be included by adding further magnetic fields to accomplish longitudinal
harmonic confinement, but will not be discussed here. The focus of this work is on one-
dimensional systems with uniform potential.
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Chapter 3

Gray solitons and elementary
excitations

The one-dimensional NLSE describes the time evolution of the condensed part of the atomic
cloud within mean-field approximation. It exhibits gray solitons as a class of solutions
for uniform potential, which have been observed in experiments with cold atoms [20–24].
Although we introduce the gray soliton as a solution to a mean field equation, it may
also be considered as an emancipated single particle. In the context of cold atoms, this
is remarkable because the single particle is formed out of all condensed atoms, which are
themselves individual particles, and as such represents a collective degree of freedom of the
gas cloud.

The observed gray soliton is not an isolated object, but can be accompanied by low-
lying excitations of the condensate regardless of the gas temperature. We incorporate
small-amplitude excitations in our considerations by linearizing the NLSE around the gray-
soliton background, which corresponds to the next-to-leading order in the expansion of the
Heisenberg equation of motion in the dilute gas parameter. In the context of cold gases the
linearized NLSE is known as the Bogoliubov–de Gennes equation (BdGE). We analyze the
BdGE as the canonical equations of motion of a Hamiltonian system in terms of normal
modes, and discuss the amplitudes of the normal modes as canonical coordinates. In the
course of this chapter we present the gray soliton and the results of the linearization around
this nontrivial background for infinite systems without boundary conditions and periodic
systems, considering the two cases always in parallel.

As a particular result of the linearization we find an excitation with natural frequency
zero, a so-called zero mode, which is associated with the shift of the soliton. However, it
is at the bottom of a spectrum of equally slow degrees of freedom, such that there is no
obvious distinction of the gray soliton motion from these degrees of freedom in terms of the
corresponding time scales. A rigorous definition of the gray soliton as a collective degree of
freedom is thus far from obvious, especially if one considers the case of the bright soliton
solutions which exist for a negative sign of the nonlinearity in the one-dimensional NLSE.

The bright soliton is characterized by a field amplitude that exponentially drops to zero
away from the soliton, and the zero mode corresponding to the motion of the bright soliton
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is separated from the rest of the excitation spectrum by a finite gap. This in turn yields
a large separation of time scales and allows for a straightforward definition of a collective
coordinate. Hence, gray solitons and the solutions to the BdGE can address the emergence
of collective coordinates in classical fields and quantum many-body systems for a nontrivial
case [48]. Such collective coordinates represent many fundamentally interesting and even
practically important degrees of freedom in the real world, and it seems worthwhile to
study systems like atomic gas solitons as a paradigm.

We have introduced the NLSE and its linearization in the context of ultra-cold atoms.
However, it should be kept in mind that it appears in other physical context as well, like
nonlinear optics [11]. Therefore the results presented in this chapter may have broader
implications beyond the field of BECs of atomic gases alone. However, the terminology
should properly be modified for optical realizations of the NLSE and its linearization, since
in these cases the variable we denote as t is actually spatial distance, and so the functional
we call the Hamiltonian generates translation instead of time evolution. The periodic case
that we sometimes refer to as “ring geometry” would also rather apply, in optical contexts,
to solutions in an unbounded spatial line but with a given temporal period. All our results
remain formally valid, however, for any version of the BdGE.

In Sec. 3.1 we review the NLSE as a Hamiltonian field theory and describe the gray-
soliton solutions themselves. They are characterized by a localized density and phase
disturbance, and as such do not represent the true ground state of a condensate in thermal
equilibrium, but an excited state. Nevertheless, it can be regarded a stable object on
appropriate time scales for tight transversal confinement. For the uniform potential, which
we consider here, the strictly one-dimensional NLSE is exactly integrable which prevents
the soliton decay.

The linearization around a background NLSE solution and the BdGE as a linear Hamil-
tonian system are presented in Sec. 3.2. We adopt here a less commonly used canonical
representation with real coordinates. It is unimportant at the moment whether the dynam-
ical system represented by the BdGE is quantum or classical. We are simply separating
linear equations of motion by finding normal modes, and so our results are the same
whether the amplitudes of those modes are operators or c-numbers.

In Secs. 3.3 and 3.4 we present the main results of this chapter, the explicit BdG
eigenmodes for gray solitons of arbitrary velocity in uniform potential. This expands upon
known analytical results for gray-soliton background at rest [49–51]. We exhibit discrete
zero modes (normal modes of zero natural frequency) that are associated with perturbations
of the soliton motion itself at the bottom of a continuous spectrum of BdGE normal modes
(or in the periodic case, a narrowly spaced one). The derivation of the nonzero-frequency
solutions with a factorization method known from scattering theory is also part of these
sections. Section 3.4 is devoted to the zero modes, which are of special interest and subtlety.
In particular, we show that the zero modes can be mixed by a canonical transformation,
which demonstrates the ambiguity in defining a collective coordinate for gray solitons.

We contrast the implications of the zero modes of the gray soliton by briefly presenting
the bright soliton and the linearization results in term of the real coordinates in Sec. 3.5.
These are fully equivalent to previously published results in complex coordinate represent-
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ation [46]. It is demonstrated that the bright soliton’s translation mode is separated from
a continuous excitation spectrum, and we comment on the consequences for the definition
of a collective coordinate.

We close this chapter with a preliminary discussion of our results in Sec. 3.6 and argue
possible extensions.

3.1 Gray solitons as solutions to the NLSE

We begin with the Hamilton functional (2.32) of a complex field "(x, t) in one spatial
dimension. For vanishing external potential V (x) it reads

H0 =
1

2

"
dx

2
|&x"|2 + |"|4

3
(3.1)

in the dimensionless variables (2.35). As dynamical variables in Hamiltonian field theory,
" and "$ are symplectic coordinates [66]; their real and imaginary parts correspond respec-
tively to the usual canonical position and momentum fields. Consequently the canonical
field equation for " derived from (3.1) is the NLSE or GPE (2.37)

i&t" =
%H0

%"$ = #1

2
&2

x" + |"|2". (3.2)

As explained in the preceding chapter, this equation may also be obtained as the Heisenberg
equation of motion for the second-quantized destruction operator for a dilute Bose gas
with repulsive particle interaction in the s-wave scattering limit, in appropriately rescaled
dimensionless variables, with the quantum field "̂ then replaced by the c-number field "
in Gross-Pitaevskii mean-field theory. Nevertheless, it is worth appreciating that Eq. (3.2)
is also a perfectly good classical Hamiltonian field equation, and appears as such in several
physical contexts.

Our goal of this chapter is to describe the linearized dynamics generated by the Hamil-
ton functional H0 around the gray-soliton background solution [15,26] to the field equation
(3.2). The solution is characterized by a position parameter x0 and a constant velocity -
relative to the background phase gradient:

"0(x, t) = ei!0e"i(µ+v2/2)te"ivx{i-+. tanh .(x#x0#(-#v)t)} , . "
%

µ# -2 ! 0 . (3.3)

It represents an isolated gray soliton with no further excitations present. The constant
overall phase /0 can be chosen to be zero without loss of generality. For .|x # x0 # (- #
v)t|( 1, the field variable "0 has the constant phase gradient v corresponding in the BEC
context to a constant gas velocity v. We will sometimes refer to this solution parameter
as the (constant) gas velocity in the following. The phase evolution is determined by the
asymptotic density µ and the gas velocity v. In Fig. 3.1 we show the squared modulus
|"0|2 (corresponding to condensate linear density, or light intensity in a nonlinear fiber)
for equidistant time intervals and di#erent soliton speeds -. The gas velocity has been set
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Figure 3.1: Squared modulus of a gray-soliton solution with gas velocity v = 0 and asymp-
totic density µ = 1. Shown is the squared modulus |"0|2 as a function of space for di#erent
soliton speeds - = 0 (black line), - = 0.5 (blue line), - = 0.7 (red line) and - = 0.9 (green
line) at equidistant times t. At time t = 0 the soliton is located at x = 0 (top row).
The rows below are snapshots of the squared modulus after a time interval of $t = 2.
The dashed lines (with the corresponding color coding from above) connect the density
minimum at the chosen times.

to v = 0 and we have chosen µ = 1. In the first row |"0|2 is shown at t = 0. It has a
minimum at x = x0, where it drops to

|"0|2min = -2 . (3.4)

The case - = 0 is therefore called the dark soliton (since in fiber optics it represents a
perfectly dark spot) although gray solitons with nonzero - are also sometimes referred to
as dark. The squared modulus |"0|2 rises with |x # x0| toward its asymptotic value of
.2 + -2 = µ and the asymptotic value is nearly reached already by around .|x# x0| " 2,
and the remaining deficit µ # |"0|2 then decays exponentially on the soliton length scale
1/.. Without changing its profile, the gray soliton is now moving linearly in time with
speed - # v in the laboratory frame, or likewise, moving relative to the background gas
motion more slowly by - (or faster by #-).



3.1 Gray solitons as solutions to the NLSE 25

!! " ! #

$

!! " ! #

$

!! " ! #

$

!! " ! #

$

!! " ! #

$

x

t = 0

t = 2

t = 4

t = 6

t = 8

0

!/2

!

x

0

!/2

!

0

!/2

!

0

!/2

!

0

!/2

!

ar
g(

!
0
)+

µ
t

Figure 3.2: Phase profile of a gray-soliton solution with gas velocity v = 0 and asymptotic
density µ = 1. Shown is the phase arg("0), shifted by µt, as a function of space for di#erent
soliton speeds - = 0 (black line), - = 0.5 (blue line), - = 0.7 (red line) and - = 0.9 (green
line) at equidistant times t. At time t = 0 the soliton is located at x0 = 0 (top row). The
rows below are snapshots after a time interval of $t = 2. The dashed lines (with the same
color coding as above) connect the points with arg("0) + µt = !/2 at the chosen times.

In Fig. 3.1 this is illustrated in the bottom rows. Since the time intervals between each
plot are equal, the density dip gets shifted by equal amounts along the x-axis for given
velocity -. This is highlighted by the dashed lines, which connect the corresponding density
minimum at the di#erent times. Consequently, the slopes of the dashed lines indicate the
soliton speeds.

The relative velocity -, with which the deficit moves through the background, is called
the soliton speed, and it is thus important to recognize that - and v are independent
parameters. The gray soliton thus moves with the phase gradient of its background field,
but it is also able to move independently of its surrounding field by deforming its shape.
Note that the relative soliton speed - is restricted to lie within the range

|-| $ )µ = c , (3.5)

i.e., the soliton speed can never exceed the speed of sound c of the background gas defined by
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the asymptotic density µ of the gas.1 It may be set to one by choosing proper dimensionless
variables. For the extremal values of -, the gray-soliton solution reduces to a translationally
invariant " with constant modulus and phase gradient.

The soliton solution (3.3) can also be characterized by its phase behavior. Across the
interval |x# x0 # (- # v)t| < d, "0 has a total phase di#erence

arg("0(#d))# arg("0(d)) = ±! # 2 arctan

#
-

. tanh .d

$
+ 2vd " $(d + 2vd (3.6)

for - # 0. Apart from phase change due to the gas velocity v, the largest jump in phase
occurs over .d + 2. The gray soliton exhibits a well localized disturbance of the phase
as well as in the modulus, except for the extremal values of -, for which . becomes very
small. In Fig. 3.2 we illustrate the phase behavior for di#erent soliton speeds - at the same
equidistant times as in Fig. 3.1. For clarity, we choose a gas velocity v = 0, and add the
linear time evolution µt to the phase arg("0). As expected from (3.3), the phase profile is
also moving linearly in time, as indicated by the slopes of the dashed lines.

A gray soliton with larger - is moving faster relative to its background, but it is a
longer and shallower disturbance of the background. For this reason it has lower energy
than a dark soliton with - = 0, which does not move relative to its background at all, as
we show in Appendix A. Consequently one may state that dark solitons are energetically
unstable to acceleration [26].

Periodic boundary conditions may also be imposed on our system; in the BEC context,
for example, the gas may be confined in a tight toroidal trap [80–82] which leads to a
ring-shaped geometry. The soliton solution (3.3) is in this case no longer exact, because
it cannot be made smoothly periodic; the exact periodic solutions may be expressed in
terms of Jacobi elliptic functions [19], and approximate solutions can be obtained [83]. In
this work we will nonetheless retain certain cases of (3.3) as our solutions, even in the ring
geometry, by assuming that the ring circumference 2L is much larger than the soliton size
1/.. In this limit the unavoidable discontinuity in &x"0 at x # x0 = ±L is only of order
O(e"2"L) $ 1, which we consider negligible. (It should therefore be noted that for fixed
system size 2L, we do not treat cases with . arbitrarily close to zero; but we do treat any
fixed ., for su%ciently large L.) Throughout this work, whenever we discuss the case with
periodic boundary conditions, we will present equations that are only strictly valid up to
corrections of this order, without further comment.

The gray-soliton solution is continuous, and furthermore periodic on the ring, if the
phase di#erence across the whole system is $(L = 2m! with integer m. The choice of the
asymptotic density µ and the relative soliton speed - as the two independent parameters
determines the allowed values of the gas velocity

tan vL = #.

-
=- v =

2!m# !

2L
+

1

L
arctan

-

.
. (3.7)

1We notice that for zero gas velocity v the asymptotic density µ coincides with the usual definition of
the chemical potential (in the dimensionless units).
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Figure 3.3: A gray soliton located at x = 0. Shown is |"0|2 as a function of space for
periodic boundary conditions at the “end points” x = ±L of the system. The precise
depth and breadth of the soliton modulus depression are determined by the speed - with
which it moves relative to the background gas.

It follows that v has discrete values, and for finite L, the gas velocity cannot actually be zero
for any |-| < c, but has a minimum value of order 1/L. Since the resulting phase gradient
of "0 is constant over most of the entire 2L circumference, it makes a finite contribution
to the total angular momentum. For some purposes this must be borne in mind, though
for others a v of order 1/L will be entirely negligible. We may still consider v arbitrarily
close to any given value, for su%ciently large L.

In Fig. 3.3 we illustrate the density of a periodic soliton solution in a ring geometry.
The one-dimensional system, which extends on the interval [#L, L], is bend and the end
points x = ±L of the system are connected in order to obtain a one-dimensional ring
geometry. The wave function is well-behaved at the connection point (up to the discussed
errors) if the gas velocity v is given by (3.7).

We have pointed out that the soliton is a well localized object with linear time evolution.
Thus, one may view it as an ordinary particle on its own right, an interpretation which
is reinforced by the considerations in Appendix A. In this appendix we derive Hamilton
equations of motion for the gray soliton, which correspond to equations of motion of a single
particle moving in a constant potential. For the understanding of this work, however, the
material presented there is not mandatory.

3.2 Linearization of the Gross-Pitaevskii Equation

We continue with the linearized dynamics generated by H0 (3.1) around gray-soliton back-
grounds. But in fact we can take advantage of two symmetries of H0, and obtain linearized
dynamics around gray soliton solutions with generalized time independence, as follows. If
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we define a new field 0(x, t) such that

"(x, t) = e"i(µ+v#"v2/2)t0(x# (- # v)t, t) (3.8)

for constants -, v and µ, we can describe any field " in terms of 0 instead.
The field equation for 0 is derived straightforwardly from (3.2), and after changing to

a moving coordinate frame (x#, t) " (x# x0 # (- # v)t, t) reads

i&t0(x#, t) =

#
#1

2
&2

x! + i(- # v)&x! + |0(x#, t)|2 # µ̃

$
0(x#, t) , (3.9)

where we have defined

µ̃ " µ + v- # v2

2
(3.10)

to shorten the equations. The corresponding Hamiltonian functional of 0, whose symplectic
field equation is (3.9) just as that of H0 is (3.2), is

H =
1

2

"
dx#

4
|&x!0|2 + |0|4 # 2µ̃|0|2 + i(- # v)[0$&x!0 # (&x!0

$)0]
5
. (3.11)

The di#erences between H and H0 are the constants of motion associated with the sym-
metries of phase and position translation, and the change from " and H0 to 0 and H is
a canonical transformation. In terms of a Bose gas, the operators at issue here are the
total particle number and total linear momentum, which commute with the Hamiltonian.
Evolution within the subspace of definite number and momentum may be generated equiv-
alently by the quantized versions of H and H0, since the discrepancy between them is only
an unobservable phase prefactor multiplying all amplitudes in the subspace.

The main result of this chapter will be to explicitly diagonalize the linearization of H
(3.11) around a non-trivial class of time-independent solutions to (3.9): the time- indepen-
dent gray-soliton solutions

00(x
#) = ei!0e"ivx!{i- + . tanh .x#} , . =

%
µ# -2 . (3.12)

These are simply the gray-soliton solutions (3.3) in a frame co-moving with the soliton (up
to a constant phase factor). For the rest of this chapter we will work in this moving frame
and drop the prime to simplify notation.

We can obtain a larger class of solutions to the GPE (3.9) than (3.12) alone, in the
form of solutions that are close to it:

0(x, t) = 00(x) + 101(x, t) . (3.13)

Here 1 * 1 is a small dimensionless perturbation parameter and 00 and 01 are supposed
to be of the same order of magnitude. In the Bose gas context, an operator-valued version
of this perturbation 0̂1 is used to describe the leading quantum corrections to the Gross-
Pitaevskii mean field theory. Within the linearized dynamics we will discuss, however, the
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quantization of 01 is trivial, being that of a non-relativistic free field. We will therefore
continue classically, analyzing the linearized Hamiltonian field theory of 01(x, t). Applica-
tion to the quantum problem can be achieved with literally no greater change than simply
placing operator accents (carets) over all of our classical canonical variables.

We insert (3.13) into the Hamiltonian (3.11) and expand it in powers of 1. The term
linear in 1 vanishes because 00 satisfies the time-independent GPE (3.9). The second-order
term H2 in H is therefore leading, and we ignore all higher-order terms in this chapter:

H2 =
1

2

"
dx 0$1

(#
#1

2
&2

x + 2|00|2 # µ̃

$
01 + 02

00
$
1 + i(- # v)&x01

)
+ c.c. . (3.14)

In principle one should include a second-order term 1202 in the expansion of (3.13) when
expanding the Hamilton function (3.11) to second order in 1. But one can show that it
does not contribute to H2 since, again, 00 is a time-independent solution to the GPE. The
canonical equation of motion derived from H2 for 01 coincides exactly with the linearization
of the GPE (3.9) about 00:

i&t01 =

#
#1

2
&2

x + i(- # v)&x + 2|00|2 # µ̃

$
01 + 02

00
$
1. (3.15)

This is the time-dependent Bogoliubov–de Gennes equation (BdGE). We remark that it
constitutes a coupled equation for the perturbation field 01 and its complex conjugate.
Solving the BdGE in terms of temporally harmonic normal modes is equivalent to diag-
onalizing H2 by a canonical transformation. Our contribution is to do so explicitly and
exactly for soliton background 00 for all values of -. This expands upon the previously
known solution for - = 0 [49–51], and significantly extends the set of backgrounds for which
explicit BdGE solutions are known. In this section we set up the problem in detail, and
discuss the orthonormality and completeness of BdGE normal modes, before presenting
our explicit solutions in the next sections.

3.2.1 Canonical normal modes

We begin by expanding

01(x, t) =
!

$

(R$(x, t)q$(t)+iS$(x, t)p$(t)) (3.16)

for a set of real-valued classical canonical variables {q$, p$}, labeled with index 2. The
summation over 2 in (3.16) is used in a symbolic manner. For the finite system it is an
ordinary summation over discrete values of 2, whereas for the infinite system it stands for
the summation over discrete values and an integration over continuous values of 2.

Equation (3.16) defines the complex functions R$ and S$ and real canonical variables
q$ and p$, given 01. It is to be understood as a mapping from one set of infinitely many
degrees of freedom, namely, the real and imaginary parts of 0 for each position x, to
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another set, namely the pairs q$, p$ for each 2. In order to be sure that we have fully
solved the evolution of 01, we must require that this mapping be complete; and we would
additionally like the mapping to be one-to-one. This means that every possible 0 can be
obtained with one and only one set of {q$, p$}. Hence, (3.16) should be invertible, and for
any instant t we can regard each q$ and p$ as a functional of 0(x).

Since canonical coordinates are important for many applications (including quantiza-
tion), and since any solution of a linear dynamical system can be expressed very easily in
terms of phase space coordinates, we can finally demand that the set {q$, p$} be canonical
variables. Consequently, they fulfill the fundamental Poisson bracket relations

[q$, p$! ] = %$$! , [p$, p$! ] = [q$, q$! ] = 0 , (3.17)

where the Poisson bracket is defined as

[A, B] " #i

"
dx

#
%A

%0(x)

%B

%0$(x)
# %B

%0(x)

%A

%0$(x)

$
(3.18)

for any functionals A, B. (Throughout this chapter the delta with mode indices is a
Kronecker-% for discrete degrees of freedom and has to be understood as a Dirac-% dis-
tribution for variables that depend on a continuous index.)

The definition (3.18) immediately implies that

[01(x), 0$1(x
#)] = #i%(x# x#) , [01(x), 01(x

#)] = 0 . (3.19)

Inserting (3.16) into (3.19) and applying (3.17) yields the completeness relations (or par-
tition of unity)

!

$

(R$(x)S$$(y) + S$(x)R$
$(y)) = %(x# y)

!

$

(R$(x)S$(y)# S$(x)R$(y)) = 0 .
(3.20)

These latter must be checked to confirm that all normal modes have been found, and none
was overlooked.

We show in Appendix B.3, without any reference to the BdGE, that invertibility and
canonicity of (3.16) imply the orthonormality relations

"
dx

2
R$S

$
$! + R$

$S$!
3

= %$$!

"
dx

2
S$S

$
$! # S$$S$!

3
= 0

"
dx

2
R$R

$
$! #R$

$R$!
3

= 0 ,

(3.21)

which in turn imply that the Poisson bracket is equivalently given as

[A, B] =
!

$

#
&A

&q$

&B

&p$
# &A

&p$

&B

&q$

$
, (3.22)
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as indeed it may be given in terms of any set of canonical variables. This means that the
orthonormality of BdG modes does not need to be understood as a fortunate coincidence
due to the particular form of the BdGE, but can be considered a general consequence of
Hamiltonian dynamics, which the BdGE of course obeys. And neither the completeness nor
the orthonormality relations are consequences of quantum mechanics; the correspondence
of classical Poisson brackets, and quantum commutators, is exact, with a factor of i!.
Both these relations stem simply from Hamiltonian mechanics, which is common to both
classical and quantum physics. In Appendix B.1 further properties and relations concerning
the orthonormality relations (3.21) are addressed.

3.2.2 Time-independent Bogoliubov–de Gennes equations

We now turn to the particular form of the BdGE. Anticipating that the normal modes of
a linear system evolve as harmonic oscillators, we assume that the time evolution of the
canonical variables is derived from a Hamiltonian of the form

H2 =
1

2

!

$

#
p2

$

m$
+ m$&

2
$q

2
$

$
(3.23)

in which m$ is a mass that will be dimensionless in our chosen units, and &$ is the
eigenfrequency of the normal mode labeled by 2. The Hamiltonian evolution generated
by this form of H2 implies a set of linear equations among the R$(x), S$(x), namely, the
time-independent BdGEs:

m$&
2
$S$(x) = HBR$(x) + 02

0R
$
$(x) ,

m"1
$ R$(x) = HBS$(x)# 02

0S
$
$(x) ,

(3.24)

with the di#erential operator

HB " #
1

2
&2

x + i(- # v)&x + 2|00|2 # µ̃ . (3.25)

Inserting these eigensolutions R$, S$ into (3.16) and (3.14) will reveal that H2 as given
by (3.14) is indeed equal to (3.23). This can be seen simply by applying (3.24) and the
orthonormality properties, and integrating by parts, without needing to use the explicit
forms of R$, S$ that we supply below. This confirms that the R$, S$ which solve (3.24) are
those which diagonalize H2, and that the solutions to the time-dependent BdGE (3.15) are
indeed of the form (3.16), with the explicit time dependence

q$(t) = q$(0) cos &$t +
p$(0)

m$&$
sin &$t

p$(t) = p$(0) cos &$t#m$&$q$(0) sin &$t .

(3.26)

Cases with &$ ! 0 are covered here simply by taking the limit.
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3.2.3 Normal mode spectrum

It is in general possible for Bogoliubov eigenfrequencies &$ to be complex. In this case the
system is dynamically instable, and although it implies that the linearization approximation
must break down on logarithmically short time scales, within that time frame it is by no
means unphysical. The case of complex &$ requires several significant generalizations to
the Bogoliubov–de Gennes theory for real &$, but in the problems treated in this work,
it turns out that all &$ are indeed real. We prove this simply by demonstrating that the
set of modes with real &$ is complete in the sense of (3.20). We can therefore discuss the
nature of the BdG normal mode spectrum without treating the extra complications that
arise for complex &$.

Since (3.24) is a coupled system of two complex second-order di#erential equations,
there are in principle eight linearly independent solutions for each eigenvalue &$. The
overall normalization of any solution is fixed, up to a phase, by the orthonormality condi-
tions (3.21). The phase is arbitrary, but in a slightly non-trivial way. Because of the explicit
complex conjugates appearing in the equation, rescaling a solution (R$, S$) ! ei%(R$, S$)
does not in general provide another solution. The phase freedom that does exist is rather

R$ ! R$ cos 3# im$&$S$ sin 3

S$ ! S$ cos 3# i
R$

m$&$
sin 3 .

(3.27)

Considering (3.16) and (3.23), it is easy to see that the second solution merely reproduces
exactly the same 01 as the first, but with the coe%cient relabeling

q$ ! q$ cos 3 +
p$

m$&$
sin 3

p$ ! p$ cos 3#m$&$q$ sin 3 .
(3.28)

This relabeling happens to be a canonical transformation; but this does not change the
fact that these two solutions do not represent distinct degrees of freedom in 01, but merely
a double counting of the same configuration. Eliminating such double counting by picking
one value of 3 arbitrarily is equivalent to discarding half of the eight solutions, namely
those given by 3 + !/2. There are thus only four distinct canonical solutions for each &$.
Boundary conditions such as square integrability or periodicity will generally eliminate at
least two of these, providing zero, one, or two normal modes per non-zero &$.

A further symmetry is relating solutions with di#erent m$. By canonical rescaling of
q$, p$ it is possible to set |m$| ! 1 without loss of generality—and for the rest of this
chapter we will assume that this has already been done. Please note that it is not possible
to change the sign of m$. Both signs are possible, and both must be considered for any
&$, because if (R$, S$) is a solution to (3.24), then (R$,#S$) is a solution for m$ ! #m$.
Examining (3.16), however, we see that these two solutions correspond to exactly the
same configuration of 01, with the trivial coordinate relabeling p$ ! #p$. They therefore
represent the same degree of freedom, counted twice, and we not only can, but must, discard
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one and retain only the other. Inspection of (3.21) shows that the coe%cients q$, p$ will
be canonical for one and only one solution in each of these pairs, since [q,#p] = #[q, p]
trivially. So we can maintain canonicity by always choosing which canonical coe%cients to
retain.

This means that the sign of m$ for each mode is just as much a physical fact as its
eigenfrequency &$. The sign of &$ itself has no meaning whatever; it has no e#ect in
either the time-independent BdGE (3.24) or the time-dependent solution (3.26). &$ may
therefore be taken as positive without loss of generality. Inspecting H2 in (3.23), one
sees that it is the sign of m$ which determines whether the energy contribution from
exciting a given mode is positive or negative. A negative mass simply means an energetic
instability; an excitation of this mode lowers the energy. The existence of such modes is
of course incompatible with strict thermodynamic equilibrium, but it is perfectly physical
for perturbations around an excited background such as the gray soliton, which in many
systems may nonetheless be very long-lived.

We remark finally that in many BdG cases the index 2 can immediately be identified
with a Fourier wave number k, but in a problem which is not translational invariant such
as ours, this is in general not so. However, in our soliton problem there is an asymptotic
translational invariance, and most of our modes will indeed have a Fourier index 2 ! k,
such that for .|x| ( 1 they behave as sinusoidal functions of kx. But as will be shown
later, there will be one extra mode of frequency zero. For this mode we will use the single
additional index 2 = z.

3.3 Nonzero-frequency solutions of the Bogoliubov–
de Gennes equation

In this section we present the explicit nonzero-frequency solutions of the BdGE (3.24) (for
which 2 ! k) for the general case of a gray soliton. Subsequently, the derivation with a
method similar to the factorization of scattering theory is shown. The special case of the
zero-frequency solutions is treated separately in Sec. 3.4 further below.

3.3.1 Mode functions and dispersion relation

If we rescale all the positive masses to mk = 1, the solutions to the Bogoliubov equations
(3.24) for non-zero frequency in the co-moving frame in case of both finite and infinite
systems can be expressed as

Rk(x) = e"ivx
%

&$ (Re rk(x) + i Im sk(x)) (3.29)

Sk(x) =
e"ivx

%
&$

(Re sk(x) + i Im rk(x)) . (3.30)
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The functions rk, sk are given by

rk(x) =
Nk

&k
eikx

#
k3

2
# 2-&k + ik2. tanh .x + k.2sech2.x

$
(3.31)

sk(x) = Nk eikx(k + i2. tanh .x) (3.32)

with the mode frequencies &k being

&k + -k =

1
k4

4
+ µk2 , (3.33)

and a normalization constant Nk to be determined later. The solutions (3.29) and (3.30) of
the BdGE reduce to the solutions for a strictly dark soliton (- = 0) derived in [49,51] after
a proper change of canonical variables. We recognize that the solutions for the strictly
dark soliton and general gray-soliton background di#er only in one term.

Equation (3.33) represents the Bogoliubov dispersion relation for a gray-soliton back-
ground. It is equivalent to the dispersion relation for a constant background solution
0! " e"ivx(i- ± .) equal to the gray-soliton background solution in the limit x ! ±..
For a strictly dark soliton this has already been demonstrated in [50, 84]. The extra term
on the left-hand side of Eq. (3.33) in comparison with the usual Bogoliubov dispersion is
due to linear motion of the soliton relative to the background. A Galilean boost with speed
- of the constant background solution would yield the same extra term in the Bogoliubov
dispersion relation.

For small values of the wave number k * 1, i.e., the wavelength is much longer than
the healing length ) of the gas (which is 1 in our dimensionless units (2.35)), an expansion
in k yields a phonon-like linear dispersion

&k % c|k|# -k (3.34)

for the excitations. Bogoliubov theory thus predicts sound waves for long wavelength
excitations. In the opposite limit k ( 1 the dispersion is given by

&k %
k2

2
+ µ# -k . (3.35)

In this regime the linearized theory predicts excitations which show particle-like behavior.
The transition between these two regimes takes place when the wavelength is on the order
of the healing length.

In Fig. 3.4 the dispersion relation (3.33) for µ = 1 is displayed. In (a) the Bogoliubov
frequency for soliton speed - = 0 is depicted, together with the asymptotes in the phonon-
regime obtained from (3.34) and the regime k ( 1 according to (3.35). In the intermediate
regime of k % 1 neither the particle nor the phonon picture are appropriate. Figure 3.4 (b)
shows the Bogoliubov dispersion for di#erent non-negative soliton speeds -. For increasing
-, the dispersion is “tilted” to the right, an e#ect from the linear motion of the soliton
relative to the background.



3.3 Nonzero-frequency solutions of the Bogoliubov–de Gennes equation 35

!! !" # " ! $
#

!

%

&

!! !" # " ! $
#

!

%

&

kk

!
k

!
k

(a) (b)

Freitag, 5. August 2011

Figure 3.4: Bogoliubov dispersion relation for µ = 1. In (a) the frequency spectrum for
- = 0 as a function of the wave number k is shown as a solid line. The dashed line shows the
linear dispersion obtained for wave numbers much smaller than the inverse healing length
and the dash-dotted line depicts the asymptotic dispersion obtained in the particle-regime
k ( 1. In (b) the Bogoliubov dispersion is shown for di#erent soliton speeds: - = 0 (black
line), - = 0.5 (blue line), - = 0.7 (red line), - = 0 (green line).

The normalization constant Nk that ensures (3.21) is

1

N2
k

&
= 8! (&k + -k) (3.36)

for %-function normalization in the infinite domain, with a continuous spectrum of k, and

1

N2
k

ring
= 8L(&k + -k)# 4

.k2

&k
(3.37)

for the finite ring with its discrete spectrum. For the demonstration of the orthonormality
of these modes, see Appendix B.1.

For the finite ring geometry it is also necessary to select the discrete set of k for which
the solutions are periodic (up to exponentially small corrections, as discussed above). Just
as with the background solution 00, these are obtained by imposing continuity for the
modes of 01 and their first derivative. For a periodic soliton background 00, the condition
for periodicity of the perturbation field 01 reduces to

cot kL =
2

k

#
.# -&k

.k

$
. (3.38)

In case of the dark soliton - = 0, this condition is equivalent to the one given in [84]. The
condition (3.38) is a transcendental equation in k that does not allow for a closed solution
of k. Figure 3.5 sketches the left-hand side and right-hand side of (3.38) for two di#erent
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Figure 3.5: Allowed wave numbers for periodic boundary conditions. Shown in black
is the left-hand side of (3.38) as a function of k for total system length 2L = 20 and
an asymptotic density of µ = 1. The right-hand side of (3.38) as a function of k is
depicted for soliton velocities - = 0 (solid green line) and - = 0.7 (solid red line), with the
corresponding asymptotes (k ( 1) as dashed line. The allowed wave numbers are given by
the intersections of the black line with the solid colored lines, marked with circles according
to the same color coding.

soliton speeds for total system length 2L = 20. The allowed wave numbers are then
determined by the intersections of the corresponding curves. From Fig. 3.5 we conclude
that in an interval of length !/L in k-space, determined by the periodicity of cot kL, there
is one discrete allowed wave number. Since

2

k

#
.# -&k

.k

$
% #-

.
+ 2

µ

.

1

k
+O

2
k"2

3
(3.39)

for k ( 1, the wave numbers become equally spaced. The corresponding asymptotic values
#-/. of (3.39) are also depicted in Fig. 3.5.

From the explicit solutions (3.29) and (3.30) above it is very important to see that
any perturbation of the gray-soliton background made from the normal mode spectrum
passes through the soliton without being reflected, which is expected for the integrable
model [37, 85]. Nevertheless, we will see in Chapter 4 that this does not mean excitations
are una#ected by the gray soliton.

The proof that the above nonzero-frequency modes together with the zero-frequency
modes described in Sec. 3.4 below are a complete set in the sense of (3.20) is given in Ap-
pendix B.2. It proceeds simply by direct integration, which can be performed analytically,
but is somewhat involved. It is not hard to see that no additional finite-frequency modes
are expected, however. Due to the symmetry of the Hamiltonian for nonzero-frequency
modes mentioned in Sec. 3.2, it is only necessary to find four independent solutions for a
given eigenfrequency instead of eight. For nonzero frequency &k, the Bogoliubov dispersion
relation (3.33) is a quartic equation in the mode index k. Assuming all frequencies are
real and that .2 /= 0, this equation must in general have two real roots and two mutually
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complex conjugate roots for k [86]. Since the complex solutions for k are unnormalizable
in the infinite domain, and can be shown to be incompatible with periodicity on the ring,
we are left with two distinct solutions with real k for each &k, and these are the solutions
we have displayed.

3.3.2 Derivation of nonzero-frequency solutions via factorization

In one-dimensional linear Schrödinger systems, scattering o# a potential can sometimes
be simplified with a factorization of the Hamiltonian. Factorization is a technique which
relates a problem at hand to a system with a simpler potential by using a proper superpo-
tential. In this way one can easily solve the one-dimensional scattering due to a potential
of the form #.2 sech2.x, for example, since it is connected to a constant potential [87]. We
have demonstrated in Sec. 3.3.1 that the gray-soliton background acts like a reflectionless
potential for the nonzero-frequency modes just like the #.2 sech2.x-potential, which sug-
gests the usage of a method similar to the factorization in scattering theory. To do so, we
are going to rewrite the BdGE (3.24) in terms of the functions rk, sk, related to the Rk, Sk

by: (
Rk + &kSk

Rk # &kSk

)
=

%
&ke

"ivx

(
rk + sk

r$k # s$k

)
. (3.40)

Motivated by the factorization method for the #.2 sech2.x-potential [87] we define the
di#erential operators

Q̂ " 1)
2
(&x + 2. tanh .x) ,

Q̂† " 1)
2
(#&x + 2. tanh .x) .

(3.41)

With the explicit form of the gray-soliton background the BdG equations (3.24) can be
cast into the alternative form

&k

(
rk

sk

)
=

(
i
)

2-Q̂ Q̂Q̂† + 2(-2 # .2)
Q̂†Q̂ #i

)
2-Q̂†

) (
rk

sk

)
. (3.42)

If we further define a new function ' by Q̂†' " sk, one obtains from the bottom line of
(3.42)

(&k + i
)

2-Q̂†)' = Q̂rk . (3.43)

Acting with Q̂ from the left on the top line of (3.42) and using the relation (3.43) and
definitions (3.41), the top line finally yields

(&2
k # i2-&k&x #

1

4
&4

x + .2&2
x)' = 0 . (3.44)

Although this fourth-order di#erential equation does not contain hyperbolic functions and
looks very simple, it is equivalent to the coupled set of second order equations (3.42); we
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have not made any approximations. Equation (3.44) has the obvious solution 'k = Ceikx

with some normalization constant C and the Bogoliubov frequency &k equal to (3.33).
Applying the di#erential operator Q̂† to 'k directly gives us sk, and lets us obtain rk by
solving the first-order equation (3.43). This verifies the nonzero frequency-solutions (3.31)
and (3.32) of Sec. 3.3.1.

We have used a variant of the factorization method to reduce the system of equations
to a linear fourth-order di#erential equation with constant coe%cients, and were then able
to derive the BdG solutions for the gray-soliton background by a simple di#erentiation and
one integration. For the special case of the dark soliton an alternative way to solve the
BdGE is by Bargmann’s method [88]. Using two di#erent representations of the BdGE,
the solutions have been previously found with the ansatz of the form F (k, x)eikx, where F
is a polynomial in k [49, 51]. But the method cannot be directly transferred to the gray
soliton since the imaginary part of the soliton solution does not allow an obvious reduction
of the BdGE system (3.42) equivalent to those presented in [49, 51]. We speculate that
this might be a reason why the BdG solutions for the gray-soliton solution have not been
previously found, although the solutions for the dark-soliton background and the gray-
soliton background are so similar in form.

3.4 Zero-frequency solutions of the BdGE

We now come to the zero-frequency solutions, often referred to briefly as zero modes, which
present special di%culties but are particularly important from some points of view. The
zero-frequency solutions solve the coupled system of equations

0 = HBR$ + 02
0R

$
$ (3.45)

m"1
$ R$ = HBS$ # 02

0S
$
$ (3.46)

HB " #
1

2
&2

x + i(- # v)&x + 2|00|2 # µ̃ .

We will begin with the solutions for the infinite system without boundary conditions, and
then derive the solutions for periodic boundary conditions. We will end this section by
discussing an interesting invariance property of the zero modes.

3.4.1 Infinite system without boundary conditions

A straightforward way to obtain solutions for the coupled set of equations (3.45) and (3.46)
is to take the derivative of the GPE with respect to the five parameters (-, v, x0, µ, /)
of the background solution.2 All GPE solutions within this five-parameter family are
time-independent, up to a uniform phase prefactor e"iµ̃t, and in some co-moving frame.

2When changing to the co-moving frame we have absorbed the position parameter x0, cf. Eqs. (3.8)
and (3.9). However, one can see that the derivative with respect to x0 is simply the negative derivative
with respect to the space variable x.
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Small perturbations within this family will therefore automatically have zero frequency.
Those perturbations which do not shift µ̃ or the laboratory-frame soliton velocity will be
strictly time independent. Those which do infinitesimally perturb µ̃ will produce linear
time dependence 01 0 t, since e"i&µ̃ t .

= 1 # i%µ̃ t. Perturbations of the soliton’s speed
similarly induce a linearly time-dependent translation of the soliton, in any fixed frame.
And linear time dependence is also zero frequency.

These variations do not provide all zero-frequency BdGE solutions, but they do provide
all the solutions needed for completeness. We can confirm this by finding the remaining
linearly independent solutions, by other methods, and showing directly that they are un-
physical3. It is important to remember that for the infinite domain all five parameters
are independent, apart from the condition . > 0; the periodic boundary condition that
we subsequently consider will select a subspace out of this solution space, reducing the
number of physical zero modes.

We demonstrate the procedure with an example. Inserting the background solution
(3.12) into the GPE (3.9) and taking the derivative with respect to /0 yields

0 =

#
#1

2
&2

x + i(- # v)&x + 2|00|2 # µ̃

$
i00 + 02

0(i00)
$ . (3.47)

Hence, we have found a first solution to the homogeneous equation (3.45):

R1 = i00 . (3.48)

Taking the derivative with respect to the other solution parameters x0, -, v and µ, keeping
in mind that we have abbreviated µ̃ = µ + v- # v2/2, does not lead to all four solutions
to (3.45), however. Varying µ̃ or - # v produces (linearly) time-dependent perturbations,
unless we also change frame and the e"iµ̃t prefactor in ". Hence these perturbations do
not yield further solutions to (3.45). Perturbations which do not a#ect µ̃ or -# v, though,
give two more solutions to the homogeneous equation:

R2 = (iv + &x)00 (3.49)

R3 = #&v00 # &#00 + -&µ00 = (ix# &# + -&µ)00 . (3.50)

Since (3.45) represents a system of two coupled second order linear di#erential equa-
tions, for the real and imaginary parts of R, there must exist a fourth linearly independent
solution. We have obtained this by a variant of the factorization method used in Sec. 3.3.2
for the finite-frequency modes (see Appendix C):

R4 = e"ivx

#
3.x sech2.x + 3 tanh .x + sinh 2.x + i

4-.

.2 # -2
cosh2.x

$
. (3.51)

Turning now to the equation of the S$ of the zero modes, we can first identify four
homogeneous solutions, which make the right-hand side of (3.46) vanish. All four are
immediately apparent: Sj ! iRj.

3In this context unphysical means that the solutions are not properly normalizable.
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Then, for each of the four Rj on the left side of (3.46), there must exist corresponding
particular solutions Sj to the inhomogeneous equation. Here we can make use of pertur-
bations of µ̃ and - # v, which generate 01 0 t. Inserting the general zero-mode time
evolution

p$(t) = p$(0) q$(t) = q$(0) +
p$(0)

m$
t (3.52)

into 01 = R$q$ + iS$p$, we observe that perturbations to µ̃ and - # v must correspond to
some combinations of the zero-mode p$(0). It follows that derivatives of 00 with respect
to µ̃ or - # v will provide the components S$ = #i&01/&p$ of the zero mode (R, S). We
are also free to include any combination of the homogeneous solutions iRj. Two simply
expressed particular solutions that match R1 and R2 are, respectively,

S1 = i&µ00, (3.53)

S2 = i&#00 . (3.54)

It can then simply be checked that (R1, S1) and (R2, S2) are indeed zero-frequency solutions
of the coupled BdGEs (3.45) and (3.46).

There are another two particular solutions to (3.46), with R3 and R4 on the left-hand
side. In Appendix C we derive the asymptotic behavior for x! ±. of these solutions S3

and S4, which is all we need for their consideration, as explained below.
In this way we have found all eight linearly independent zero mode solutions, at least

asymptotically. They are of the form (R, S) ! (Rj, Sj) and (R, S) ! (0, iRj), for j =
1, 2, 3, 4. We can exclude most of these eight solutions as Hamiltonian modes, however.
(Rj, Sj) for j = 3, 4 and (0, iR4) are all unphysical, because one can prove from their
asymptotic form that no linear combination of them can be normalizable according to (3.21)
(they diverge exponentially at infinity). And we may discard without loss of generality the
two zero-frequency solutions (0, iRj) for j = 1, 2, because their e#ect in 01(x, t) could
be absorbed by a shift of the canonical position variables q1 and q2. So, in the case of
an infinite system without boundary conditions, we are left with three possibly physical
zero-frequency solutions to the BdGE.

Two of these remaining three solutions may be expressed as the linear combinations

(
R0±

S0±

)
" 1

(2!+±c)
1
2

#
+±

(
R1

S1

)
± 1

2

(
R2

S2

)
±

(
0

iR3

)$
. (3.55)

Here +± " c 1 - is the limit of &k/|k| for k ! 0±. One can show that (3.55) defines
two positive-mass zero-frequency solutions which are %-normalizable. These two modes are
precisely the limits k ! 0± of the continuum of nonzero-frequency solutions (3.29) and
(3.30). Therefore they do not need to be separately added or considered; they are already
fully represented within the continuum.

In addition to these two positive-mass modes we have a third linearly independent
mode, which we can take to be (R2, S2). This has finite negative norm, and so we can
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identify (
Rz

Sz

)
" 1

2
)

.

(
#R2

S2

)
(3.56)

as a discrete mode with positive norm and negative unit mass. Equation (3.56) is the
soliton translation mode, as one may see by recognizing that its e#ect in 01 is precisely
to make a small translation of the soliton. Due to the negative energy associated with
the mode (3.56) an excitation of this mode leads to a decrease in energy, which means an
energetic instability of the soliton [26]. Hence, one can state that the soliton translation
mode is an anomalous mode with zero frequency, as this kind of mode is sometimes referred
to as an anomalous mode [34].

We prove in Appendix B.2 that the continuum solutions alone are not complete, but
that adding the positive-norm (and negative-mass) mode (Rz, Sz) as one additional discrete
mode provides completeness. We can therefore be confident that we have obtained all
modes of the system as BdG solutions. There remains one point, though, which may
seem to call for comment. Although we have identified three linearly independent zero-
frequency solutions, the three are not all orthogonal to each other according to our inner
product as introduced in (3.21). One source of this curious di%culty is the fact that
(R, S) ! (0, iR3) has zero norm according to the inner product. The reason that this
subtle issue raises no problems for completeness is simply that the zero modes contained
within the continuum are a set of zero measure. For any finite frequency, however small,
there are two normalizable modes, and not three; and so the “extra mode” (0, iR3) at
exactly zero frequency has no e#ect.

We attribute the appearance of the extra zero-norm solution to the fact that the bound-
ary condition, which is only that R and S should not diverge too fast at infinity, is somehow
too weak. If we replace the strictly infinite line with a periodic ring, however large, then
the (0, iR3) solution ceases to be independent of the other two, but instead must be added
to them in particular proportions, in order to meet the periodic boundary condition.

3.4.2 Periodic boundary conditions

Before deriving the periodic zero-frequency solutions by taking derivatives of the GPE as in
the preceding section, we want to emphasize two details. First, we remind the reader that
the results for the periodic system presented in the following are valid to order O(e"2"L),
which is an excellent approximation for .L ( 1. Second, the gas velocity v, the relative
soliton speed -, and the asymptotic density µ are not independent parameters for the
periodic system, but must together satisfy a periodicity condition, as explained in Sec. 3.1.
It turns out that cumbersome expressions simplify most easily if we choose the relative
soliton speed - and the asymptotic density µ to be the two independent variables, in terms
of which v may be expressed. Hence, derivatives with respect to - and µ are now di#erent
from those in the infinite case, because v must now also be varied whenever - and µ are.

Inserting the gray-soliton background (3.12) into the GPE (3.9) and di#erentiating this
equation with respect to the remaining four independent parameters (/, x0, -, µ) yields the
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four constituent functions R̃1,2, S̃1,2 of two solutions (R, S) ! (R̃1,2, S̃1,2). Since the back-
ground solutions within this four-parameter family are all periodic, all their derivatives
with respect to these four parameters are automatically periodic as well. A linearly inde-
pendent basis for these two periodic zero modes can be expressed as two di#erent periodic
linear combinations of the three nonperiodic solutions for the infinite domain considered
in the previous Sec. 3.4.1:

(
R̃1

S̃1

)
=

(
R1

S1

)
# (&µv)

(
R2 # -R1

S2 # -S1 + iR3

)
(3.57)

(
R̃2

S̃2

)
=

(
R2

S2

)
# (&#v)

(
R2 # -R1

S2 # -S1 + iR3

)
. (3.58)

The explicit expressions for &µv and &#v can be found by di#erentiating (3.7) with respect
to the corresponding parameters and are both of order O(1/.L):

&µv = # -

2.Lµ
, &#v =

1

.L
. (3.59)

Besides these two periodic zero-frequency solutions (R̃1,2, S̃1,2), and the corresponding
homogeneous solutions (0, iR̃1,2) that can be absorbed into shifts of q1,2, there must exist
four more zero-frequency solutions. Since in comparison with Sec. 3.4.1 above we have
changed only the boundary conditions and not the equation, these solutions must simply
be (R3,4, S3,4) and (0, iR3,4), where R3,4 are given by Eqs. (3.50) and (3.51) and S3,4 are
given in Appendix C. It is not di%cult to show that no combination of these four solutions
can be made smoothly periodic, and so (R1,2, S1,2) span all the zero modes that we need
to canonically represent 01(x, t).

It remains only to select combinations of these solutions, and possibly perform the mass-
changing transformation (Rj, Sj) ! (#Rj, Sj), to assemble from our two-solution basis a
pair of positive norm solutions that are orthogonal to each other. This is accomplished
with

(
R̃0

S̃0

)
" i)

2L

(
R1

S1

)
# &#v

(
0

iR3

)
+O

2
(.L)"3/2

3
, (3.60)

(
R̃z

S̃z

)
" 1

2
)

.

(
#R2

S2

)
# &µv

(
0

iR3

)
+O

2
(.L)"1

3
. (3.61)

Here the corrections of higher order in 1/.L may be worked out explicitly, but we will
assume that L is large enough that we can ignore them. The negative-mass solution (3.61)
is equal to the corresponding solution (3.56) for the infinite system, up to the indicated
order, so we use the same subscript z. It is the zero mode associated with the translation
of the soliton. The periodic positive-mass solution (3.60), labeled with subscript 0, has
been normalized and can be identified, to leading order in 1/.L, with the usual phase
translation zero mode, which is present for any stationary Gross-Pitaevskii solution
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3.4.3 Symmetry of the zero modes

The main result of this chapter has now been achieved: we have presented a complete
set of BdG solutions, including zero modes, for any gray-soliton background. The only
remaining question is whether our solution is unique. Since all nonzero-frequency modes
are in degenerate pairs, it is obvious that arbitrary linear combinations of each degenerate
pair may be taken; this trivial freedom is the only one remaining for the finite frequencies.

The two zero modes of the finite system, namely, the phase translation mode (3.60)
and the soliton translation mode (3.61), can also be mixed into each other, but the trans-
formation is a bit di#erent. It is straightforward to show that the BdGEs (3.45) and (3.46)
are also solved by the following new zero-frequency solutions (we drop the tilde on the
solutions) ,

66-

R#
0

R#
z

S #0
S #z

.

77/ =

,

66-

cosh / # sinh / 0 0
# sinh / cosh / 0 0

0 0 cosh / sinh /
0 0 sinh / cosh /

.

77/

,

66-

R0

Rz

S0

Sz

.

77/ (3.62)

for any real /. The two solutions are again of opposite mass. Considering (3.16) and (3.23)
one can see that this transformation leaves 01 unchanged, and is equivalent to a proper
canonical transformation of the q1,2, p1,2 for the two zero-frequency modes.

While this symmetry is thus in one sense trivial, it is also surprising. It mixes the
soliton motion and global phase translation degrees of freedom; and moreover these are
modes of opposite mass. One may be tempted to suppose that positive- and negative-mass
modes could never be confused, because they would have drastically di#erent behavior.
But in fact they may not always be so distinct, after all: the zero modes can be mixed by
the canonical transformation associated with (3.62). This indicates that the definition of a
collective canonical coordinate for the gray soliton, at the bottom of a spectrum of equally
slow degrees of freedom, is far from trivial. This may be contrasted with the bright soliton
and the linearization around that background.

3.5 Linearization for a bright-soliton background

For attractive interaction among the particles the sign of the nonlinearity |"|4 in (3.1)
changes. In a frame moving at speed -, the corresponding GPE reads

i&t0(x, t) =

#
#1

2
&2

x # |0|2 # µ# i-&x

$
0(x, t). (3.63)

Notice the sign change in front of the nonlinearity in comparison to (3.9). Equation (3.63)
has the time-independent solution

0b(x) = e"i#x. sech .x (3.64)

with the chemical potential given by µ = #(.2 + -2)/2 [61]. This is the one-dimensional
bright-soliton background. It is an object localized at x = 0 (in a frame moving with
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Figure 3.6: Squared modulus of the bright-soliton background in the co-moving frame for
µ = #1. In (a) the squared modulus is shown as a function of space for di#erent speeds:
black (- = 0), red (- = 0.7) and green (- = 0.9). Figure (b) depicts the excitation
spectrum &k for a bright-soliton background. The solid line represents the allowed values
for modes with continuous wave number and the cross shows the energy of the discrete
zero mode.

constant speed -). Rather than moving through an asymptotically uniform background
field, as the gray soliton does, it is itself the entire field; the field 0b vanishes exponentially
with |x|. The corresponding density of the bright-soliton solution is plotted in Fig. 3.6 (a)
for di#erent soliton speeds.

The linearization around this bright soliton background analogous to Sec. 3.2 yields the
BdGEs for the mode functions:

m$&
2
$S$ = HbR$ # 02

bR
$
$

m"1
$ R$ = HbS$ + 02

bS$

Hb " #
1

2
&2

x # 2|0b|2 # µ# i-&x .

(3.65)

Notice the sign change in the di#erential operator in (3.65) in comparison to (3.25) due
to the sign change of the particle interaction. The Eqs. (3.65) for unit mass have the
nonzero-frequency solutions

R$ =

#
. tanh .x &x +

k2 # .2

2
+ .2 sech2.x

$
d(x)

S$ =

#
. tanh .x &x +

1

2
(k2 # .2)

$
d(x)

k2 + .2

d(x) " e"i#x ,
*

sin kx
cos kx

,

(3.66)

where both sin kx and cos kx are possible for d(x). These are the solutions to the BdGE in
real coordinate representation. They are fully equivalent to the previously known solutions
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in complex coordinate representation [46]. The nonzero-frequency spectrum is given by
&k = k2/2 + |µ|, which reveals a macroscopic energy gap |µ| between the lowest-lying
zero-energy soliton translational mode (of positive mass)

(
Rz

Sz

)
" 1)

2.

(
#(i- + &x)0b

i&#0b

)
(3.67)

and the non-zero frequency modes (3.66), which is shown in Fig. 3.6 (b).
We have seen from (3.64) that the bright soliton can move, but its motion is identical to

the motion of the entire configuration. There is no possibility of relative motion between
the soliton and the background, as there is in the gray-soliton case. Dynamically, this
di#erence shows up in the fact that the gray soliton’s motional zero mode lies at the bottom
of a gapless continuous spectrum of other modes, while the bright soliton’s zero mode is
separated in frequency from the continuum by a finite gap of width |µ|. Distinguishing
the soliton from the background, as a collective degree of freedom, can therefore be done
easily and unambiguously for the bright soliton, because of this large separation of time
scales. For the gray soliton there is no such time scale separation, and therefore no obvious
identification based on time scales within the linear regime. Nevertheless, there is a contrast
in the pairing of time and length scales. The gray soliton moves much more slowly than any
other perturbation with wavelengths on the order of its size, and it is much smaller in extent
than any other perturbation that evolves as slowly as it moves. There is therefore reason
to hope that the role of locality in nonlinear Schrödinger dynamics will indeed single out
a unique soliton collective degree of freedom; but there is no obvious identification based
on time scales within the linear regime.

3.6 Discussion

We close this chapter with a discussion of technical issues and possible further applications,
apart from the back-reaction we study in this work, as well as implications of the presented
results. Many of the properties of our solutions, including the fact that we were able to find
them, seem to depend on particular detailed properties of certain hyperbolic trigonometric
functions, and in this sense are purely technical features of a special case. It is in particular
disappointing to report that, although the gray soliton GPE solution itself may be extended
into a class of multi-soliton solutions given exactly by certain elliptic functions, and this
class may be shown to include all time-independent GPE solutions with uniform external
potential in one dimension, we have been unable to extend our exact BdG solutions to
these cases. The solutions we have found seem to depend crucially on properties of tanhx
and sech2x that are not shared by their corresponding elliptical generalizations.

A natural further step would be an extension of our results to non-uniform potentials
[i.e., inclusion of the potential term V (x)0(x) in the NLSE, to represent a time-dependent
medium in optics, or a realistically nonuniform trapping potential for a quantum gas]. It
must first be recognized, however, that exact gray-soliton solutions simply do not exist for
general background potentials V (x); the NLSE ceases to be integrable, and has no soliton
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solutions. If the background potential does not vary slowly enough, therefore, the soliton
problem essentially disappears. But if the potential varies on length scales larger than the
soliton size, then approximate soliton solutions can nonetheless be identified, by smoothly
patching perturbed gray-soliton solutions into slowly varying background fields [26]. The
motion of such generalized solitons does not have constant velocity in general [26], and so
there is no co-moving Galilean frame in which the general soliton solution is a stationary
background. Stationary solutions can nonetheless be found, or the Bogoliubov problem
generalized to NLSE linearization around a time-dependent background.

In either case the nonuniform problem is tractable, by two di#erent approaches, whose
regimes of applicability fortunately overlap, and which together cover the entire problem.
The first approach applies to low-frequency perturbations (&k * 1 in our dimensionless
units), and proceeds by smoothly patching soliton zero modes into “hydrodynamic” (slowly
varying) solutions to the NLSE, using the method of matched asymptotics (boundary layer
theory) [26]. Indeed, this method yields a solution valid beyond BdG theory, in the sense
that both long-wavelength perturbations and soliton motions can have large amplitude,
and be arbitrarily anharmonic, as long as the slowness condition is maintained. Among
the results deduced from this approach is the oscillation of solitons in harmonic potentials,
even at large motional amplitude, with approximate frequency &T/

)
2 [26], where &T is

the harmonic oscillator frequency. It is explained in [26] that the conserved energy of these
oscillating solutions decreases with increasing amplitude (the dark soliton is energetically
unstable with respect to acceleration). As remarked in [34], the small-amplitude limit of
that result implies that the harmonic potential shifts the uniform problem’s negative-mass
zero mode downward on the real frequency axis, producing an “anomalous” BdG eigenmode
with negative eigenfrequency, approximately #&T/

)
2. Indeed, this result applies very

simply to any case of a dark soliton located at a local minimum of any su%ciently slowly
varying potential, in a real background ". The local parabolic approximation to the
potential defines the relevant &T .

The complementary second approach to the nonuniform problem is the application of
the Wentzel-Kramers-Brillouin-Je#reys (WKBJ) eikonal approximation to the Bogoliubov–
de Gennes equations [89], again with a boundary layer treatment around the soliton itself,
based on our exact uniform solutions. This approach has not yet been presented in detail,
but should be valid for perturbations on wavelengths much shorter than the variation scale
of V (x). Since the existence of approximate solitons requires that this length scale be
much longer than 1 in our dimensionless units, it follows that every case not covered by
one of these two approaches is covered by the other, and that a range of intermediate
wavelengths and frequencies is covered by both. In this sense the nonuniform problem can
be considered as solved in principle, except in cases where it e#ectively ceases to exist,
because V (x) does not vary slowly.

The analysis in this chapter has relied on a strictly one-dimensional geometry. The exact
results presented here can nonetheless be applied to only quasi-one-dimensional systems,
such as Bose-condensed or quasi-condensed gases held in extremely prolate traps or in
matter-wave waveguides. Under these conditions, the dynamics of the soliton is governed
by a one-dimensional NLSE with a small quintic term added [37]. The corresponding
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BdGE could then be solved by expanding the solution in a Born series, based on the
small coe%cient of the quintic term, using the Green’s functions obtained from our exact
solutions to the zeroth-order BdGE system. Since our explicit solutions have a relatively
simple form, this formally su%cient approach should even be practicable.

Another extension of our results would be to the theory of soliton motion in quasi-
one-dimensional (quasi-)condensates at finite temperature. A standard approach to this
problem is the so-called Hartree-Fock-Bogoliubov theory, in which the thermally expected
population of BdG modes is applied as a perturbation on the evolution of the condensate
mean field ". The presence of large terms 0 sech2.x in our mode functions at low frequen-
cies might seem to suggest that this thermal back-reaction could dramatically a#ect the
soliton, distorting or even pinning it. Careful thought suggests instead, however, that the
Hartree-Fock-Bogoliubov approach is probably not so straightforwardly applicable to this
entire type of problem. The components proportional to sech2.x do not represent orbitals
that can be occupied by thermal atoms, but rather correspond directly to the motion of
the soliton itself. To first assume that such motion is thermalized, then ignore fluctuations
by treating its thermal expectation value as a constant, and finally feed that constant back
into the equation of motion for the soliton itself, would be a fallacy comparable to first
approximating the rapid rolling of a roulette ball as a stationary circular cloud of dilute
steel at the time-averaged density, and then computing the viscous drag on the ball from
its motion through that same cloud. In fact, the motion of solitons in a thermal cloud
should be considered fully as a non-equilibrium problem, and the question of which de-
grees of freedom may be treated by ensemble averaging should ideally be addressed from
first principles. This may be a worthy goal for future study.

Turning away from technicalities at last, to consider broader implications of our re-
sults, we observe that the problem of BdG normal modes in a gray-soliton background is
interesting from some rather fundamental viewpoints, and we will close this chapter by
discussing one of them.

A feature of the stationary gray-soliton solutions which has on occasion caused excite-
ment is the fact that they seem to include sonic event horizons. The local speed of sound
in the hydrodynamic approximation to the GPE is |0|; the local fluid speed is &x arg 0. It
is easy to show that this local fluid speed exceeds this local sound speed within a finite
range |x # x0| < xh for a certain --dependent xh, apparently providing a black + white
hole scenario with horizons at x # x0 = ±xh. The very problem we have solved would
therefore seem to be an ideal candidate for terrestrial investigations of the Hawking e#ect
in black holes, by examining quasiparticle pair production after quantization. Unfortu-
nately, however, our exact results show that this does not work: gray solitons do not really
have horizons. No perturbation wavepackets are reflected at any point in the soliton back-
ground, regardless of which direction they move in; modes of any wavelength can freely
pass through the supposed horizons, in any direction.

This disappointingly ordinary behavior illustrates an important caveat which must
never be overlooked in constructing black hole analogs in fluids. Sound waves imitate
light, with a universal speed and no dispersion, only in the hydrodynamic regime. This
means that the wavelength must not be too short, so that the hydrodynamic picture
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does not break down. Yet even for real black holes and real light, the horizon concept
is only applicable for wavelengths short in comparison with the length scale over which
the background changes, so that the geometric optics limit in which light propagates on
null geodesic rays becomes valid. Light with a wavelength much longer than a real black
hole’s Schwarzschild radius is not trapped by the event horizon, but simply di#racted. The
requirement for a sonic horizon is therefore that there exist a range of wavelengths which
are simultaneously long enough to be hydrodynamic, but short enough to be geometric.
For a gray soliton it turns out that there are no such wavelengths: perturbations are all
either non-hydrodynamic or non-geometric. Our exact solutions then merely confirm the
fears of horizonless behavior which will be raised by careful estimates of validity regimes.



Chapter 4

Back-reaction on gray solitons

Many quantum studies of the soliton, the majority numerical, examine the interaction
between gray solitons and excited modes in case of a thermal population [30–32] or upon
generation in lattices [44, 45, 90]. In finite temperature studies the focus is on the dissipa-
tive soliton dynamics for longitudinal confinement, such as harmonic traps or lattices, to
estimate experimentally observed lifetimes or pair correlation functions [44,45], for exam-
ple.

We focus on interactions of gray solitons with certain nonthermal wave excitations in
the strictly one-dimensional integrable system. More complicated excitations, such as the
thermal ones, may be represented as superpositions of the excitation pulses. Hence, our
analytical work presented here provides a very fundamental analysis of back-reaction on
gray solitons.

In Sec. 4.1 we repeat the main results of the linearization about gray soliton background
for the more commonly used canonical representation with complex coordinates, which are
related to the real canonical variables by a so-called extended canonical transformation
[66]. In second-quantized theory the complex coordinates correspond to annihilation and
creation operators of quasi-particle excitations. The complex amplitudes are especially
suited to examine traveling wave pulses because the field amplitude is expanded in terms
of plain waves. Special emphasis is on the asymptotic behavior of the nonzero-frequency
solutions: In the presence of a gray soliton elementary excitations experience a well-defined
phase shift within Bogoliubov approximation.

We study the behavior of a certain class of wave packet perturbations traveling in gray-
soliton backgrounds in Sec. 4.2 within Bogoliubov approximation. For wavelengths small
compared to the healing length of the condensate the perturbations resemble ordinary
Schrödinger wave packets of free particles, while in the opposite regime they represent
pulses of zero sound. Amongst general e#ects, such as dispersion of the excitation, the wave
packets show a determined position shift when passing the soliton, whereas the soliton is
una#ected at this order of the expansion. We motivate that the spatial displacement of
the wave packet must be compensated by a change in the soliton position, but at second
order in the expansion.

Thus we expand the GPE to second order in the dilute gas parameter to account for
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back-reaction e#ects on the soliton in Sec. 4.3. We examine the post-Bogoliubov corrections
to the wave function and find a displacement of the soliton due to the interaction with the
wave pertubations. An analytical formula for the back-reaction is derived by combining
the asymptotic properties of the wave packet perturbation and exact conservation laws.
Comparison with numerical integration of the GPE verifies the analytical results.

The repulsively interacting NLSE allows any su%ciently long-wavelength spatial pertur-
bation of the field to propagate with a weak dispersion at the sound speed [52,91,92]. Such
long-wavelength perturbations have been created in quasi-one-dimensional Bose-Einstein
(quasi-)condensates [53,93]. In Sec. 4.4 we explicitly derive the equations of motions for a
gray soliton interacting with sound waves by using a combination of hydrodynamic theory
and boundary layer theory [26]. This combined theory describes the motion of a gray
soliton, an object of the size of the healing length, in any general background varying on
a scale much larger than the healing length, but not necessarily of small amplitude. Thus,
the work presented here represents an expansion of the work already published by Busch
and Anglin [26]. Within this theory, the Bogoliubov theory in the limit of long wavelength
represents the special case of small-amplitude excitations [94]. We integrate the equations
of motion and present a formula for the soliton displacement for arbitrary long wavelength
excitations. For the case of excitation pulses with Gaussian density profile, as generated
in experiment [53], we confirm the analytical result by numerical integration of the GPE.

4.1 Elementary excitations in complex coordinate re-
presentation

Small-amplitude excitations of any wavelength in a weakly interacting Bose gas may be
described in terms of the complete set of Bogoliubov normal modes presented in the pre-
ceding chapter. However, for the type of small-amplitude excitations we wish to study in
this work, namely traveling wave packets, it is more convenient to use complex coordinates
instead of the real coordinates introduced in Chapter 3; the excitation packet is written
in terms of plane waves, which is more familiar than the trigonometric functions of the
{q, p}-representation. Thus, we begin by expanding the perturbation field

01(x, t) =

" !

"!
dk(uk(x, t)ak(t) + v$k(x, t)a$k(t)) . (4.1)

in terms of complex variables ak and a$k. As we consider traveling wave packet excitations
we do not need to include the discrete zero mode explicitly in (4.1). For each individual
non-zero frequency the transformation between the sets is defined by

(
ak

a$k

)
=

1)
2

#%
mk&k

(
qk

qk

)
+

i)
mk&k

(
pk

#pk

)$
. (4.2)

We have reintroduced the mass mk = ±1 of the modes. The two variable sets are connected
by a so-called extended canonical transformation with a scaling parameter (=#i [66]. In



4.1 Elementary excitations in complex coordinate representation 51

the quantum version of this problem, just as the field 0 becomes a destruction operator,
and our phase space coordinates qk, pk become operators q̂k, p̂k with canonical commutation
relations, these complex coordinates ak, a$k become annihilation and creation operators
âk, â

†
k for quasi-particles. In this sense there is nothing particularly quantum mechanical

about the Bogoliubov expansion (4.1), any more than there is about (3.16). They are
simply equivalent alternative representations of linear Hamiltonian dynamics.

The complex coordinates evolve in time as

ak(t) = ake
"i"kt , a$k(t) = a$ke

i"kt , (4.3)

which can easily be seen from the time dependence of the qk and pk in (3.26). The BdGE
for the mode functions with respect to complex coordinates are obtained by inserting (4.2)
in the BdGE (3.15). Considering the harmonic time evolution (4.3) this yields

&k

(
uk

vk

)
=

(
HB 02

0

#0$20 #H$
B

) (
uk

vk

)
" H

(
uk

vk

)
, (4.4)

in analogy to (3.24); the di#erential operator HB is defined in (3.25). Equation (4.4) repre-
sents a form of the BdGE nowadays widely used in the literature. In the a, a$ formalism it
is conventional to make the sign of &k meaningful and eliminate the mass mk by absorbing
mk = ±1 in &k. In the last step we defined the non-hermitian matrix H.

The mode functions in the complex coordinate representation are given as the eigen-
vectors of the matrix H. From the definition of the (extended) transformation (4.2) it is
obvious that

(
uk

vk

)
= e'ivx 1)

2
(rk(x)± sk(x))

=
e'ivx

)
2

eikx Nk

&k

(
k.2 sech2.x# 2-&k + (k2 ± 2&k)

#
k

2
+ i. tanh .x

$ ) (4.5)

are indeed solutions to (4.4) for nonzero frequency, where the upper (lower) sign applies
for uk (vk). If we choose the normalization constant Nk to be the same as in (3.36) and
(3.37) for the infinite and finite system, respectively, then the nonzero-frequency solutions
(4.5) are normalized according to [95]

"
dx(uk(x)u$l (x)# vk(x)v$l (x)) = %(k # l)
"

dx(uk(x)vl # ul(x)vk(x)) = 0 .
(4.6)

Within the representation with complex coordinates the nature of the Bogoliubov approx-
imation may be revealed. While in the mean-field approximation all particles occupy the
same single particle wave function, one can show that the Bogoliubov approximation takes
into account all pairs that occupy the same two-particle state [62]. This state corresponds
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to a correlated pair of atoms excited out of the condensate, and due to momentum con-
servation they must have opposite momenta ±k. This is reflected in the expansion (4.1)
and the corresponding solutions (4.5) and has been demonstrated experimentally [96]. We
also recognize that any general moving excitation is decomposed in terms of waves with
asymptotic phase ±(kx# &kt).

Expressing the nonzero-frequency part of (3.23) in terms of the complex variables we
recover the familiar quadratic Hamiltonian

H2 =
!

k

&ka
$
k(t)ak(t) (4.7)

in Bogoliubov approximation.
Nevertheless, it must be clear that the mode functions (4.5) alone do not represent a

complete set of functions. Although not explicitly needed in this work, we wish to sketch
the treatment of the zero mode solution that has to be included for the partition of unity.

Zero-frequency modes in complex coordinate representation

Special attention is needed for the eigenvectors which lie in the kernel of H, i.e., the solu-
tions for zero frequency (uz, vz). They cannot be normalized according to (4.6), since their
adjoint modes are related in a di#erent way. The adjoint modes or left-sided eigenvectors
(uad

z , vad
z ) have to be found as solutions to the equation

H
(
uad

z

vad
z

)
= mz

(
uz

vz

)
, (4.8)

where the matrix H was defined in (4.4). The normalization condition for the solution of
zero frequency then explicitly reads

"
dx(uk(x)uad$

z (x)# vk(x)vad$
z (x)) = %zk (4.9)

One easily finds the zero-frequency solution corresponding to the discrete mode (3.56) by
observing that Rz(x) 2 R is a solution to the homogeneous equation (3.45) and the complex
conjugate equation. Hence, one may infer from

(
HB 02

0

#0$20 #H$
B

) (
Rz

Rz

)
= 0 , (4.10)

that (uz, vz) " (Rz, Rz) is the discrete zero mode in complex coordinate representation.
The adjoint mode is easily found by inserting the solution (Rz, Sz) into (3.46) and again
taking the complex conjugate. This finally yields

H
(

Sz

#S$z

)
=

(
HB 02

0

#0$20 #H$
B

) (
Sz

#S$z

)
= mz

(
Rz

Rz

)
, (4.11)
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where the mass is given by mz = #1. Therefore (uad
z , vad

z ) " (Sz,#S$z ) is the adjoint mode
to (uz, vz), and they are normalized according to (4.9).

With this result for the discrete zero mode and (3.20) it is a straightforward calculation
to demonstrate that the following expression is a partition of unity [65] in the complex
coordinate representation:

"
dk (uk(x)u$k(y)# v$k(x)uk(y)) + uz(x)uad

z (y)# vad
z (x)uz(y) = %(x# y) . (4.12)

We conclude that the modes depending on the continuous mode index k, which again
contain zero modes as limits with k ! ±0, and the discrete zero mode form a complete
set of functions.

Although the representation with the set {qk, pk} is in some respects more cumbersome,
it has one important advantage: since the Hamiltonian (3.23) does not vanish for zero
frequency in contrast to (4.7), unless the mass mk happens also to be infinite, there is no
ambiguity or singularity in the {qk, pk} expansion when the mode frequency &k ! 0. In
the {ak, a$k} representation, in contrast, a mode for which &k vanishes must either have its
Hamiltonian exactly zero, or else have some singularity in (4.1).

We repeat here a particular observation about the elementary excitations from Sec. 3.3.1,
which is of course valid for any representation. Perturbations of the form (4.1) completely
pass through the soliton; there is no reflection from the soliton. This is apparent from
the explicit form of the mode functions (4.5) combined with the time evolution (4.3).
Nonetheless, we demonstrate, by considering their asymptotic behavior, that elementary
excitations undergo a definite phase jump when they propagate across the gray soliton. So
the mere soliton presence has a nontrivial e#ect on the background perturbations, and vice
versa these must influence the gray soliton in the sense of Newton’s third law of motion.
Thus, the phase jump may be regarded as the origin of the back-reaction on the soliton.

4.1.1 Asymptotic behavior of the normal mode functions

To understand the essential feature of the asymptotic behavior of the mode functions uk

and vk, it is helpful to define the corresponding asymptotic limits of 00 itself. Because
this notion of asymptotic behavior away from the soliton will be basic to our work, we
introduce the notation for any function f(x)

f>(x) " lim
e"2!x(0

f(x) for x > 0

f<(x) " lim
e+2!x(0

f(x) for x < 0

and f! " lim
e#2!x(0

f(x) (4.13)

as a compact form to refer to either of the asymptotic cases alternatively. Referring to 00(x)
as given by (3.12), we abbreviate 00! as simply 0! and recognize that 0! = e"ivx(i-± .).

For x > 0 the gray soliton solution (3.12) is equal to 0> up to errors O(e"2"|x|), whereas
for x < 0 it coincides with 0< up to O(e"2"|x|). Both these wave functions 0> and 0<
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Figure 4.1: Bogoliubov modes ūk and v̄k of the constant background 0̄ as functions of the
wave number k. The green solid line represent ūk with its asymptote 1/

)
2! (green dashed

line) for k ( 1. v̄k is shown as solid red line and the corresponding asymptote in the high
k-regime as a red dashed line.

represent uniform, though not real, solutions to the NLSE (3.9), with constant density.
In particular both 0> and 0< have the same density |0!| =

%
.2 + -2 " )µ " c, and

the same phase gradient factor e"ivx; they di#er only by a constant phase. It is easy
to show that the finite frequency Bogoliubov solutions (4.5) for the soliton background
reduce, in the same e'2"x ! 0 sense, to Bogoliubov solutions for the corresponding uniform
backgrounds 0! [97]. The interesting point is precisely how the full solutions interpolate
between these two asymptotic regions.

We will therefore compare our exact Bogoliubov solutions for the soliton background
to the corresponding Bogoliubov solutions for a uniform, soliton-free background with the
same modulus and phase gradient as 0!, namely 0̄ "

%
.2 + -2e"ivx. We introduce the

functions ūk, v̄k,

ūk ± v̄k "
1)
2!

#
k2/2

&k + -k

$± 1
2

, (4.14)

which, when multiplied by phase factors eikx and e"ivx, are exact Bogoliubov solutions for
the uniform background solution 0̄ [61] with %-normalization. In the two limiting regimes
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k ( 1 and k * 1 the function reduce to

ūk =

8
9
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(1 +O (k"4)) if k ( 1
4 )

µ
4'|k|

5"1/2 4
1 + k

2µ +O (k2)
5
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8
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#
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µ
4'|k|

5"1/2 4
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2µ +O (k2)
5
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.

(4.15)

Figure 4.1 depicts ūk and v̄k as functions of the wave number k. For k ! 0 both functions
are diverging, while in the regime k ( 1 fall to 1/

)
2! and rise to 0, respectively.

Inserting the above definitions and applying some algebra, one finds that the Bogoliubov
modes (4.5) can be re-written as follows:

(
uk

vk

)
= e

i
2 !k sgn(x) e

ikx sgn(k)

|0!|

(
ūk0!
v̄k0$!

)
+O(e"2"|x|) , (4.16)

where the phase /k is given by

ei!k " 2i(k.2 # -&k) + .k2

2i(k.2 # -&k)# .k2
. (4.17)

What we have thereby shown is that exact solutions in the soliton background reduce to
uniform solutions on either side of the soliton, but with a particular k-dependent phase
shift between the two asymptotic solutions across the intervening soliton. We observe, for
instance, the limiting cases

lim
k(±!

ei!k =
0<

0>

lim
k(0

ei!k = 1 . (4.18)

This implies that for very large k (for which v̄k ! 0) there is no order 1 phase shift across
the soliton in 0 = 00 + 101, while for small k this total phase shift is simply given by the
background phase shift that is already present in 00. As a function of k, we can say that
the excitation phase shift /k thus interpolates between two di#erent senses of being trivial.
When we consider the propagation of wave packets composed from our exact Bogoliubov
excitations, however, we will see that /k has nontrivial e#ects for all k.

4.2 Displacement of excitation pulses

From the solutions (4.1) we will construct a class of Gaussian wave packet excitations. In
the limit of short wavelengths these will reduce to ordinary Schrödinger wave packets of
free particles with velocity large compared to the speed of zero sound in the condensate
background through which they move. In the limit of long wavelengths they will rather
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represent pulses of zero sound, broad enough to have well defined wavelength. For interme-
diate wavelength these packets are simply localized travelling excitations of an intermediate
nature.

We define the wave packets by choosing

ak+#k =
1)
2!

e"
"2

2 #k2
, (4.19)

where the free parameters k and $ define the mean inverse wavelength and total spatial
extent of the wave packet, respectively. For the following we define the dimensionless wave
number di#erence " such that

$k = "/$ (4.20)

and assume that $ is large enough that (4.19) is a Gaussian distribution sharply centered
around $k = 0.

We explicitly compute the resulting excitation (4.1) for .|x|( 1, i.e., in the asymptotic
regions not too close to the soliton, by expanding uk+(/) and v$k+(/), as they appear in the
integrand of (4.1), in powers of "/$. Inserting (4.19) into (4.1) and expanding the integrand
to first order in $"1 we find by integration

0!
1 "

0!
|0!|

exp
;
# z2

±
2)2

<

$

*
ei(kx""kt±!k/2)

#
ūk + i

z±
$2

ū#k

$
+ e"i(kx""kt±!k/2)

#
v̄k # i

z±
$2

v̄#k

$+
,

(4.21)

z± " x#
#

4kt±
$k

2

$
, (4.22)

where we have introduced the k-dependent group velocity

4k "
d&k

dk
= sgn(k)

k2 + 2c2

)
k2 + 4c2

# - (4.23)

and position shift

$k " #
d/k

dk
=

.k2

&k(&k + -k)
(4.24)

such that the envelope of the excitation pulse in (4.21) depends on the argument z±(x, t)
as defined in (4.22). In (4.21) and in the following the primes stand for derivatives with
respect to the wave number k unless otherwise stated. The upper sign of ± in (4.21) and
(4.22) applies in the domain x > 0, whereas the lower one applies in the domain x < 0.
We have hereby constructed a wave packet with well-defined wave number k and Gaussian
envelope of breadth $, moving at group velocity 4k. Since |-| < c, for k > 0 (k < 0)
the group velocity 4k is positive (negative) and the envelope of the wave packet moves in
positive (negative) x-direction. In the |k| ( 1 regime v̄k ! 0 and the excitation (4.21)
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Figure 4.2: Group velocity and excitation shift of excitation pulse. In (a) the group velocity
4k as a function of the wave number k is depicted for soliton speed - = 0 (black), - = #0.2
(blue), - = 0.3 (red) and - = 0.5 (green). The excitation shift $k as a function of the
wave number k is shown in (b) for the same soliton speeds - as in (a) with the same color
coding.

reduces to a Schödinger wave packet. In Fig. 4.2 (a) we depict the group velocity 4k (4.23)
as a function of the wave number k for di#erent soliton velocities. In the phonon regime
at low wave numbers (|k| * 1) its modulus is minimal and given by the speed of sound
c =

)
µ of the background gas. In the opposite regime (|k| ( 1) the group velocity is

4k = k to leading order in k, which we would expect for a free Schrödinger particle of wave
number k. The group velocity for nonzero soliton speed is simply obtained by shifting the
group velocity for zero soliton speed by #-, as depicted in Fig. 4.23 (a).

Equations (4.21) and (4.22) imply that the wave packet has the relative spatial dis-
placement ±$k/2 between the two asymptotic situations at x # 0. Consider a wave
packet which is initially located in the domain x < 0 and has k > 0 such that it travels in
positive x-direction and will eventually pass the soliton; afterwards it will be seen to have
been pushed forward in propagation direction by an extra distance $k in comparison to
where it would have been if it had continued moving at constant group velocity, as it would
have in the absence of the soliton. The wave packet displacement $k is a monotonically
decreasing function of |k|, and in the limiting cases obeys

$0 =
.

c(c# sgn(k)-)
, (4.25)

lim
k(±!

$k =
4.

k2
. (4.26)

We draw the excitation shift $k as a function of the wave number k in Fig. 4.2 (b) for
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(a)

(b)

!k

!k

!k

!k

!k !k

Figure 4.3: Illustration of the particle displacement in the high-|k| semiclassical limit.
(a) shows snapshots of a particle (red circle) moving at group velocity 4k in a constant
potential (red line) at equidistant times. The arrows indicate the direction of the motion.
(b) The motion of the particle (black circle) through potential well V (x) = #2.2 sech2.x
(black line) is illustrated. After the excitation pulse has passed the soliton it has the same
constant velocity 4k, but is advanced by a finite distance $k in comparison to (a).

di#erent soliton speeds. First of all, we notice that the wave packet displacement $k is
a monotonically decreasing function of |k|, which we keep in mind for the sound pulses
treated in Sec. 4.4.3. Note also that we have defined $k to be the displacement of the wave
packet in its direction of motion. Thus, the packet is shifted in the negative direction for
k of negative sign. Moreover, the displacement increases with soliton speed - for positive
wave numbers. This behavior can be understood at least qualitatively by the following
argument. For positive k the interaction time between the excitation pulse and the soliton
becomes longer the larger the soliton speed. It takes the excitation longer to overtake
the soliton, which is traveling in the same direction. In case of negative soliton speed -
the pulse and the soliton travel in opposite directions which amounts to a relative short
interaction time. The situation is simply reversed for negative wave numbers.

The high-k limit (4.26) can be easily understood semiclassically. When the wave number
k is much greater than the inverse healing length of the condensate (which is 1 in our units),
one can neglect vk and the BdGE reduces to a time-independent Schrödinger equation for
uk [61]: #

#1

2
&2

x + i-&x + V (x)

$
uk(x)eivx = Euk(x)eivx . (4.27)

In this equation E is the energy eigenvalue and V (x) = #2.2 sech2.x is the mean field
potential 2|00|2 (up to a constant) exerted by the soliton-carrying condensate on short
wavelength particles. In this high k limit we can solve (4.27) in the WKBJ semiclassical
approximation and find

uke
ivx 0 exp

(
ik

#
x +

2.2

k2

" x

"!
dy sech2.y

$)
(4.28)

while the energy eigenvalue is Ek = k2/2#k-+O (k"1). The first summand in the exponent
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of (4.28) is equal to the result for constant background solution and the second summand
reproduces the phase shift (4.26) for large k in the limit x ! .. This result (4.28) has
the obvious classical interpretation that a particle accelerates and then decelerates as it
passes through the conservative potential well V (x), and thus emerges with its initial speed
unchanged, but having taken less time to cross the well than it would have at constant
speed.

This behavior is illustrated in Fig. 4.3. For constant background the particle moves at
constant group velocity 4, as depicted in Fig. 4.3 (a). It shows the particle at equidistant
times traveling through constant background. As a dramatization, the propagation of the
particle in the potential V (x) = #2.2 sech2.x is drawn in Fig. 4.3 (b). Initially, and when
the particle has passed the well, it moves at the same group velocity 4k. However, in
comparison to the motion in the constant background the pulse has been displaced in the
forward direction by a distance $k.

4.2.1 Numerical propagation of wave packets

For comparison with the above analytical perturbation theory, we have also investigated
the motion of the wave packets by numerically solving the NLSE (3.9), in cases both
with and without a soliton present, and for various initial wave packet conditions.12 These
results show that our analytical formula (4.24) for the soliton-induced wave packet advance
$k to leading order in perturbation amplitude 1 and wave packet momentum width $"1 is
accurate.

In Fig. 4.4 we show a typical example for the propagation of the wave packet excitation.
We compare the result for constant background to a soliton background (- = v = 0.5)
with equal asymptotic density set to µ = 1. The perturbation amplitude parameter is
1 = 0.02 * 1. At initial time ti = 0 the center of a wave packet with mean wave number
k = 0.7 and spatial breadth $ = 12 is placed at x = #80 in both backgrounds, such that
at initial time the Gaussian envelopes computed from |00 +101|2 are identical. Under time
evolution the wave packets move in the positive x-direction. The numerical integration
was extended to the same final time tf for both backgrounds, at which point the excitation
had in both cases passed well beyond the position where the soliton is in the case where
it is present. We compare these numerically exact propagations of the wave packets to
the analytically predicted motion of its Gaussian envelope, as given by the wave packet
group velocity and the soliton-induced shift $k. Our analytical envelope motion has also

1For details on the numerical time propagation consult Sec. 4.3.3.
2An illustrative example for the time propagation of a wave packet is shown as a flipbook in the header

of the even pages when scanning from the beginning of this work to the end. The ruler in the header
represents the density of the soliton initially located at x = 0 and its speed given by ! = v = #0.95,
which yields a very shallow density dip. For the wave packet we have chosen " = 0.25 for the amplitude
according to (4.49), the central wave number is k = 1.5, the initial position of the center and breadth of
the packet are determined by x1 = #80 and # = 12, respectively. The wave packet can be seen as the
oscillatory density perturbation with Gaussian envelope, which is located to the left of the gray soliton
(at initial time on page 2). The asymptotic squared modulus of the wave function is µ = 1, while the
minimum of the squared modulus is given by !2 = 0.952 at initial time.
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Figure 4.4: Wave packet displacement in a soliton background. In (a) the initial density
(dash-dotted line) of an excitation wave packet characterized by k = 0.7, $ = 12 and
1 = 0.02 and center at x = #80 in a constant background (red lines) and in a soliton
background (black lines) with the same asymptotic density and gas velocity is shown; the
arrow indicates the propagation direction of the wave excitation. The soliton is located
at x = 0, and its other solution parameters are - = v = 0.5 and µ = 1. The solid lines
represent the density after the same propagation time for both backgrounds. In dashed
lines the analytical envelopes including higher order corrections in $"1 before and after
the propagation are depicted. (b) A Magnification of the gray square area in (a) shows
the final density of the constant background (red) and soliton background (black) with the
corresponding analytical envelopes in dashed lines.

included order $"2 corrections to the group velocity, as described in Appendix D, since our
total evolution time is long enough that the small velocity correction produces a noticeable
shift in the packet position at late times. One can show that this group velocity correction,
and dispersive corrections to the envelope shape at this order, are the same whether or not
the soliton is present, and all other order $"2 corrections are too small to be seen in our
plots.

We have also numerically confirmed the wave packet displacement $k (4.24) for many
values of k and soliton speed - other than those represented in Fig. 4.4. Since for short
wavelength packets, according to (4.26), the packet displacement soon becomes even shorter
than the wavelength, it is clear that the soliton-induced displacement of short-wavelength
pulses is an all but negligible e#ect. A soliton may be passed, however, by arbitrarily many
excitation packets. The cumulative back-reaction e#ect on the soliton can thus become
arbitrarily large. To this back-reaction e#ect we now turn.

4.3 Soliton displacement as a second order process

At first order in 1 we have shown that the wave packet is pushed forward by the soliton,
while the soliton itself is asymptotically una#ected. The reason for qualifying the soliton’s
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(a) ! ! ! !

(b) ! !

(c)

Figure 4.5: Illustration of classical particle displacement. In (a) a particle (red circle) is
moving with velocity 4 in a constant potential (red line). (b) depicts the same particle
moving on a fixed slab with a profile given by the squared modulus of a gray soliton. The
displacement of the particle after passage through the dip in the slab is given by $. In (c)
the displaced slab is shown in dashed lines, the situation of the fixed slab is shown in gray.

invariance as ‘asymptotic’ is that for perturbations with wavelength longer than the soliton
width, the terms in uk(x) and vk(x) that are proportional to sech2(.x) have exactly the
e#ect of translating the soliton (since they are proportional to the spatial derivative of
00(x)). The terms in uk(x) and vk(x) proportional to tanh.x likewise have e#ects on
0 = 00 + 101 that are indistinguishable, for small k, from perturbations of - in 00. By
performing our time-dependent wave packets’ Gaussian integrals, however, one can directly
show that all these soliton perturbations vanish except when the wave packet envelope is
near to the soliton. There is no lasting e#ect on the soliton, at order 1, from Gaussian
wave packets of the form we discuss.

The soliton cannot possibly remain exactly una#ected by a wave packet, however, even
asymptotically. A wave packet carries a finite total density perturbation, and thus makes a
finite contribution to the motion of the system’s center of mass. Momentum conservation
and continuity (particle number conservation) together imply that the system’s center of
mass must travel at an exactly constant speed. The forward jump by the excitation pulse
as it passes the soliton contributes a brief interval of acceleration to the center of mass. It
is therefore inconsistent with the exact conservation laws for the soliton to act on the wave
packet in this way, without any corresponding back-reaction.

This apparent center of mass jump is not a contradiction to our exact order 1 results,
because the wave packet only contributes to the center of mass at order 12. So what we have
deduced from continuity and momentum conservation is a constraint on the order 12 post-
Bogoliubov corrections: they must cancel the jump of the center of mass that is contributed
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by the wave packet jump $k. As we will see, the back-reaction displacement of the soliton
is one of these demonstrably necessary 12-corrections. But to obtain the post-Bogoliubov
soliton back-reaction correctly, we must consider the corrections at post-Bogoliubov order
generally.

The argument made above can easily be demonstrated with an example from classical
mechanics. Consider again a massive particle moving along the x-direction with constant
velocity 4 in a (homogeneous) gravitational field on a finite slab with a surface profile of
the form V (x) = #2.2 sech2.x, as shown in Fig. 4.5 (b). The slab is assumed to be fixed,
i.e., it is not allowed to move. Before and after passing the dip in the slab the motion of the
particle is simply linear because of the constant potential. In comparison to the motion in
a constant potential, as depicted in Fig. 4.5 (a), the particle is pushed forward by $, which
is just the situation previously discussed in Sec. 4.2. However, if the slab is allowed to
move along the propagation direction, then the forward displacement of the particle must
be compensated by a shift of the slab in the opposite direction due to conservation of total
linear momentum illustrated in Fig. 4.5 (c). It is obvious that the size of the back-reaction
e#ect on the slab is proportional to the ratio of the masses of the two objects.

4.3.1 Wave function at order 12

We expand the NLSE (3.9) up to second order in 1 with

0 = 00(x) + 101(x, t) + 1202(x, t) (4.29)

where 02 is assumed to be of the same order of magnitude as 00 and 01. At order 12 the
NLSE is then given by

i&t02 =

#
#1

2
&2

x + i(- # v)&x + 2|00|2 # µ̃

$
02 + 02

00
$
2 + 2|01|200 + 0$00

2
1 . (4.30)

It is of the same form as the BdGE (3.15) except for the driving term on the right-hand
side of Eq. (4.30), provided by the soliton background and the first order contribution 01.
The solution to the homogeneous part of (4.30) is therefore again of the form (4.1). To
find a particular solution of (4.30) we expand the second order piece 02 of the condensate
wave function in terms of a complete set of functions:

02(x, t) = q̃z(t)Rz(x) + ip̃z(t)Sz(x) +

"
dl{ul(x)bl(t) + v$l (x)b$l (t)} (4.31)

where bl(t) and b$l (t) are complex functions of time and qz(t) and pz(t) are real functions
of time. The mode functions {ul, vl} alone do not represent a complete set of functions, we
have to include the discrete zero mode (3.56), whose negative mass we set to mz = #4.
[98],3

(
Rz

Sz

)
=

(
(iv + &x)00

i&#00/mz

)
= e"ivx

(
.2 sech2 .x

(. + i-(tanh .x + .x sech2 .x))/(4.2)

)
(4.32)

3Compare also with the definition of the momentum conjugate to the soliton position in Appendix A.1.
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associated with the spatial translation of the soliton to achieve completeness. The re-
presentation of the discrete zero mode with real variables qz, pz, rather than the usual
complex co-e%cients related to quantum mechanical creation and destruction operators, is
necessary because harmonic oscillator raising and lowering operators (and their classical
counterparts) are singular for the free-particle limit of a harmonic oscillator.

Since we have explicit analytic solutions to the homogeneous equation (3.15), it is
straightforward to construct the Green’s function to solve (4.30). In fact we need simply
insert (4.31) into (4.30) and use the fact that ul and vl are orthonormal solutions to (3.15)
to obtain the readily integrable first order di#erential equation for the bl(t):

(i&t # &l)bl(t) =

"
dx[u$l (200|01|2 + 0$00

2
1) + v$l (20

$
0|01|2 + 000

$2
1 )] . (4.33)

A particular solution is always o#ered by

bl(t)=

"
dl#dl##

2!i
e"

"2

2 [(l!"l)2+(l!!"l)2]

,
= e"i("l!+"l!! )t

&l # &l! # &l!!

"
dx [u$l ul!(200vl!! + 0$0ul!!) + v$l vl!(20

$
0ul!! + 00vl!!)]

+
ei("l!+"l!! )t

&l + &l! + &l!!

"
dx [u$l vl!(200u

$
l!! + 0$0v

$
l!!) + v$l u

$
l!(20

$
0v
$
l!! + 00u

$
l!!)]

+
e"i("l!""l!! )t

&l # &l! + &l!!

"
dx [u$l ul!(200u

$
l!! + 0$0v

$
l!!) + u$l v

$
l!!(200vl! + 0$0ul!)

+ v$l u
$
l!!(20

$
0ul! + 00vl!) + v$l vl!(20

$
0v
$
l!! + 00u

$
l!!)]

>
.

(4.34)

(Here the prime on the wave number l does not indicate any di#erentiation, but simply
distinguishes l# and l## from l as an integration variable.) Any solution bl(t) 0 e"i"lt to
the homogeneous equation can also be added to this particular solution, to satisfy initial
conditions. Similar integrals provide exact particular solutions for qz(t) and pz(t).

These integrals (4.34) can be evaluated exactly if need be, since all the x-integrals can
be performed for any t; but by considering the eilx prefactors in ul and vl, we can see
that for early and late times, respectively before and after the wave packet has passed the
soliton, the integrals over l# and l## evaluate to wave packets in x that are concentrated
like Gaussians well before or after the soliton. (This is obvious, inasmuch as we know
that 01 is a localized wave packet that propagates through the soliton without reflection.)
For t either before or after the packet passes the soliton, therefore, we can evaluate (4.34)
to essentially perfect accuracy by replacing the 00(x), ul(x) and vl(x) functions in its
integrals over x with their asymptotic forms for .|x| ( 1. This makes the x-integrals in
(4.34) quite straightforward, for early and late t, allowing all co-e%cients bl(t), qz(t) and
pz(t) to be computed quite simply, except during the brief time while the wave packet
overlaps with the soliton. (The behavior of these coe%cients during the overlap interval
can also be determined, but the complicated expressions in this case do not seem to us
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to add any conceptual understanding, beyond the qualitative fact that all the co-e%cients
change during this time.)

We can then obtain explicit expressions for the l integrals in 02, for all t either before or
after the wave packet has passed the soliton. In general these are again rather complicated,
since ul and vl are non-trivial; but it is again apparent from the integrand’s form (for t
before or after the soliton-packet overlap) that 02 does not include any new wave packets,
either reflected or otherwise emitted. Rather, 02 includes just two kinds of contributions.

Firstly, the single propagating wave packet is dressed: it acquires additional compo-
nents, at order 12, that are either higher or lower harmonics of the order-1 waveform
+ e±ikx. The higher harmonic component is a co-traveling wave packet with mean wave
number 2k, while the lower harmonic component is a smooth pulse whose only spatial
scale is the packet breadth $. Both of these harmonic packets travel with the primary
packet, sharing its group velocity and dispersion; they do not separate from it to move at
the speeds at which isolated disturbances of their respective forms would propagate. Away
from the soliton, this post-Bogoliubov dressing of the 01 wave packet reduces to exactly
the same form that one finds if the calculation is repeated with a soliton-free background
00, except that with the soliton the wave packet is displaced by the same $k as derived
above:

0!
2 =

0!
((4 + -)2 # c2)

?
e"z2

±/2)2

$2
(2k + (4k + -)"k) + i

)
!

$
erf

4z±
$

5
((4 + -)2k + c2"k)

@

+ 0fast
2 +O($"3) ,

(4.35)

where we have defined the quantities

2k " (|ūk|2 + |v̄k|2 + ūkv̄k) , "k " (v̄kū
#
k # ūkv̄

#
k) , (4.36)

and used the definition z± = x # 4kt 1 $k/2 from (4.22). In (4.35) we have explicitly
displayed only the smooth dressing of the lower harmonic component; 0fast

2 denotes the
higher harmonic terms proportional to the fast spatial oscillations e±2ikx, whose explicit
form will not be needed, for reasons that will be clear in the next section. The lower
harmonic dressing includes a phase perturbation with amplitude of order $"1, whose spatial
profile is the integral of the wave packet’s Gaussian envelope. This phase perturbation
thus has a profile proportional to the error function, which has the property that erf(.) =
erf(#.) + 1. This means that a broad Bogoliubov–de Gennes wave packet at any finite k
permanently shifts the phase of 0 behind it as it passes, by a constant of order 12/$. It is
perhaps surprising that a localized wave packet, even with high k, has in this sense a long
range e#ect. But this is simply due to the fact that the sub-harmonic post-Bogoliubov
components vary on the length scale $ of the wave packet envelope, and so for $ much
longer than the healing length, these spatially smooth subharmonic corrections are in
the hydrodynamic regime of the nonlinear Schrödinger dynamics, in which density pulses
are necessarily accompanied by phase steps. This subharmonic dressing e#ect is present,
unchanged, in the absence of solitons.
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The second contribution in 02 is one that persists in the vicinity of the soliton after
the wave packet has passed it: the soliton is slightly displaced. It is otherwise exactly
unchanged from its initial state, once the wave packet has passed it. This displacement is
the back-reaction that we have been seeking, and in total it comes from two sources. Firstly
there is a non-vanishing contribution from the continuum of bl modes, which settles to a
constant value even after the wave packet has passed, because the term in the integrand
of (4.31) proportional to sech2 .x has finite weight at small l. And secondly there is a
contribution from the discrete soliton zero mode. The zero mode momentum coe%cient
pz(t) returns to its initial value after the wave packet has passed, and this initial value may
be set to zero without loss of generality since an initial pz can be absorbed into the - of
00. But the soliton displacement amplitude qz(t) changes from zero to a non-zero value as
the wave packet passes, and remains at this constant value thereafter.

Both of these contributions to the soliton displacement back-reaction can in principle
be computed directly, with qz and pz obtained by solving their own equations of motion,

ṗz = #2 Re

"
dx R$

z[2|01|200 + 02
10

$
0]

q̇z =
pz

4.
+ 2 Im

"
dx S$z [2|01|200 + 02

10
$
0] (4.37)

which together form the z-mode analog of (4.33), namely the projection of (4.30) onto the
zero mode subspace of 02(x, t) that is spanned by Rz(x) and Sz(x). The modest di%culty
of solving these coupled equations directly may be avoided, however, by using an indirect
way of computing the soliton back-reaction, that is nonetheless just as exact as the direct
approach, because it is based on exact conservation laws of the NLSE.

4.3.2 Soliton displacement from momentum conservation

Having explicitly solved the NLSE for the dressing part of 02 in the domain .|x| ( 1
to second order in 12, we can now determine the back-reaction on the soliton from exact
conservation of momentum and particle number. Since the NLSE conserves both of these
quantities exactly, its expansion in powers of 1 necessarily conserves them at each individual
order in 1. Both the wave packet dressing and soliton back-reaction contributions in 02

contribute to total momentum and particle number at order 12, and so from our exact
expressions for 01 and the dressing part of 02, we can use the conservation laws to infer
the back-reaction contributions.

To this end we define the center of mass Q and total linear momentum P of the system

Q "
"

dx x|0|2 , (4.38)

P " i

2

"
dx (0&x0

$ # 0$&x0) , (4.39)
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in the usual way. Using the NLSE (3.9) and integration by parts, the exact equation of
motion for the center of mass can be established as

Q̇ = P + (- # v)

"
dx|0|2 . (4.40)

It also follows readily from the NLSE that the total linear momentum of the system P
is exactly constant, as is the second term on the right hand side of (4.40), which in the
quantum gas context is associated with the total number of particles

Ntot "
"

dx |0|2 . (4.41)

Consequently, the center of mass Q moves at exactly the same speed at all times. We
can easily compute this speed to order 12 during the evolution of our soliton and wave
packet, by using the simple asymptotic forms for 01 and 02 when the excitation pulse is
well localized outside the soliton domain. We can simplify the expressions without loss
of generality by choosing the reference frame in which the soliton is at rest (- = v), and
thereby obtain simply

Q̇ = 4kN +O(13) , (4.42)

where we define the two contributions N1 and N2 to the number of excited atoms N =
N1 + N2 +O(13) by

N1 " 12

"
dx |0!

1 |2 = 12

)
2!

$
(ū2

k + v̄2
k) (4.43)

N2 " 12

"
dx (000

!$
2 + 0$00

!
2 ) = 12

)
2!

$

ū2
k + v̄2

k + ūkv̄k + (4k + -)(v̄kū#k # ū0v̄#k)

((4k + -)2 # c2)/(2c2)
. (4.44)

In this case the velocity at which the center of mass propagates is determined by the
group velocity 4k of the excitation pulse and the integrated density of the excitation, i.e.,
the total number of excited atoms N it contains, including both Bogoliubov and (first)
post-Bogoliubov contributions N1 and N2, respectively. We can see why the precise form
0fast

2 of the higher harmonic dressing component e±i2kx in (4.35) is not needed: it makes
no contribution to N at order 12. In Fig. 4.6 we draw the two contributions N1 and N2

to the total number of excited atoms as functions of the wave number k. Both quantities
are monotonically decreasing functions of k, diverging for k ! 0. In the limit k ! .
the contribution N1 goes to 1/$

)
2!, while N2 ! 0. The number of excited atoms N2

exactly contributes N/2 to the total number of excited atoms N for k = 0. The ratio
N2/N is a monotonically decreasing function of k, and in the regime k ( 1 one finds
N2/N = 2µ/k2+O (k"3); the total number of particles is dominated by the contribution
N1.

Since the center of mass speed is exactly constant, for any times t± we obviously have

Q(t+)#Q(t") = (t+ # t")4kN +O(13) . (4.45)
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Figure 4.6: Contributions to the total number of excited atoms. The second order contri-
bution N1 (black solid line) and N2 (black dashed line) are depicted as functions of the
central wave number k for 1 = 1 and $ = 10. The red graph shows the ratio N2/N as a
function of k.

But if we neglect the soliton back-reaction, and evaluate the left-hand side of (4.45) by
inserting the asymptotic wave functions (4.21) and (4.35) in the definition (4.38), we find
that it does not equal the right-hand side—if t" denotes a time before the wave packet
interacts with soliton and t+ a time at which the packet has passed it. Explicitly, we find

Q(>)(t+)#Q(<)(t") = (t+ # t")4kN + $kN . (4.46)

With the superscripts > and < we indicate that we have computed the center of mass using
only the corresponding asymptotic wave functions away from the soliton, which include
only the packet and its dressing, but not the soliton back-reaction. As we have seen, the
soliton has pushed the excitation packet forward by an extra distance $k; and this has
contributed an extra displacement of the center of mass at order 12 by $kN .

This cannot be the only contribution at order 12 to the center of mass motion, for it
is incompatible with the exact constant speed of the center of mass, as implied by the
conservation laws. Hence we can infer that the soliton displacement contribution in 02

must supply the compensating correction, in order to preserve the exact result (4.45).
Computing the left-hand side of (4.45) for the soliton background (3.3), where at t+ we
account for a shift $x in the soliton position by x! x#$x, we find that the soliton shift
results in a center of mass displacement of

Q(0)(t+)#Q(0)(t") = #2.$x . (4.47)

Here the superscript 0 indicates that we have inserted the gray soliton solution 00 in (4.38).
The factor #2. corresponds to the integrated linear density “missing” in comparison to the
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Figure 4.7: Illustration of the soliton displacement. In (a) the propagation of an excitation
pulse (red circle) with group velocity 4k in constant background (red line) at equidistant
times is shown as a reference. In (b) the motion of the same initial excitation (black circle)
in a fixed gray soliton background (gray line) is shown (cf. Fig. 4.3) with the soliton-induced
shift $k. The dashed black line illustrates the back-reaction on the soliton.

otherwise constant background; in this sense it is proportional to the (negative) mass of
the soliton. The center of mass displacement from the dressed excitation wave packet and
the soliton must cancel each other due to exact conservation of total linear momentum,
and therefore Eqs. (4.45) to (4.47) yield

$x = $k
N

2.
=

k2(N1 + N2)

2&k(&k + -k)
(4.48)

for the soliton displacement as back-reaction in post-Bogoliubov theory. Due to the neg-
ative mass of the soliton, the back-reaction displacement is in the same direction as the
wave packet displacement: the wave packet drags the soliton with it a short distance.

Equation (4.48) is one of the central analytical results of this work, and demonstrates
the back-reaction on the soliton from wave excitations. It is determined by the finite shift
of the excitations (4.24) in the gray-soliton background and the ratio of atom number
atom in the excitation pulse and the soliton. The limit behavior of $k, as displayed in
(4.26), implies that the back-reaction is maximal for k = 0 and in the regime k ( 1 drops
quadratically in k for fixed ratio N/2.. We conclude that particle-like excitations have a
relatively small e#ect back-reaction e#ect on the soliton, whereas perturbations with sound
wave character have the strongest interaction with the soliton.

The displacement $x of the soliton is illustrated in Fig. 4.7. In part (a) we show
the motion of the excitation pulse (red circle) in a constant background as a reference.
When the excitation is propagating in a gray soliton background, as depicted in (b), it
gets displaced by an amount $k when passing the soliton in comparison to the constant
background. The soliton itself is also displaced by an amount $x in the propagation
direction of the excitation.
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4.3.3 Numerical analysis

The analytical formula (4.48) for the soliton displacement is now compared to numerical
solutions of the NLSE (3.9) for periodic boundary conditions using a split-step method [99].
We use a finite system of total length 2L with a step size dx between the grid points xj

and implement periodic boundary conditions. By using a grid with 2p points (p 2 N)
the numerical integration can be done with a fast Fourier transform (FFT) algorithm.
We emphasize that all results presented above for the infinite system are valid for the
finite system to order O

2
e"2"L

3
. The asymptotic density and speed of sound are chosen as

µ = c2 = 1 and we place the initial soliton at x = 0. For periodic systems the allowed values
for the soliton speed - form a discrete set bounded by |-| $ c, and we tune the system size
2L such that we can achieve - = v according to (3.7). The soliton is then (initially) at rest
also in the laboratory frame and the soliton displacement $x can easily be extracted from
the density profile after time propagation. Likewise, integrals over wave numbers k become
summations over the discrete solutions to (3.38). By taking into account the freedom of an
extra phase, which is allowed by the BdGE and the second order equation (4.30), we can
place the center of the excitation pulse at initial time ti = 0 at any position xi not too close
to the soliton or the boundary of the system. This is equivalent to replacing ak ! ake"ikxi

in (4.19). Furthermore we reset

1! $)
2!(ū2

k + v̄2
k)

1 (4.49)

such that N1 is normalized to 12, cf. Eq. (4.43).
A less obvious complication in the periodic realization of our problem is that, once the

order-12 dressing is included, the total initial wave function that we have described in this
work heretofore is in general non-periodic, because of the phase step in (4.35). To realize
on the ring an equivalent encounter between wave packet and soliton, therefore, we add to
our initial state a BdG solution of order 12 in the form of a hydrodynamic pulse [52] that
cancels the total phase step around the ring, but then travels away from the soliton, and
does not meet it or the main wave packet before the end of our numerical time evolution.4

We have solved the time evolution of the wave function under the GPE (3.9) for di#erent
soliton speeds - and for di#erent sets of the excitation parameters k and 1, keeping $ = 12
fixed. The parameters obey the conditions k$ ( 1 and k > 0 such that we obtain a
wave packet of the form described above, which is moving in the positive x-direction. The
initial excitation is placed to the left of the soliton by x1 < 0. With a choice according to
|x1|/$ ( 1 we guarantee that the initial excitation is not located too close to the soliton.
After the excitation has passed the soliton, the time evolution is stopped and the soliton
position is extracted from the density profile of the wave function in the range |x| $ 15.5

Exemplary results for the soliton displacement are shown in Fig. 4.8. The extracted
soliton displacement of each simulation parameter set is shown as a circle presented in

4For further details about hydrodynamic pulses cf. Sec. 4.4 below.
5The nonlinear function c2

1 + c2
2 tanh2c2(x# c3) is fitted to the density. The fit parameter c3 yields the

soliton position.
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Figure 4.8: Soliton displacement $x as a function of the amplitude 1 for various wave
numbers k. In (a)-(d) the soliton speed - is given by #1/2, #0.0058, 1/3 and 1/2, respec-
tively. The data points (circles) are obtained from a nonlinear fit to the squared modulus
of wave function at final time for number k equal to 0.6 (green), 1.5 (red), 2.5 (blue) and
3.5 (black). The solid lines (with the same color coding) represent fits to the data points
with a function c112.

double logarithmic diagrams. For fixed soliton speed - and wave number k the soliton
displacement $x is an increasing function of the amplitude 1, the soliton shift ranges from
10"4 to 10"1 in units of healing length for the chosen parameters. The solid line for each of
these parameter sets represent a fit of c112, with fitting parameter c1. Thus, we draw from
Fig. 4.8 as a preliminary conclusion that the soliton displacement is a quadratic e#ect in the
amplitude. Furthermore, Fig. 4.8 shows that for fixed amplitude the soliton displacement
is clearly decreasing with increasing central wave number k, whereas it is increasing with
increasing soliton speed -.

For a compact quantitative comparison between numerical simulation and (4.48) we
choose a di#erent representation of the results. For given wave number k and soliton
speed - we average the quantity $x/12 over the di#erent amplitudes. From (4.48) and
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Figure 4.9: Normalized soliton shift $x/12 for di#erent soliton speeds. The data points rep-
resent averages of the normalized soliton shift over the pulse amplitudes 1, which have been
varied from 0.03 to 0.3 in the simulations. The solid lines show the analytical predictions
with systematic inclusion of terms of order 12, while the dashed lines shows the correspond-
ing curves if the second order contribution N2 to the total number of excited atoms is not
taken into account. The soliton speed is given by (a) - = #1/2, (b) - = #0.0058, (c)
- = 1/3 and (d) - = 1/2.

our numerical findings above we expect the normalized soliton displacement $x/12 to be
independent of 12 from (4.41) and (4.48). Indeed, the relative deviation of the normalized
soliton displacement from the averaged normalized displacement never exceeds 0.2% for
any parameter set in our simulation.

In Fig. 4.9 the numerical results for $x/12, averaged over the di#erent amplitudes 1,
for di#erent values of the wave number k and soliton speed - are depicted as circles. It is
apparent that for fixed soliton speed the soliton displacement is a decreasing function of
the wave number k, while for fixed wave number the displacement increases for increasing
soliton speed. Furthermore Fig. 4.9 suggests that even excitations with wave number k
larger than the inverse healing length, which is one in our dimensionless units, still have
a considerable impact on the soliton. The solid lines in Fig. 4.9 represent the analytical
behavior, including all contribution to the density to order 12, for di#erent soliton speeds
-. The analytical result obtained from (4.48) and the numerical solutions show very
good agreement, the soliton shift is accurately reproduced. The qualitative behavior of
the soliton displacement as a function of the soliton speed - and wave number k seen in
Fig. (4.9) can be understood in terms of the group velocity 4k of the excitation pulse. It
is obvious that the interaction time between the soliton and the excitation depends on
the di#erence of the soliton speed and the group velocity. Hence, the soliton displacement
increases with increasing soliton speed - and decreasing k.

To demonstrate the e#ect of the second order wave function 02 on the soliton shift, we
draw in Fig. 4.9 the analytical curve for the normalized soliton shift ignoring the contribu-
tions of N2 (4.44) to the total number of particles N . Without the systematic inclusion of
all second order pieces the soliton shift is clearly underestimated, especially for k % 1. For
k ( 1 the contribution from N2 becomes less relevant, N2/N = 2µ/k2 + O (k"3) in this
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regime (cf. also Fig. 4.6).
Our analytical results are valid for all wave numbers k as long as k$ ( 1, i.e., there

are enough amplitude oscillations over the extent of the wave packet defined by $. For
excitations with wave numbers k * 1, on the other hand, there is a more powerful theory
to examine the soliton motion—a multiple scale boundary layer theory introduced in [26].
One can show that the excitations in Bogoliubov theory considered above represent the
limit case of small amplitude within this theory in the long-wavelength regime [94].

4.4 Back-reaction from hydrodynamic perturbations

The response of the gray soliton to excitations pulses of wavelength large compared to
the healing length can be studied with the boundary layer theory introduced in [26]. It
describes the soliton motion in more general backgrounds of long wavelength than the
excitation pulses we will examine here. A central requirement of the approximation is that
the variations of the background perturbations, whatever their source may be, are slow on
the length scale 1/. of the soliton; but there are in principle no restrictions on the size of
the amplitude of the perturbation. Boundary layer theory then provides coupled equations
of motions for the gray soliton and the surrounding background, which we will solve for
the soliton motion.

4.4.1 Hydrodynamic background

For the following it is convenient to switch to a di#erent representation of the wave func-
tion 0, namely the density-phase representation of Madelung [100]. In this alternative
representation the soliton solution is given by

00 =
%

#0(x# q)e"ivx+i*0(x"q) , (4.50)

which is equivalent to the background solution (3.12) in the moving frame if the gray-soliton
background density and phase are defined by

#0(x) " -2 + .2 tanh2.x , (0(x) " arctan
-

. tanh .x
. (4.51)

In Eq. (4.50) q represents the soliton position coordinate in the moving frame. The density
and phase (4.51) solve the GPE (3.9), which reads

#̇ = #1

2
#(## # ##(# + -## , (4.52a)

(̇ = #1

2
(#2 + -(# # #2 + µ +

1

2

###

#
, (4.52b)

in terms of the Madelung coordinates. The prime denotes the derivative with respect to x
and not to the wave number k anymore. Notice that we have taken out the constant phase
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gradient e"ivx in (4.50). We linearize the Eqs. (4.52) around the gray-soliton background
with the ansatz # = #0 + 1#1 and ( = (0 + 1S, assuming that the density and phase
perturbations #1 and S are of the same order of magnitude as the corresponding background
quantities and 1 * 1 is a dimensionless parameter. If we further assume that the density
and phase perturbation #1 and S, respectively, vary on a length scale $ much larger than
the length scale of the gray soliton, i.e., $( 1/., then we can safely neglect the quantum
pressure term ###/# in (4.52b) such that the linearized equations read

#̇1 = #µS ## + -##1 ,

#Ṡ = #1 # -S # ,
(4.53)

outside the soliton region (|x # q| ( 1/.) up to order O(e"2"|x"q|), which is an excellent
approximation. Upon neglecting the quantum pressure term, the equations in (4.53) rep-
resent the linearization of the so-called hydrodynamic equations. One may easily check
that

S±(x, t) " S(x1 (c1 -)t) , #1±(x, t) " ±cS #± (4.54)

is a solution to the asymptotic equations (4.53) with the (asymptotic) speed of sound
c =

)
µ of the background gas. It is important to see that S can in general be an arbitrary

functions as long as it is long wavelength in comparison to the soliton size. Equation (4.54)
represents solutions to the linearized equations in the co-moving frame with a stationary
profile that moves at speeds c 1 - in opposite directions along the x-axis. Transformed
to the laboratory frame we would recognize that both solutions propagate with the same
speed c in opposite direction relative to the background which itself moves at constant
speed #v.

Since (4.53) is a set of linear di#erential equations, the phase and density

s(x, t) " d+S+(x, t) + d"S"(x, t) , #1(x, t) " c(d+S #+(x, t)# d"S #"(x, t)) (4.55)

constitute the general solution of (4.52) with real solution parameters d" and d+ to be
determined from initial conditions. The most general excitation we have found consists of
two components with density profiles #1± = S #± moving in opposite directions. Now we
analyze soliton back-reaction induced by these hydrodynamic perturbations.

4.4.2 Soliton displacement

The multiple scale boundary layer theory presented in [26], which we will call Busch-Anglin
(BA) theory from here on, treats the soliton as a dynamically movable boundary layer. The
surroundings are assumed to be hydrodynamic (slowly varying on the healing length scale),
in the sense that the quantum pressure term in (4.52b) is neglected everywhere outside
the boundary layer. The BA theory then uses the method of matched asymptotics [101]
to derive self-consistent equations of motion for the soliton, coupled to the hydrodynamic
background fields approaching it on either side. One can show that the Bogoliubov solution
(4.1) with the exact mode functions (4.5) in the limit k * 1 is a general small amplitude
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solution to the BA equations [94]. In this sense the exact Bogoliubov excitations represent
the special case of small amplitude within the BA theory.

In particular, one finds that the hydrodynamic perturbations (4.54) may be represented
in terms of the exact Bogoliubov solutions in the limit k * 1 [94]. In turn, these hydro-
dynamic perturbations represent solutions of the BA equations for the density and phase
surrounding the gray soliton, and one can directly extract the equations of motion for the
soliton from the BA equations:

q̇ = p , ṗ =
1

2
&x ˙̄s(q, t) . (4.56)

In the second equation we have defined an average

&xs̄(q, t) "
1

2
[&xs(q # (, t) + &xs(q + (, t)] (4.57)

of the gradient of the phase s (4.55) around the soliton with an auxiliary length scale (,
which is both small to the length scale $ of the background variations and large compared
to the soliton length scale 1/. (1/.* (* $). We recognize that the soliton momentum
p couples to the average of the phase gradient surrounding the soliton. Integration of the
second equation in (4.56) yields

p(t) =
1

2
&xs̄(q, t) + p0 , (4.58)

with an integration constant p0. The soliton momentum is determined by the phase gra-
dient of the background fluid surrounding the gray soliton. From the equation q̇(t) = p(t)
we obtain

$x "
" t2

t1

dt#q̇(t#) =
1

2

" t2

t1

dt# &xs̄(q, t
#) + p0(t2 # t1) (4.59)

as the resulting soliton shift between initial time ti and final time tf . We readily recover
the linear motion of the soliton in the uniform background determined by the constant
momentum p0. In the following we do not consider this trivial motion by choosing a
soliton at rest. Furthermore we concentrate on the pulse moving in positive x-direction,
i.e., we choose d" = 0 in the phase profile (4.55). The treatment of the profile moving in
negative x-direction can be treated analogously.

If we substitute t# = x/(- # c) in S+ and define an average of the phase around the
soliton by S̄+(x) " [S+(q # ( + x) # S+(q + (+ x)]/2 in analogy to (4.57), then we can
easily evaluate the integral in (4.59) and obtain for p0 = 0:

$x = #d+

2

S̄+(x)

c# -

AAAA
x2

x1

. (4.60)

We find a soliton displacement $x as a back-reaction to long-wavelength excitation pulses
which is a linear e#ect in the phase of the traveling excitation pulse. More precisely, it
depends on the di#erence in the phase of the excitation pulse which has passed the soliton
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position during the time evolution. Note also that x2 < x1 for t2 > t1. Moreover, for
fixed excitation profile the soliton shift is a function of the soliton speed -. If we assume
that the excitation is initially located in the negative x-domain such that at later times
the soliton interacts with the excitation moving along the positive x-direction, one can see
that the dragging e#ect increases from - = #c and finally diverges when - approaches the
speed of sound c. The soliton shift is in fact exactly proportional to the interaction time
* 0 1/(c# -) between the excitation and the soliton, i.e., the time the excitation needs to
pass the soliton. In case of the excitation moving in negative x direction the behavior is
analogous.

In the following we evaluate (4.60) for a particular class of phase profiles, namely a sum
of two counter propagating error functions

s = d

#
erf

(
x# q # xi # (c# -)t

$

)
# erf

(
x# q # xi + (- + c)t

$

)$
, (4.61)

which leads to two hydrodynamic pulses with equal Gaussian density profiles that move in
negative and positive x-direction, respectively. This type of excitation has been produced
for both signs of d in experiments [53,93]. Without loss of generality we choose q(t1 =0)=0
for the initial soliton position. With the parameter xi we can tune the initial position of
the excitation, and by choosing #xi/$ ( 1/. at initial time t1 = 0 the pulse is in the
negative x-domain well outside the soliton region in order to be consistent with (4.52).
The width and height of the profile are adjusted by the parameters $ and d. However,
these parameters are not completely independent. The approximations made above are
valid for d/$* 1.

With these initial conditions the perturbation pulse propagating in negative x-direction
will never encounter the gray soliton, whereas the e#ect of the excitation pulse moving in
positive x-direction on the soliton can be computed from the general formula (4.60) after
inserting the contribution of (4.61) that is moving along the positive x-direction. If we
assume a propagation time long enough such that at time t2 the pulse is well outside the
soliton region again, i.e. (c# -)t2 + xi ( 1/., Eq. (4.60) yields

$x =
d

c# -
(4.62)

up to exponentially small corrections. This formula can be easily interpreted in terms of
the integrated excited density, or correspondingly, the total number of excited atoms of
the pulse moving in positive x-direction

N =

" !

"!
dx#1+ = cd

" !

"!
dx erf

;x

$

<
= 2cd . (4.63)

Here #1+ has been evaluated for the contribution of the phase profile (4.61) moving along
the positive x-direction. Consequently, the soliton displacement is proportional to the inte-
grated excited density of the hydrodynamic perturbation. We recognize that the displace-
ment is in the positive x-direction for positive d, as has been the case for the previously
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considered excitation pulse. Nevertheless, for d < 0 the perturbation pulse is in fact a
density depression, and the direction of the soliton shift also changes sign. Furthermore it
should be noted that the displacement is inverse proportional to the di#erence in the soliton
speed and the pulse speed c. The soliton back-reaction is proportional to the interaction
time.

Moreover, we make a connection between (4.62) and the result (4.48) obtained by
momentum conservation. Rewriting (4.62) yields

$x =
N

2.

.

c(c# -)
=

N

2.
$0 , (4.64)

where in the last step we took into account the limit result (4.25). The result (4.62) may
be regarded as the limit of (4.48) for infinitely long wavelength. However, we remind the
reader that negative values for the number of excited atoms are allowed for long wavelength
excitations, whereas it is strictly positive for the excitation pulses considered previously.

4.4.3 Numerical analysis for Gaussian excitation pulse

We examine the propagation of the Gaussian excitation (4.61) in the gray soliton back-
ground by solving the GPE (3.9) numerically using the same basic system setup as in
Sec. 4.3.3. As done before, we set

)
µ = c = 1 for the chemical potential and speed of

sound, q = 0 to place the soliton at the origin at initial time t = 0 and - = v such that
the soliton is (initially) at rest also in the laboratory frame. Furthermore we realize that
the total initial wave function is periodic for periodic gray soliton background. The phase
perturbation s (4.61) is strictly 0 at initial time t = 0 and the corresponding density per-
turbation drops to zero exponentially. Hence, if the hydrodynamic pulse is not located too
close to the boundaries of the system (|xi # (±L)|/$ ( 1), it can simply be added to the
gray soliton background and one obtains a periodic overall wave function.

In Fig. 4.10 we show a typical time evolution of the system density, here for - = 0.388
and d = 1. In Fig. 4.10 (a) one can see a soliton at rest, which is initially located at x = 0,
and an excitation with a Gaussian density profile centered at xi = #210 characterized by
breadth $ = 36 and height 4/$

)
!, which is the sum of two counterpropagating pulses.

For t > 0 the initial pulse perturbation splits into two Gaussian density packets with equal
height 2/$

)
! moving in opposite directions. The splitting of the perturbation pulses can

be seen as the two white lines diverging from t = 0. The hydrodynamic perturbation
moving in negative x-direction leaves the system to the bottom and reenters the system
from the top due to the periodic boundary conditions, whereas the counterpropagating
pulse moves up and interacts with the soliton. The asymmetric slopes of the white lines
reflect the di#erent propagation speeds of the two perturbations due to the constant gas
velocity v = -. During the interaction with the pulse the soliton is dragged along by $x,
as can be seen in the zoom Fig. 4.10 (b). As expected from (4.58), the soliton is again at
rest after the excitation has completely passed the soliton.

Before we are going to analyze the soliton back-reaction (4.62) in more detail we want to
discuss how the finite extent of the perturbation a#ects its motion. We treat here the system
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Figure 4.10: Density of an excited soliton background as a function of time and space. In
(a) the soliton is initially located at x = 0 while the excitation is located at x = #210.
Notice the amplification in the scale for the squared modulus for |0|2 3 1. In (b) a zoom
of the red-dashed domain in (a) around the soliton is shown. The white dashed line shows
the line x = 0 and $x represents the soliton displacement after interaction with the sound
wave.

presented in Fig. 4.10 as an example. First, we define two di#erent regions symmetric
around the (initial) soliton position q = 0. One is S " [#xs, xs], with #xs % #254 being
the point where the density between the two counterpropagating pulses drops below 0.1%
of the maximal pulse modulus for the first time (at time ts % 114); here the perturbation
pulses split. In fact, the region S only defines a smaller subsystem with which we want
to compute the center of mass motion of the soliton and excitation moving in positive
x-direction while “excluding” the excitation packet moving in negative x-direction. The
other region is R " S \ [#xr, xr], where xr = 15 determines the extension of the soliton.
By excluding the soliton the background density in R is almost constant and has reached
is asymptotic value µ. This permits us to monitor the motion of the perturbation pulse
propagating in positive x-direction alone.

The center of mass coordinate xCM and wave packet coordinate xWP shown in Fig. 4.11
are then defined by evaluating the density over the two regions divided by the total inte-
grated excitation density N

xCM(t) =
dx

N

!

xj*S

|0(xj)|2 # ((c# -)t# xi) ,

xWP(t) =
dx

N

!

xj*R

|0(xj)|2 # ((c# -)t# xi) .
(4.65)

Here we have subtracted the theoretical prediction for the motion of the wave packet for
constant background, namely (c# -)t# xi.

Notice that by the symmetric choice of the regions around x = 0 the contributions
from the constant background cancel automatically. The time evolution of xCM and xWP is
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Figure 4.11: Wave packet and soliton motion. The center of mass coordinate xCM (wave
packet coordinate xWP) as a function of time are shown in dashed (solid) line. The black
dotted line shows the behavior of xWP extrapolated from xWP for t 3 550; and the dis-
placement of the wave packet from the center of mass motion is $.

shown in Fig. 4.11. Since the slopes of both quantities are larger than zero (except for xWP

around t % 300, when the excitation pulse is interacting with the soliton, cf. Fig. 4.10),
we conclude that the actual speed of the wave packet is larger than the speed of sound
c by 1% for the chosen simulation parameters. This e#ect is not surprising as the wave
packet is of finite extent; if considered as a superposition of the wave excitations considered
above, the Gaussian pulse is built of wave components that have group velocity necessarily
larger than the speed of sound, cf. Eq. (4.23). Therefore the center of mass is expected
to move faster than the speed of sound—a well known e#ect in hydrodynamic theory that
leads to steepening of the wave packet and eventually shock wave formation on longer time
scales [102]. Along the same line of argumentation one can understand that the numerical
value found for the shift $ of the center of the wave packet xWP, as indicated in Fig. 4.11,
is slightly smaller than the maximal value for the excitation displacement $0 theoretically
predicted in the limit of infinitely small wave number (4.25). The excitation is of finite
extend, and consequently components are involved which get less shifted than the maximal
value of infinite wavelength: $k (4.24) is a monotonically decreasing function of the wave
number k, cf. also Fig. 4.2. In principle, this holds for both signs of d, i.e., also perturbation
pulses with negative d are displaced by less than $0.

We have analyzed the soliton displacement for various parameter sets for constant
perturbation breadth $=20. The displacement has been extracted from the density profile
after the excitation has passed the soliton. Figure 4.12 shows the soliton shift as a function
of the pulse parameter d for di#erent soliton speeds -. The parameter d is a measure for
the total number of excited atoms, namely N = 2d.6 For d > 0 the pulse profile has a
density hill, while for d < 0 it is a density depression. First of all we find that the soliton
displacement indeed changes sign when the density parameter changes sign. Furthermore
we see that the soliton displacement is a linear e#ect in d. In particular, the numerical

6The speed of sound was set to c = 1 for the numerical analysis.
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Figure 4.12: Soliton shift $x in dependence of the excitation amplitude d. (a) The soliton
shift is extracted from density plots and shown as data points for soliton speeds - = #0.5
(cross), - = #0.0058 (open circles) and - = 0.25 (open squares). The result (4.60) for
- = #0.5 (solid line), - = #0.0058 (dashed line) and - = 0.25 (dash-dotted line) is drawn
for comparison. (b) Soliton shift for the same soliton speeds - as in Fig. (a), but in a
regime of large excitations.

results follow the theoretical curve of infinite wavelength (4.62) very well.

Nevertheless, we find small deviations of the numerical results from the infinite wave-
length prediction (4.62) to relative errors of up to 1%. Although quite tiny, and hardly
visible in Fig. 4.12, we would like to discuss these errors for two di#erent regimes of the
height parameter d.

A zoom of Fig. 4.12 (a) would show that for very small height parameter (|d| % 0.01)
the soliton shift is slightly overestimated by formula (4.62). Since the soliton is completely
transparent to excitations, deviations between the actual wave packet displacement and
the displacement for infinite wavelength $0 (4.25) are responsible for discrepancy in soliton
displacement. Hence, we draw the conclusion that the wave packet displacement is in fact
smaller than the infinite wavelength result $0 and we may therefore declare the discrepancy
a finite size e#ect, as explained above.

For larger values of d > 0 the soliton displacement is still overestimated by (4.62) with a
relative error of around 1%, an e#ect slightly visible in Fig. 4.12 (b). However, the behavior
is qualitatively di#erent for larger negative values of the pulse height d. As can be seen in
Fig. 4.12 (b), in this regime the soliton displacement is even underestimated by (4.62). This
behavior may be explained in terms of the interaction time between soliton and excitation
pulse. An analysis analogous to the example with positive d presented above reveals that
in the regime d < #0.01 the propagation speed of the excitation pulse is smaller than the
speed of sound. The existence of excitations moving more slowly than the speed of sound
is not surprising, the soliton itself can be seen as an excitation of the constant background
moving slower than c. This reduction of the speed below the speed of sound is a genuine
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nonlinear e#ect. Due to the reduced speed the interaction time between excitation pulse
and soliton increases, and at the same time leads to a larger soliton displacement than
expected from the limit result (4.62). As a consequence, an enhancement of the soliton
shift for large negative d may be attributed to nonlinear e#ects. Depending on the exact
value of d, these nonlinear e#ects overcompensate the finite size e#ects described above,
such that we detect a larger soliton displacement in our simulations. It should be noted
that for positive d the same nonlinear e#ects play a role. But in this case they act in the
same direction, and cannot be distinguished from each other.

The system in all simulations was designed such that the excitation moving in negative
x-direction never a#ected any of our arguments about the soliton motion. In principle,
solutions to (4.52) exist which consist of only one part moving in one distinct direction.
But this kind of excitation profile is only periodic for discrete values of its amplitude which
might be incompatible with the above approximations. If we set d" = 0 to obtain a wave
function with simply one excitation pulse moving in positive x-direction and further choose
a periodic gray soliton background 00, then the total wave function is periodic if the two
conditions

S #+(L) = S #+(#L) , d+ =
2!m

S+(L)# S+(#L)
for m 2 Z , (4.66)

hold. For the Gaussian-shaped excitation pulse discussed above we have S+ = erf[(x #
x1)/$] at initial time t = 0. The first condition can always be satisfied, whereas the second
one yields d+ = m! for the allowed values of d+. In our simulations even excitations with
smallest possible nonzero value of d+ = ±! exhibited distinct nonlinear e#ects such as
shock wave formation. The ratio d+/$ did not meet the requirement for the approxima-
tions. Hence, we included a left-moving part in (4.61) to be able to choose smaller values
of d out of a continuous spectrum.

4.5 Discussion

It is widely known that solitons are transparent to excitations, but our work here shows
that this does not quite mean that solitons and excitations do not exchange momentum.
What it means is that they have no net, permanent exchange of momentum; but during the
brief period when they overlap, they do exchange momentum temporarily. As an excitation
passes through the soliton, it borrows some momentum from the soliton. It returns the
full amount before leaving, but with the momentum it briefly borrows, it travels some
extra distance. The soliton correspondingly loses momentum briefly, and its position shifts
slightly until it gains the momentum back as the excitation departs. Because of the soliton’s
negative dynamical mass, this brief loss of momentum translates the soliton in the same
direction as the excitation was advanced. The excitation is a trustworthy borrower of
momentum, repaying its debt promptly and in full. The soliton is in turn a generous
lender, since it charges no interest, but it is also a remarkably clever dealer, for after this
peculiar transaction, both parties come out ahead.
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Especially the example with the wave perturbations of finite wavelength may suggest
that Eq. (4.48) can be read as a more general relation for soliton back-reaction; the soliton
displacement is simply the product of the ratio of the two masses and the wave packet
shift. After all this result is only based on the asymptotic properties of the wave packet
and exact conservation laws. However, if integrability of the GPE is broken, e.g. by
a nonuniform potential or higher dimensionality, the soliton is not reflectionless and/or
shows dissipation, and the back-reaction e#ect cannot be given by such a simple formula
anymore. Nevertheless, the motion of solitons in inhomogeneous external potential, which
vary on a length scale much larger than the healing length, interacting with long-wavelength
sound excitations can still be described in terms of the boundary layer theory. Depending
on the exact form of the potential, the equations of motions are in general not as easily
solvable as shown here.

We would like to give an estimate on the visibility of this e#ect in current experiments
with ultra-cold gases. The optical resolution in typical experiments reaches down to the
healing length ) of the condensate [22, 24]. Hence, the back-reaction e#ect on the soliton
is an order smaller than the detectable length scale for the finite-wavelength perturbations
considered first, at least in the parameter regime we studied here. However, one may blow
up the soliton displacement by further increasing the amplitude of the excitation, thereby
probably leaving the validity of the approximations aforementioned, and/or sending in a
series of excitation pulses. Their contribution to the soliton displacement is additive as
long as their overlap can be neglected. The numerical data presented for the perturbation
pulses with Gaussian density profile suggest, at first glance, that the soliton shift, which
is of the order ) in this case, is detectable in experiments. Unfortunately, the large soliton
back-reaction is merely a consequence of quite unrealistic numerical parameters. Quasi-one
dimensional BECs with periodic boundary conditions, as created in toroidal traps [103,104],
reach up to 100 ) [103]—one seventh of our system size. Perturbation pulses in the discussed
long-wavelength regime with experimentally realistic parameters would lead to soliton shifts
of $x = 0.1 ) # 0.2 ) below the optical resolution of order ), at least for single pulses.
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Chapter 5

Summary and Outlook

In this work we considered weakly interacting dilute Bose gases in quasi-one dimension,
described in terms of the one-dimensional Gross-Pitaevskii equation. Our focus was on a
special class of solutions to this nonlinear di#erential equation—the gray solitons. These
configurations are insofar particularly interesting research objects, as they represent collec-
tive degrees of freedom of the Bose-condensed gas. However, the soliton is not an isolated
degree of freedom, but it is surrounded by low-lying excitations. They appear as first order
corrections to the pure soliton background in a systematic expansion in the dilute gas pa-
rameter, known as the Bogoliubov approximation in the context of ultra-cold gases. The
main objective of the present work was a fundamental understanding of the interaction
e#ects of the excitations on the gray soliton. To study this back-reaction on the soliton we
were forced to take into account the second order corrections in the systematic expansion.
In the following we summarize the most important results of this work and afterwards give
an outlook on future research topics connected with our findings.

Chapter 3 was mainly devoted to gray solitons and the linearization of the Gross-
Pitaevskii equation about the gray-soliton background in terms of a normal mode expansion
with real amplitudes. All results of this chapter are exact for the infinite system without
boundary conditions, but can also be transferred to finite systems with periodic boundary
conditions up to exponentially small corrections. We presented the soliton as a solution
to the one-dimensional integrable Gross-Pitaevskii equation and discussed its important
properties at length. The gray soliton is characterized by a local pertubation of density
and phase, moving in an otherwise trivial background. Subsequently, we introduced the
linearized Gross-Pitaevskii equation, also known as Bogoliubov–de Gennes equation, which
is the first order contribution of an expansion of the Heisenberg equation in the dilute gas
parameter, and presented its explicit solutions in terms of a normal mode expansion with
real amplitudes of harmonic time evolution. We proved that the presented normal modes
form an orthonormal and complete set of functions and also showed how the solutions are
derived with a method similar to factorization in scattering theory.

The advantage of the real amplitude representation is that the modes with natural
frequency zero, the so-called zero modes, are straightforwardly found from the Hamilton
function in Bogoliubov approximation, which is quadratic in the amplitudes, and they join
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at the bottom of a (quasi-)continuous spectrum of normal modes with finite frequency. We
found a discrete zero mode of negative mass, which is of special interest since it is connected
with the spatial translation of the soliton. However, we demonstrated that, although
of opposite mass, a mixture with the zero mode of the phase translation is allowed by
canonical transformations. This means that the degrees of freedom associated with the zero
modes are not as independent from each other as commonly presumed. Furthermore, we
briefly presented the linearization results for the bright-soliton background [46] to indicate
the di%culties encountered with the gray soliton as a collective degree of freedom. In
contrast to the gray soliton, its zero mode for spatial translation is separated from the
remaining continuous spectrum by a finite gap, which simplifies the definition of a collective
coordinate by separation of the corresponding time scales. At the end of the chapter we
discussed a couple of possible extensions and further applications of the Bogoliubov–de
Gennes solutions.

Back-reaction from wave packets and hydrodynamic perturbations on gray solitons as
the central motif of this work was studied in Chapter 4. Right at the beginning of the
chapter we repeated the results of Chapter 3 in the complex amplitude representation.
The complex amplitudes are especially suited to study traveling perturbations since the
excitations are expanded in terms of plane waves. An essential aspect of the corresponding
mode functions was carved out from their asymptotic behavior outside the soliton domain.
In Bogoliubov approximation, i.e., to first order in the dilute gas parameter, they experience
a well-defined phase jump across the soliton in contrast to a propagation in a constant
background of the same asymptotic properties.

Connected with the phase jump of the elementary excitations is a finite displacement of
wave packets, whereas the soliton remains una#ected at first order, which we demonstrated
for a certain class of wave packets. In the wavelength regime well below the healing length
of the condensate these packets behave much like Schrödinger wave packets of free particles,
whereas in the opposite regime they are similar to pulses of zero sound. Since wave packets
are density perturbations, their displacement at first order in the systematic expansion in
the dilute gas parameter necessarily means a displacement of the center of mass, but at
second order of the expansion. This must be compensated by a corresponding shift of
the soliton at the same order as a back-reaction e#ect. Thus, we were forced to solve
the Gross-Pitaevskii equation at first order beyond Bogoliubov approximation in order to
compute the soliton back-reaction.

By means of the complete set of functions presented in Chapter 3 we found an explicit
solution for the wave packet perturbation at second order in the asymptotic domain out-
side the soliton. Instead of directly computing the soliton motion from the second order
equation, which is in principle possible, we determined the soliton back-reaction indirectly
by using exact conservation laws and the asymptotic solution of the wave perturbation.
The analytical result obtained was then verified with numerical integration of the Gross-
Pitaevskii equation. All other variables held fixed, the soliton shift is a monotonically
increasing function of the wavelength with a finite maximum for infinite wavelength. And
we found that perturbations with wavelengths smaller than the healing length still have a
non-negligible e#ect on the soliton.
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In addition to the considerations for wave packets we derived an explicit equation of
motion for the gray soliton in a background with wavelengths considerably greater than
the soliton size in the framework of a boundary layer theory [26]. One can show that the
above Bogoliubov theory in the same wavelength regime represents the special case of small
amplitudes of this framework [94]. By integrating the equation of motion we found that
the soliton back-reaction is proportional to the number of excited atoms. A comparison
of the analytical result for the case of Gaussian shaped excitation pulses, as produced in
experiments [53, 93], showed excellent agreement with the corresponding numerical time
propagation of the Gross-Pitaevskii equation. Furthermore we showed that the analytical
formula coincides with the previous result in the limit of infinite wavelength.

Qualitatively, both analytical results can be understood qualitatively in terms of the
group velocity of the excitation and the soliton speed. The smaller the di#erence between
the two, the longer the interaction time and the larger the soliton displacement.

Outlook

The solutions to the Bogoliubov–de Gennes equation represent a complete chapter in their
own right, as the complete solution of a non-trivial linearization problem. They also pro-
vide tools for further application, however, whether in extending classical NLSE dynamics
into the quantum many-body theory of quasi-one-dimensional dilute Bose gases, or in de-
veloping rigorous answers to more formal mathematical questions within classical nonlinear
dynamics. The problem of asymptotic orbital stability of solitons, in particular, has been
solved for other integrable di#erential equations by exploiting linearization results (self-
focusing NLSE [105], Korteweg–de Vries [106, 107]). The linearized solutions presented
here may therefore help to extend such results to further classes of solitons.

The results for the soliton back-reaction shed light on what thermal and quantum
corrections to the simple GPE soliton will be like, because both thermal and quantum
fluctuations can be represented as ensembles of wave packets like the ones we have dis-
cussed. On the one hand we can see that wave packets that are actually on top of the
soliton tend to raise its speed temporarily. This means that if fluctuations really become
strong, such that the soliton is continuously being passed by significant perturbations, then
the darkest, narrowest solitons will indeed be smeared out and become broader and grayer.
On the other hand we can see that once a wave packet has passed the soliton, its lasting
e#ect is only a translation. So in regimes with weaker fluctuations, we can expect to see
something more like Brownian motion of the soliton, where it gets kicked back and forth
at random intervals while retaining its form. And we would expect the transition between
these two regimes to be gradual rather than abrupt, since both e#ects are always present,
and which one dominates depends only on how many perturbation packets there are.
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Appendix A

Particle character of gray solitons

In this appendix we derive Hamilton equations of motion for the gray soliton from a classical
field theory. In a first step we are going to define a generalized soliton coordinate and its
conjugate momentum within ordinary Lagrange theory. For technical reasons we treat here
only the system with periodic boundary conditions. The corresponding Hamilton equations
of motion will indeed belong to a particle moving in a constant potential, which provides
a consistent description of the soliton within path integral formalism as an emancipated
degree of freedom. The results presented here serve for general understanding of the gray
soliton as independent particle.

We begin with the Lagrange functional in the laboratory frame defined by

L[", "$] " i

2

"
dx ("$&t"#"&t"

$)# (H0 # µ̃N) , (A.1)

with the Hamilton functional H0 defined in (3.1), a chemical potential µ̃ and the total
integrated density N , corresponding to the total particle number,

N "
" L

"L

dx|"0|2 = 2Lµ# 2. . (A.2)

Instead of the energy of the system we consider the free energy by introducing #µ̃N .
For time-independent chemical potential µ̃, which in general has to be distinguish from
the asymptotic density µ = .2 + -2 introduced in (3.3), this leads to a simple shift of
the energy since the Hamilton function and the total number of particles commute. The
equations of motion for the soliton are now derived within a restricted functional ansatz

"0(x, t, -, q) = e"iµ̃te"ivx{i- + . tanh .(x# q)} .2 = µ̃# -2 # v2

2
. (A.3)

We recognize that with the choice µ̃ = µ + v2/2 the restricted ansatz coincides with our
previous gray soliton (3.3). The soliton position and speed q(t) and -(t), respectively, are
now treated as independent generalized coordinates for a moment. Inserting (A.3) into the
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Lagrange functional (A.1) yields

L(q, q̇, -, -̇) = 2q-̇(.# -&#.# .&#v)# 2-.q̇ #
?
#L

#
µ̃# v2

2

$2

+
4

3
.3 + 2v-.

@
(A.4)

as a Lagrange function of the soliton for periodic boundary conditions. We mention that
we have neglected terms of order O

2
e"2"L

3
in deriving (A.4), as we always do for periodic

boundary conditions, and considered the gas velocity v and the solution parameter . as a
function of the soliton speed -. The derivatives with respect to the soliton speed in (A.4)
have to be understood as derivates with respect to - while holding the chemical potential
µ̃ fixed.1 In principle, v is also a function of the chemical potential by periodicity, and
we should consider the chemical potential as a generalized coordinate. For the sake of
readability we do not include it here, though a proper treatment of µ̃ is a straightforward
exercise.

We have obtained a Lagrange function which depends on two generalized coordinates
and their corresponding generalized velocities. The equations of motion for the coordinates
are now obtained from the usual Euler-Lagrange equations (ELEs). They yield

0 =

#
d

dt

&

&-̇
# &

&-

$
L = .(4# 2&v-) (q̇ # - + v) ,

0 =

#
d

dt

&

&q̇
# &

&q

$
L = #2-̇(. + -&#.) .

(A.5)

In order to simplify (A.5) we have used the relations

(.2 + -2)L&#v = (.# -&#.) , 2.&#. = #2- # v&#v , (A.6)

that follow from the periodicity condition and the definition in (A.3) by taking the deriva-
tive with respect to -. The two equations in (A.5) represent the motion of a particle in
constant potential, and we realize that our definition of the generalized soliton coordinates
and the restricted ansatz reproduce the correct equations of motion as expected from the
gray-soliton solution (3.3). It is remarkable that we have obtained again a particle de-
scription for a collection of particles. Beginning with an ensemble of condensed atoms, the
mean-field approximation led to a field representation of the condensate, which we finally
express in terms of a single particle. Furthermore, (A.3) even provides a description of the
soliton as a quantum particle in terms of a path integral formulation.

A.1 Conjugate momentum and Hamiltonian theory

We can gain additional information on the soliton properties, such as the momentum
conjugate to q and the soliton energy, by switching to Hamilton theory. In this context it

1More formally the derivative has to be written as $!F (!, µ̃)
AA
µ̃=const.

, where F is an arbitrary function
of ! and µ̃.
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is important to realize that the Lagrange functional (A.1) contains only first order time
derivatives instead of second order. The generalized velocities and the conjugate momenta
of the generalized coordinates are not independent of each other. Therefore, we are able
to reduce the four dimensional configuration space of the two generalized coordinates and
their corresponding velocities to a two dimensional phase space. This elimination is a
specific example of a procedure which we would like to treat here in more generality.

Consider a Lagrange function of the form

L(y, z, ẏ, ż, t) = A(y, z)ẏ + B(y, z)ż # V (y, z) . (A.7)

Here y, z and ẏ, ż denote generalized coordinates and the generalized velocities, respec-
tively; and A, B and V are supposed to be well-behaved functions of the generalized
coordinates. We are free to subtract from a Lagrange function a total time derivative
of any function that depends only the generalized coordinates and not the generalized
velocities. This leaves the ELEs invariant.2 Choosing

dF

dt
=

d

dt

" z

0

dz#B(y, z#) = żB(y, z) + ẏ

" z

0

dz#&yB(y, z#) , (A.8)

the ELEs derived from (A.7) and

L# " L# dF

dt
= ẏ

(
A(y, z)#

" z

0

dz#&yB(y, z#)

)
# V (y, z) (A.9)

thus coincide. In (A.9) we have eliminated the generalized velocity ż from the Lagrange
function. The conjugate momentum py to the generalized coordinate y immediately follows
from the usual definition

py "
&L#

&ẏ
= A(y, z, t)#

" z

0

dz#&yB(y, z#, t) . (A.10)

We have obtained the conjugate momentum as a function of the generalized coordinates y
and z. Inverting (A.10) yields z = z(y, py) as a function of one pair of generalized coor-
dinates and allows us to eliminate the second pair of generalized coordinates completely.
The corresponding Hamilton function that follows from (A.9) is obtained by a Legendre
transformation and yields

H(y, py) " ẏpy # L# = V (y, py) , (A.11)

2Assume that we have a function F (q, t), which depends on a generalized coordinate q and time t but
not on the generalized velocity q̇. Then adding a total time derivative of F to the Lagrange function
L(q, q̇, t) leaves the ELEs for q invariant because

#
d
dt

$

$q̇
# $

$q

$
dF

dt
=

#
d
dt

$

$q̇
# $

$q

$
(q̇ $qF + $tF ) =

d
dt

$qF #
2
q̇ $2

qF + $t$qF
3

= 0 .

The proof can easily be generalized for multiple generalized coordinates.
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Figure A.1: Conjugate soliton momentum p for µ = 1. Shown is the conjugate momentum
to leading order in L"1 as a function of the soliton speed -.

where z has been expressed in terms of y and py. This rather general considerations can
now easy be applied to the soliton case. Identifying y = q and z = - and comparing
the Lagrange function of the soliton (A.4) with (A.7), one straightforwardly finds the
momentum

p(-) " #2

#
.- +

" #

0

d-#{.(-#)# -#&#.(-#)# .(-#)&#v(-#)}
$

= #2

#
.- + µ arctan

-

.

$
+O

2
L"1

3 (A.12)

conjugate to the soliton position coordinate q as a function of the soliton speed -. A
direct integration in the first line of (A.12) is omitted. Instead we expand the integrand
using (3.7) to obtain an approximate result for the conjugate momentum in the second
line, where we have used the definition µ = .2 + -2 for the asymptotic density of the gray
soliton.3 In Fig. A.1 the conjugate momentum p to leading order in L"1 is depicted as a
function of the soliton speed - for asymptotic density µ = 1. The conjugate momentum is
a monotonically decreasing function of the soliton speed - and the slope of the curves is
given by

&#p = #. (4# 2&#v) = #4. +O
2
L"1

3
. (A.13)

Since the derivative is nonzero everywhere, (A.12) can in principle be inverted to yield
- = -(p). Moreover, by interpreting the derivative of the conjugate momentum with

3It must be remembered though, that the asymptotic density µ is a function of the soliton speed ! and
the chemical potential µ̃ in this context.
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respect to the soliton velocity as the soliton mass, we first realize that the soliton mass
depends on its speed: The smaller the modulus of the soliton velocity |-| the heavier the
soliton gets. And secondly, the negative derivative in (A.13) implies a negative soliton
mass. This does not come as a surprise, since the soliton can be regarded as an object
formed out of atoms “missing” in an otherwise constant background gas. Nevertheless, it
should be noted that the di#erence in density between the soliton background (3.3) and
constant background with density µ yields

" L

"L

dx(|"0(x, t)|2 # µ) = #
" L

"L

dx .2 sech2.x = #2. , (A.14)

which is, to leading order in L"1, half the mass we expect from (A.13). As has been
recognized in [25], the second half of the mass is produced by the phase twist of the soliton
across the constant background.

We would like to compare the conjugate momentum of the soliton with the usual linear
momentum, computed for periodic boundary conditions:

P " i

2

" L

"L

dx ("0&x"
$
0 # c.c.) = #2.(- # v)# 2µvL . (A.15)

The first term corresponds linear momentum of the missing atoms moving at constant
speed - # v and the second one is the contribution of constant background gas moving
with gas velocity v. If we express the background gas by (3.7), we find that the conjugate
momentum and the total linear momentum di#er by 2.v at order O (L0).

The Hamilton function for the gray soliton obtained from (A.11) is

H(-) =
4

3
.3 + 2.-v # L

#
µ̃# v2

2

$2

. (A.16)

One can, at least theoretically, express the soliton speed - in terms of the conjugate
momentum p to obtain the Hamilton function E(p). It reduces to previous results [25]
for v ! 0. The energy (A.16) contains contributions from the soliton and the moving
background gas for v /= 0. We may obtain the soliton energy alone when discarding terms
of order O (L1) in (A.16). However, attention has to be paid when expanding (A.16)
because terms of order O (L"1) in the gas velocity v (3.7) contributes at order O (L0).
Equation (A.16) then yields

E0(-, v) =
4

3
.3 + 2v

#
.- + 2µ arctan

-

.

$
+O

2
L"1

3
(A.17)

as the energy of the soliton alone. In Fig. A.2 we draw the soliton energy E0(-, v) as a
function of the soliton speed for di#erent background gas velocities v for asymptotic density
µ = 1. For given gas velocity v, the soliton energy is maximal for soliton speed - = v
(cf. Eq. (A.20) below). In this case the soliton is at rest in the laboratory frame. If the
soliton moves in the laboratory frame its energy decreases, which can be explained with the
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Figure A.2: Gray-soliton energy E0(-, v) as a function of the soliton speed - for di#erent
gas velocities v with asymptotic density µ = 1. The black lines show the soliton energy for
v = 0 (solid), v = 0.3 (dashed) and v = 0.6 (dash-dotted). The red line depicts the curve
of maximal energy, for which v = -, as a function of the soliton speed.

negative mass of the soliton. For - = ±)µ, i.e., the soliton has in fact disappeared, the
energy has local minima. Hence, one concludes that the soliton is unstable to acceleration.
For v > 0 the position of the maximal energy is shifted to the right along the curve of
maximal energy, as indicated by two examples. The corresponding curves for negative v
can be obtained by taking - ! #-.

In a final step we compute the Hamilton equations that follow from the soliton en-
ergy(A.17):

#&tp = &qE0 = 0 +O
2
L"1

3
, (A.18)

&tq = &pE0 = - # v +O
2
L"1

3
, (A.19)

where the second equation is obtained from the relation (A.13) and

&#E0 = #.(- # v) (4# 2&#v) . (A.20)

Consequently, we have formulated a consistent Hamilton theory for the gray soliton from
the Hamilton functional in (A.1) with the correct conjugate momentum defined in (A.12).
The Hamilton equations describe the linear motion as we expected from the behavior of
the gray-soliton solution (3.3).

Before we finish this appendix on the interpretation of the gray soliton as a particle,
we shortly discuss two aspects. First, the definition of the soliton coordinates, especially
the resulting momentum, is not unique. In fact, by simple redefinition of the phase in the
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gray-soliton background (A.3), namely

e"ivx"iµ̃t ! e"iv(x"q)"iµ̃t , (A.21)

we can already change the nature of the soliton coordinate. While in the former definition
a small variation of the coordinate q changes the soliton background "0 only locally, a
variation of the soliton position in the latter definition a#ects the phase, and simultaneously
"0, along the whole system. The gray soliton depends only on the di#erence x # q. In
this sense the coordinate q does not represent a localized quantity anymore, but may be
regarded as something like the center of mass position.

Second, we would like to comment on a rather subtle point of Lagrange field theory
concerning the boundary conditions of the system. Although both the Lagrange functional
and the NLSE are both separately well defined for the infinite system without boundary
conditions, the procedure shown above does not apply for the exact infinite gray-soliton
solution. The reason is the asymptotic behavior of the solution at infinity. The derivation
of the NLSE as the equation of motion for the field variable " from the Lagrange functional
requires certain boundary terms in the variation to vanish, which does not hold for the
gray soliton; the wave function and its spatial derivative are non-zero at infinity.
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Appendix B

Technical issues

This appendix is devoted to technical issues concerning orthonormality and completeness
of the mode functions (3.29) and (3.30) in the real amplitude representation. The explicit
proof of orthonormality and completeness in Secs. B.1 and B.2 requires basic knowledge
of distribution theory and complex integration. In Sec. B.3 we show that orthonormality
of the mode functions is a consequence of completeness and canonicity.

B.1 Orthonormality

We will first show orthonormality for the infinite system; the finite periodic case is straight-
forwardly similar. If we define for complex functions f(x), g(x)

&f |g' "
"

dx (fg$ + f $g) (B.1)

with integration over the infinite or finite domain, respectively, then the orthonormality
relations (3.21) we have to confirm are equivalent to

&R$|S+' = %$+ (B.2)

&R$|iR+' = 0 (B.3)

&S$|iS+' = 0 . (B.4)

The Kronecker % is to be understood as a Dirac-% function %(k # k#) whenever 2 ! k
is continuous (in which case all three integrals are distributions, rather than ordinary
functions of k, k#). Where the discrete mode is involved, we intend %zz = 1, and %kz =
%zk = 0 (also as a distribution in k). In order to prove (B.2), for example, one has to show
the following identity for a test function F (k):

"
dk&Rk|Sk!'F (k) = F (k#) . (B.5)
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Imk

Rek! R!R !!

!!

!R

Figure B.1: Integration contour in the complex k-plane. The integration path of the
principal value integral along the real axis is drawn as solid red line. The integration
contour is closed by two semicircles +, and +R around k = 0 with radii 1 and R, shown in
dashed red lines.

It is important that both integrals have to be interpreted as distributions. In order to
verify (B.5) we prove the identity

P

"
dk

ei(k"k!)y

k # k#
F (k) = 2!i sgn(y)F (k#) , (B.6)

valid for real y and analytic function F (k). Here P denotes the principle value of the inte-
gral. We evaluate (B.6) for k# = 0 using Cauchy’s theorem on a closed contour. Assuming
that F (k) is analytic in the complex k-plane one obtains

P

"
dk

eiky

k
F (k) = #

("

-#

+

"

-R

)
dk

eiky

k
F (k) . (B.7)

The contours are chosen as sketched in Fig. B.1. The red solid line corresponds to inte-
gration path of the principal value integral along the real k-axis, whereas the integration
contours +, and +R are semicircles around k = 0 of radius 1 and R, respectively, indicated
by the dashed lines. Assuming that F (k)/k converges uniformly for k ! ., the integral
over the contour +R is zero for R ! . by Jordan’s lemma (for y > 0). For y < 0 the
contour +R has to be closed in the lower half plane. Since F (k) is analytic in k = 0, we
obtain

lim
,(0

"

-#

dk
eiky

k
F (k) = #2!i sgn(y)F (0) (B.8)

for the integration along +, [108]. The argument can be repeated for cases k# /= 0, which
immediately proves (B.6).

We have directly evaluated the orthonormality relations (B.2)–(B.4) in a lengthy but
straightforward calculation. In a first step, repeated integration by parts with respect to
the space variable x is performed. Afterwards, the integration of a test function F (k) over
k using (B.6) verifies the orthonormality relations.
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It is much easier, however, to prove orthonormality for modes with &2
$ /= &2

+ using the
BdGE (3.24) and integration by parts. We demonstrate this for (B.4):

i&R$|iR+' = m+

"
dx

B
R$(HBS+ # 02

0S
$
+ )
$ #R$

$(HBS+ # 02
0S

$
+ )

C

= m+

"
dx

B
S$+ (HBR$ + 02

0R
$
$)# S+(HBR$ + 02

0R
$
$)
$C .

(B.9)

In the first line we have used the BdGE (3.24) for R+, combined with the definition (3.25)
for the di#erential operator HB, and in the second line we have integrated by parts. Once
again using the BdGE yields

i&R$|iR+' = m+m$&
2
$&S$|iS+' . (B.10)

As a first result we find that for nonzero-frequency modes the relations (B.3) and (B.4) are
not independent of each other. Redoing the procedure (B.9) for (B.3), but now using the
BdGE for R$ instead, reveals

i&R$|iR+' = m+m$&
2
+&S$|iS+' . (B.11)

Hence, for &2
+ /= &2

$, one can deduce (B.4). With this result also (B.3) is proven by (B.10).
Along similar lines one can confirm (B.2). In a first step it is easy to show that

&R$|S+' =
m$

m+
&S+|R$' . (B.12)

It follows that the orthonormality relation (B.2) is symmetric under switching 2 4 ) up
to the constant factor. In analogy to the above proof one can easily confirm (B.2).

The results found for the infinite system can be transferred to the finite system with
periodic boundary conditions in the following way. The normalization constant Nk has to
be changed [see (3.36)] and the %-distribution in (3.21) turned into a Kronecker %, while
the allowed non-zero values of the index k are given by the quantization condition (3.38).
The two zero-frequency modes presented in Sec. 3.4.2 can easily be made orthonormal in
a Gram-Schmidt procedure, and they are naturally orthogonal to all modes with nonzero
frequency.

B.2 Completeness

For the infinite system without boundary conditions, the completeness relations (3.20) for
the set of continuous Bogoliubov modes (3.29), (3.30) and the discrete zero mode (3.56)
can be proven directly, by straightforward contour integrations over the continuous index
k. We express the continuous Bogoliubov modes in terms of the functions rk and sk given
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in (3.31) and (3.32). Both relations then involve terms of the form

"
dk [rk(x)s$k(y) + r$k(x)sk(y)] = %(x# y)# .2

2
sech2.x,

"
dk [sk(x)s$k(y)# s$k(x)sk(y)] = 0,

"
dk [rk(x)r$k(y)# r$k(x)rk(y)] = # i-

2

2
tanh .x sech2.y # tanh .y sech2.x

3

+ .(x# y) sech2.y sech2.x .

(B.13)

Simplifying the results of the contour integrations to reveal the above simple expressions
requires some judicious application of identities among hyperbolic trigonometric functions,
which we have successfully performed, but the exercise is involved and we omit the details
here. Numerical plotting of the unsimplified results will quickly confirm (B.13).

The fact that the right-hand sides of (B.13) are not of the simple form required by
canonicity and completeness proves that the continuous BdG modes are not complete
by themselves. But it easy to see that this defect is remedied precisely by adding one
more mode, namely the discrete negative mass zero mode associated with soliton motion,
(Rz, Sz). Thus we have proven that the discrete negative-mass zero mode and the contin-
uous modes form a complete set of functions.

For the finite system with boundary conditions the integral over the modes becomes
a sum over the allowed indices [cf. Eq. (3.38)] plus the periodic negative- and positive-
mass zero mode we have found in Sec. 3.4.2. A direct proof that the summation gives a
partition of unity is not accessible due to the complicated quantization condition (3.38).
But it seems plausible that we can decompose any function that satisfies periodicity on
the ring in terms of the periodic functions of our complete set.

B.3 Orthonormality from completeness

Here we show that the orthonormality relations (3.21) are a consequence of completeness
and canonicity (3.20), together with uniqueness, i.e., invertibility of the mapping from
{q$, p$} to 01(x).

We begin by defining the generalized matrix

Ax,$ "
(
R$(x) iS$(x)
R$

$(x) #iS$$(x)

)
. (B.14)

Here 2 is a Bogoliubov mode index; summing over 2 is to mean summing over all discrete
Bogoliubov modes k, z in the periodic case, or integrating over continuous k and then
adding the discrete zero mode 2 = z in the infinite version of the problem. We call Ax,$

a generalized matrix simply because we want to consider x and 2 as two matrix indices,
even though x, and possibly 2 as well, is continuous. In a similar sense we define also the
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generalized matrix

B!,x !
!

S!
!(x) S!(x)

"iR!
!(x) iR!

!(x)

"
. (B.15)

These two matrices A and B are constructed so that the “matrix product” AB gives the
completeness relation:

Nx,y !
#

!

Ax,!B!,y =

!
!(x" y) 0

0 !(x" y)

"
, (B.16)

where as usual we mean the sum over " to be interpreted as an integral in case " is
continuous.

Orthonormality, on the other hand, concerns the matrix product BA:

M!," !
$

dx B!,xAx," . (B.17)

Simply working out the matrix product here shows that the Bogoliubov orthonormality
property, which we are trying to demonstrate, is just that M is in fact the identity matrix.
This we now prove, in two steps.

First we show that M is a projection operator, and so all of its eigenvalues must be
either 0 or 1. To see this we simply compute

[M2]!," =
#

#

M!,#M#," =

$$
dx dy

#

#

B!,xAx,#B#,yAy,"

=

$$
dx dy B!,xNx,yAy," =

$
dx B!,xAx," = M!," .

(B.18)

In the fourth step we use the completeness relation (B.16). We have therefore shown that
M2 = M , which implies that the eigenvalues of M can only be zero or 1.

Our second step is to show that M is invertible, and that it can therefore have no zero
eigenvalues. We do this by invoking the assumption of invertibility of the mapping from
the {q!, p!} to #(x), which implies that there exists some generalized matrix C!,x, of the
same form as B!,x, such that

!
q!

p!

"
=

$
dx C!,x

!
#1(x)
#!

1(x)

"
. (B.19)

We then invoke our basic expression for #1(x) as a function of the {q!, p!}, Eqn. (3.16),
which may be compactly expressed using our generalized matrix A:

!
#1(x)
#!

1(x)

"
=

#

!

Ax,!

!
q!

p!

"
. (B.20)

Combining these two expressions yields
!
q!

p!

"
=

#

"

$
dx C!,xAx,"

!
q"

p"

"
=

#

"

$$
dx dy C!,xNx,yAy,"

!
q"

p"

"
=

#

",#

L!,#M#,"

!
q"

p"

"
,

(B.21)
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where we have again used completeness (B.16) to go from the first line to the second, and
in the last step we simply define

L!," !
$

dx C!,xAx," . (B.22)

This final result holds for all possible q!, p!, which implies that LM is the identity matrix.
Hence the inverse of M exists (because we have constructed it, from the assumed C, as L).

Since all eigenvalues of M are therefore either zero or 1, and since none of them can
in fact be zero, it follows that they are all 1. Thus M is the identity matrix, which is the
orthonormality condition. This further implies that C = B.



Appendix C

Derivation of the zero-frequency
solutions

We present here in detail how to obtain all (asymptotic) zero-frequency solutions of the
BdGEs (3.45) and (3.46). This is best achieved by rewriting the BdGEs analogously to the
factorization method of Sec. 3.3.2. Without loss of generality we set the soliton position
x0 to zero in this appendix.

First we solve the homogeneous equation (3.45) with the ansatz R(x) = e"ivx(f(x) +
ig(x)) with real functions f and g. With the definition of the operators Q̂ and Q̂† from
(3.41), the second-order di!erential equation in complex function space can be rewritten
as a coupled system in real function space:

!
0
0

"
=

!#
2$Q̂ 2($2 " %2) + Q̂Q̂†

Q̂†Q̂
#

2$Q̂†

" !
f
g

"
. (C.1)

Except for the imaginary unit and its complex conjugate the matrix involved is identical
to the one in (3.42). From the bottom line one finds that

Q̂f = "
#

2$g +
C4%#

2
cosh2%x , (C.2)

where the second term on the right hand side is annihilated by Q̂† for arbitrary constant
C4. Inserting this in the top line of (C.1) that equation can be cast into an inhomogeneous
second-order di!erential equation for g:

%
"1

2
&2

x " %2 sech2%x

&
g = "%$C4 cosh2%x . (C.3)

If we define

g1 ! tanh %x , g3 ! %x tanh %x" 1 , g4 !
$

%
cosh2%x , (C.4)
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we find that g1, g3 are the complementary functions of the di!erential equation (C.3) and
g4 is the particular solution. Hence, the general solution is given by

g =
4#

j=1
j #=2

Cjgj , (C.5)

where C1, and C3 are arbitrary constants and C4 is the same solution parameter as in
(C.2).

With the general solution (C.5) one can search for a solution f in (C.2). The general
solution to this inhomogeneous first order equation is straightforwardly found to be

f =
4#

j=1

Cjfj , (C.6)

where we have used the definitions

f1 ! "
$

%
, f3 !

$

%

%
3

2

'
tanh %x + %x sech2%x

(
" %x

&
, (C.7)

f2 ! sech2%x , f4 !
%2 " $2

4%2

'
sinh 2%x + 3(tanh %x + %x sech2%x)

(
, (C.8)

and introduced C2 as solution coe"cient for the complementary function f2. This yields
the four complementary solutions Rj = e"ivx(fj + igj) (with g2 ! 0) for the homogeneous
BdGE (3.45) as presented in subsection 3.4.1.

In the same manner one can transform the inhomogeneous BdGE (3.46) with the ansatz
S ! e"ivx(iq " p), where q and p are real functions, into

!
"f
g

"
=

!#
2$Q̂ Q̂Q̂† + 2($2 " %2)

Q̂†Q̂
#

2$Q̂†

" !
q
p

"
, (C.9)

with the inhomogeneities given by (C.5) and (C.6). The lower line can be viewed as an
inhomogeneous first order di!erential equation for the function Q̂q +

#
2$p. Its particular

solution can be shown to be
#

2Q̂q + 2$p =
C1

%
+

C3

%
(%x +

1

2
sinh 2%x)" C4

2$

%
x cosh2%x , (C.10)

with the same constants Cj as in (C.5) and (C.6). The homogeneous part of this equation
is solved by g4, which would finally lead to a solution (0, iR4) of the complete BdGEs (3.45)
and (3.46). As we already know from Sec. 3.4.1 that solutions of the type (0, iRj) exist,
we do not consider it in the following, but concentrate on finding the particular solutions.

Inserting (C.10) into the upper line of (C.9) yields a second-order di!erential equation
for p of the form (C.3), but with di!erent inhomogeneities:

%
"1

2
&2

x " %2 sech2%x

&
p = "C2f2 " C3

%
f3 +

$

%

%
%x +

1

2
sinh 2%x

&&

" C4

%
f4 "

2$2

%
x cosh2%x

&
. (C.11)
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Thus the complementary functions for the homogeneous part of this equation are exactly
the same functions g1 and g3, and the remaining problem is to determine the particular
solutions for p. We decompose p =

)4
j=1 Cjpj, where the coe"cients Cj are chosen to be

the same as in (C.5) and (C.6), and solve the equation (C.11) for each individual j. Since
(C.11) does not contain an inhomogeneity with C1, the corresponding solution p1 is zero,
and for j = 2 one easily finds the particular solutions p2, such that we have:

p1 = 0 , p2 =
1

%2
. (C.12)

We have not found the exact solutions for p3 and p4. Nevertheless, one can expand (C.11)
in powers of e2$|x| to determine their asymptotic behavior for x $ ±%. This will be
su"cient for our purpose since one can prove from their asymptotic form that they do
not lead to physical zero modes, i.e., these modes are either not properly normalizable in
the case of the infinite system without boundary conditions or they are incompatible with
periodicity in the case of the finite system. The leading terms are given by

p3 &
$

8%3
sgn xe2$|x| , p4 &

%
%2 + 3$2

16%4
sgn x" $2

4%3
x

&
e2$|x| (C.13)

and are due to the exponentially growing inhomogeneities in (C.11).
With the given (asymptotic) solutions pj one can solve the first order equation (C.10)

in a straightforward manner with the ansatz q =
)4

j=1 Cjqj. The particular solutions for
j = 1, 2 are exactly given by

q1 =
1

2%2

'
tanh %x + %x sech2%x

(
= " %

2$
q2 (C.14)

and for j = 3, 4 we find for x$ ±%

q3 &
%2 " $2

16%4
e2$|x| , q4 &

$

8%4

%'
$2 " %2

(
x sgn x" $2

%

&
e2$|x| (C.15)

to leading order in e2$|x|. Combining the results with Sj = e"ivx(iqj " pj) yields the exact
zero-frequency solutions to (3.46) with inhomogeneities Rj for j = 1, 2, which are equivalent
to the solutions presented in (3.53) and (3.54). In the case j = 3, 4 we correspondingly find
the asymptotic solutions. It is important to recognize that we have found the asymptotic
behavior of global solutions S3 and S4.
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Appendix D

Higher order corrections to the wave
packet perturbation

In order to compare analytical results and numerical integration with the GPE of wave
packet propagation, we need to go beyond leading order in '"1. An elegant way of rewriting
the integrand of (4.1) at second order is to use

ūk+%/# = ūk exp

*
" (ū$

k

'ūk
+

(2

2'2

+
ū$$

k

ūk
"

%
ū$

k

ūk

&2
,- .

1 +O
%

(

'

&3
/

(D.1)

as well as the analog for v̄k. Here and in the following a prime denotes a derivatives with
respect to the wave number k. The Gaussian integrals can then be written and solved in a
compact way and with the definition of the phase ) ! kx ± *k/2" #kt we obtain outside
the soliton range (%|x|' 1):

#12!
#!
|#!|

.
ūkei&

0
'̃2

ū

exp

*
"

(z± " i
ū!

k
ūk

)2

2'̃2
ū

-
+

v̄ke"i&

0
'̃2!

v̄

exp

*
"

(z± + i
v̄!

k
v̄k

)2

2'̃2!
ū

-/
. (D.2)

With the second subindex 2 of #12 we indicate the order in '"1 we have kept. In (D.2) we
have defined '̃2(jk) for an arbitrary function jk by

'̃2
j ! '2 "

%
j$$k
jk
" j$2k

j2
k

&
+ i

%
#$$

kt(
*$$k
2

&
. (D.3)

The e!ect of '̃2 in comparison to '2 in (4.21) can be most easily seen if we assume +) 1,
such that one can neglect terms of order +2 in |#0 + +#12|2. In this case the envelope of the
excitation is then determined by #0#!

12 + #!
0#12. Since '̃2 is complex the envelope of #12

is corrected at second order in '"2 and is dispersive as a consequence. Moreover, one can
show that the group velocity of the excitation pulse has increased by

!,k !
(ū$

k + v̄$k)

(ūk + v̄k)

#$$
k

'2
+O('"4) . (D.4)
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It is important to notice that the change !,k in the group velocity, an e!ect of order
O('"2) as well as the dispersion of the envelope, are present for both constant and soliton
background.

Not only the group velocity has changed, but also the asymptotic displacement of the
wave packet in presence of a soliton, or more precisely, if the excitation has passed a soliton,
has increased by an extra

!$k !
(ū$

k + v̄$k)*
$$
k

(ūk + v̄k)'2
+O('"4) . (D.5)

In all numerical solutions ' is large enough such that we can neglect this change in the
displacement of order O('"2). The change !,k of the group velocity, though, is significant if
we track the wave packet for long propagation times T because the corresponding distance
T !,k can be of the order of the displacement $k.
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