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We study the spin liquid candidate of the spin-1=2 J1-J2 Heisenberg antiferromagnet on the triangular
lattice by means of density matrix renormalization group (DMRG) simulations. By applying an external
Aharonov-Bohm flux insertion in an infinitely long cylinder, we find unambiguous evidence for gapless
Uð1Þ Dirac spin liquid behavior. The flux insertion overcomes the finite size restriction for energy gaps
and clearly shows gapless behavior at the expected wave vectors. Using the DMRG transfer matrix, the
low-lying excitation spectrum can be extracted, which shows characteristic Dirac cone structures of both
spinon-bilinear and monopole excitations. Finally, we confirm that the entanglement entropy follows the
predicted universal response under the flux insertion.
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Introduction.—Quantum spin liquids (QSLs) are exotic
phases of matter which remain disordered due to quantum
fluctuations which, in turn, give rise to remarkable proper-
ties of fundamental importance, such as fractionalizations,
gauge fluctuations, topology, and unconventional super-
conductivity [1–4]. However, despite of a long-running
quest, theoretical and experimentally relevant models for
enigmatic QSLs are still limited and rare.
Historically, it has been proposed that geometric frus-

trations on the spin-1=2 triangular antiferromagnetic
Heisenberg model (TAFM) could lead to a spin disordered
ground state [5]. Although the nearest neighbor TAFM
turns out to exhibit a 120° magnetic order [6–10], the
possibility of increasing the frustration by adding next-
nearest-neighbor (NNN) interactions has captured much
interest in the literature [11–26] for the J1-J2 TAFM

H ¼ J1
X
hi;ji

Si · Sj þ J2
X
⟪i;j⟫

Si · Sj; ð1Þ

where hi; ji and ⟪i; j⟫, respectively, denote NN and NNN
bonds. So far, the general consensus is that an intermediate
region (0.07≲ J2=J1 ≲ 0.15) without magnetic ordering
[11–24] is sandwiched between a stripe ordered phase
(J2=J1 ≳ 0.15) [25,26] and a 120° magnetically ordered
phase (0.0 ≤ J2=J1 ≲ 0.07) [6–10]. However, the under-
lying physics and precise nature of this intermediate phase
is under an intense debate. For instance, variational
Monte Carlo simulations suggest a gapless Uð1Þ Dirac
QSL [14] as candidates for this intermediate phase.
Density-matrix renormalization group (DMRG) calcula-
tions [16–19] found an indication of a gapped QSL as the

nonmagnetic phase, while its internal structure (e.g., Z2,
chiral) has yet to be determined. In addition, extensive
exact diagonalization calculations fail to find evidence in
support of either theory in the accessible system sizes [20].
Taken as a whole, although a possible QSL phase has been
identified on TAFM, the exact nature of this intermediate
phase remains elusive.
It was shown that other experimental-relevant spin

models on the triangular lattice also show spin liquid
behavior which is continuously connected to the spin-
liquid phase of the J1-J2 TAFM model [27,28]. Thus,
understanding the underlying physics in the J1-J2 TAFM,
will give deep insight into a whole class of new triangular
materials, for example, the recent synthesized Na-based
chalcogenides [29–33]. In particular, the spin dynamics of
NaYbO2 shows low-energy spectral weight accumulating
at the K point of the Brillouin zone [31]. So far, it is unclear
if these findings can be interpreted within the spin liquid
picture [34,35], which demonstrates the need for detailed
theoretical predictions.
In this Letter, we unveil the QSL nature of the triangular

J1-J2 model by using large-scale DMRG simulations
armed with recently developed state-of-the-art transfer
matrix analysis [36,37]. We find smoking-gun signatures
of theUð1ÞDirac QSL (DSL), which consistently appear in
16 different geometries and/or system sizes [see Fig. 1(a)
for details]. These signatures include (1) momentum-de-
pendent “excitation spectra,” extracted from the DMRG
transfer matrix [36,37], which reveals gapless modes of the
Dirac spin liquid showing recently predicted behavior of
both fermion bilinear excitations as well as intricate
monopoles [34,35], (2) strong dependence of the energy
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gap on twisted boundary conditions [36], and (3) universal
entanglement entropy response under flux insertion [38].
This evidence unambiguously shows that the intermediate
phase in TAFM is a gapless Uð1Þ DSL.
Properties of Uð1Þ DSL.—Let us begin with a brief

review of properties of the Uð1Þ DSL on the triangular
lattice [14,34,35,43]. We begin with rewriting the spin
operator in terms of fractional fermionic spinons
f ¼ ðf↑; f↓ÞT , S ¼ f †σf , where the partons f are coupled
to a Uð1Þ dynamic gauge field due to the Uð1Þ redundancy.
The Uð1Þ DSL can then be realized by putting spinons in a
staggered π flux mean-field ansatz, whose band structure
will have two Dirac cones located at the �Q points [valley,
black dots in Fig. 1(b)] of the Brillouin zone [14,39]. The
low energy physics of the Uð1Þ DSL is captured by Nf ¼ 4

QED3, namely, there are four Dirac fermions (two from
spins ↑=↓ and two from valleys) coupled to a dynamic
Uð1Þ gauge field. This Nf ¼ 4 QED3 theory may flow into
a 2þ 1D conformal field theory (CFT) in the infrared;
therefore the Uð1Þ DSL is a critical or conformal phase
[44–46], which is a close analog to the familiar spin-1=2
Heisenberg chain in 1þ 1D [47–49]. One effective way to
detect the Uð1Þ DSL is to measure its gapless modes. It has
been shown that the Uð1Þ DSL has two types of funda-
mental gapless modes, namely, fermion (spinon) bilinears
and monopoles [of the Uð1Þ gauge field] [34,35,46,50].
The fermion bilinears are “particle-hole” excitations of four
Dirac fermions, while monopoles are instantons of the

Uð1Þ gauge field. It is worth emphasizing that both fermion
bilinears and monopoles are gauge invariant which corre-
spond to local operators such as spin S, dimer operators
Si · Sj, etc. Moreover, these critical operators have distinct
quantum numbers (spins, momentum, angular momentum,
etc.), enabling us to detect them directly.
There are, in total, 16 fermion bilinears [45], which can

be grouped into 1 ⊕ 15, namely, SUð4Þ singlet and adjoint.
They are distributed at different momenta in the first
Brillouin zone (BZ) of the triangular lattice [seen in
Fig. 1(b)]. The singlet bilinear is a spin singlet with zero
momentum (Γ point, black circle). The 15 adjoint bilinears
can be classified into three types [34]: Type (B1) three
time-reversal-even spin singlets with momenta located at
three M points of the BZ: M1 (violet hexagon), M2 (blue
hexagon), and M3 (dark-cyan hexagon). Type (B2) three
time-reversal-even spin triplets with zero momentum
located at the Γ points (black circle) of the BZ. Type
(B3) nine time-reversal-odd spin triplets with momenta
located at threeM points (hexagon). The quantum numbers
of the monopoles in the Uð1Þ DSL remained elusive for
decades until recently solved in Refs. [34,35]. There are six
monopole operators (which are complex) of two types:
Type (M1) three time-reversal-odd spin-triplets with
momenta located at K� (red left triangle and magenta
right triangle). Type (M2) three time-reversal-even spin-
singlets with momenta located at the X� points (orange left
triangle and gold right triangle). Physically, the condensa-
tion of spin-triplet monopoles will give the familiar 120°
noncollinear magnetic order, while the condensation of
spin-singlet monopoles leads to a valence bond solid
such as a

ffiffiffiffiffi
12

p
×

ffiffiffiffiffi
12

p
state [34]. Later, we will show that

signatures of both the fermion bilinear and monopole
operators have been measured in our DMRG simulations.
Method.—We use infinite-DMRG [51–53] to simulate

the J1-J2 TAFM wrapped on infinitely long cylinders. The
evidence forDSL excitations is based on twomajor improve-
ments in this Letter. First, we study different types of
cylindrical geometries which correspond to different ways
of wrapping a cylinder. As shown in Fig. 1(a), we define the
YCLy-n cylinders by identifying the site r with the site rþ
Lya1 − na2 [39]. For instance, the notation YC8-1 denotes a
cylinder (C) with circumference of eight lattice spacing and a
shift of one column in the y direction (Y) when connected
periodically. Here, a1=2 are the triangular Bravais lattice
primitive vectors, Ly is the “circumference” of the cylinder,
and n amounts to a shift along the cylindrical direction.
Simulating different geometries not only proves the observed
DSL signatures are robust against finite size effect, but also
serves as a nontrivial check as DSLs on different geometries
show qualitatively different behaviors (see Supplemental
Material [39]). Second, we carry out a numerical Aharonov-
Bohm experiment by inserting flux θ in the cylinder, see
Fig. 1(a). This is implemented by twisted boundary con-
ditions, which modify interactions crossing the boundary by

(a) (b)

FIG. 1. Geometry of cylinders in real space and momentum
points in the first Brillouin zone. (a) Three different cylindrical
geometries, YC4-0, YC4-1, or YC4-2 [39], which correspond to
identifying site x with site a, b, or c, respectively. We also insert
an Aharonov-Bohm flux in the hole of the cylinder, which
modifies the spin exchange terms in Hamiltonian Eq. (1) across
the boundary (labeled by dashed lines). (b) The black solid line
shows the first Brillouin zone of the triangular lattice while the
brown rectangle is the magnetic Brillouin zone due to the π flux
in each unit cell seen by spinons. All characteristic points are
labeled by ðk1; k2Þ modulo 2π. Two Dirac points (black dots) of
spinons are located at Q ¼ ðπ=2; π=2Þ and −Q (for details
see [39]). The gauge invariant excitations, e.g. fermion bilinears
and monopoles, are locating at high symmetric points, including
Γ ¼ ð0; 0Þ; M1 ¼ ð�π; 0Þ (violet hexagon), M2 ¼ ð0;�πÞ (blue
hexagon), M3 ¼ �ðπ; πÞ (dark cyan hexagon), Kþ ¼
ð−2π=3; 2π=3Þ (red left triangle), K− ¼ ð2π=3;−2π=3Þ (magenta
right triangle); Xþ ¼ ð−π=3; π=3Þ (orange left triangle), X− ¼
ðπ=3;−π=3Þ (gold right triangle).
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a phase factor, e.g., Sþi S
−
j e

iθ þ Sþj S
−
i e

−iθ with a flux angle θ
[40]. With the flux insertion, we can fully scan the momen-
tum points in the Brillouin zone on a given geometry and,
therefore, are not limited by finite-size energy gaps.
Furthermore, certain physical quantities in DSLs, such as
the entanglement entropy, have a nontrivial response under
flux insertion [38].
In the simulation, it is important to keep the ground-state

evolving adiabatically under the flux insertion. In most
cases, the adiabatic flux insertion can be maintained, except
very close to the Dirac cone (large flux θ), where accurate
infinite-DMRG simulation becomes very challenging due to
the small gap and large entanglement of the state. Once
adiabatic flux insertion fails at large θ, the infinite-DMRG
simulation may suddenly collapse to a competing state in
other superselection sectors of the ground state [39] or a
symmetry broken state due to the instability of the gapless
state [36]. We will not present the data of flux θ for which
adiabatic flux insertion fails, as they do not reveal any direct
information of the spin-liquid ground state at zero flux.
Excitation gap.—Previous DMRG studies have found a

considerably large spin gap in the J1-J2 TAFM [17].
However, this is not sufficient to exclude a DSL since,
on a cylinder, the momentum is discrete, so the gapless
Dirac point may be missed. The flux insertion, which
effectively changes the quantized momentum of spinons,
can make spinons hit the Dirac point at specific values of
flux θ [36]. By carefully studying the DSL ansatz incor-
porating the effect of emergent gauge fields [39], we find
that DSLs on different cylinder geometries YCLy-n have
distinct θ dependence. If both Ly and n are even, spinons
are gapless when θ ¼ 2π (Since spinons are fractional
particles, the flux insertion has 4π periodicity). For all of
the other three cases, spinons will be gapless at θ ¼ π or 3π.
Figure 2 shows the energy gap as a function of flux θ.

Although the gap is large at θ ¼ 0 [54], we find it
significantly decreases as θ increases. The sensitivity of
the energy gap is an indication of the gapless DSL: (1) for
a gapped spin liquid, the spin gap should have a small

dependence (exponentially in Ly) on the flux; (2) finite flux
drags the momentum lines toward the Dirac points; thus the
gap monotonically reduces. Because of the small gap when
Dirac points are approached, we are not able to maintain the
adiabatic flux insertion when θ ∼ 1.5π for the YC2n-2m
cylinder, and θ ∼ π for all other cylinders. There are also
truncation effects from the finite bond dimensions m in
infinite-DMRG, which may explain that the YC10-1 gap
appears larger than the YC8-1 gap in Fig. 3. We discuss
results for different m in the Supplemental Material [39].
We also remark that the gap we measured may come from
monopoles (rather than spinons), whose finite size effect is

(a) (b)

FIG. 2. Spin excitation gap. (a) Energy gap ΔSz¼0 and (b) ΔSz¼1

as a function of the inserted flux θ at J2=J1 ¼ 0.12 for YC8-0
(blue circles), YC10-0 (blue squares), YC8-1 (black diamonds),
and YC10-1 (black pentagon) cylinder geometries. The data are
collected using DMRG bond dimension m ¼ 4096 for YC8/10-0
and 6144 for YC8/10-1. (For details, please see the Supplemental
Material [39]).

(a)

(b)

(c)

(d)

FIG. 3. Correlation length spectrum. Inverse correlation length
1=ξSz¼1 as a function of the flux θ (left column), momentum k1
(middle column), and momentum k2 (right column) for the
cylinder (a) YC8-0, (b) YC10-0, with m ¼ 6144 and (c) YC8-
1, (d) YC10-1 with m ¼ 12288. The lowest-lying excitations
contain a spinon pair atM points and monopole excitations at K�
points, the former is denoted by the blue hexagon while the latter
is denoted by the red left triangle and magenta right triangle. It is
an artifact of finite bond dimension that the correlation length is
not diverging at the Dirac point, and it becomes more severe for
the larger system sizes (see Supplemental Material [39] for more
discussion).
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more subtle to analyze. The important message to take is, in
all cases, the gap systematically decreases as a function of
θ, and it is consistent with the theoretical expectation that
the finite-size gap of spinons vanishes at (i) θ ¼ π for
YC8-1 and YC10-1, (ii) θ ¼ 2π for YC8-0 and YC10-0.
Correlation-length Spectrum.—While the energy gap is

an important indication, the Dirac cone structure of the
energy-momentum resolved spectrum will be a much
stronger evidence of a DSL. So far, the study of a large
number of excited states has been very challenging, but
fortunately, recent seminal works [36,37] have uncovered a
relationship between the energy spectrum and the spectrum
of the transfer matrix in tensor-network formulation, which
opens a window to the current problem.
The essence of this technique simply relies on a familiar

fact: the information of excitations is encoded in the ground
state, which can be decoded by measuring correlation
functions of various operators. In infinite-DMRG simula-
tions, the information of correlation functions of all
operators can be straight-forwardly obtained through the
eigenvalues of the transfer matrix [55]. Each eigenvalue
takes the form λ ¼ eik−1=ξ, where ξ is the corresponding
correlation length and k is the momentum along the
infinite-DMRG direction. The momentum around the
cylinder can also be calculated from a revised transfer
matrix [36]. The correlation lengths ξ set an upper bound
for excitation gapsΔ (up to a nonuniversal factor), and for a
Lorentz invariant system, it holds that Δ ∝ 1=ξ. One can
make this statement precise by an exact mapping from the
infinite-DMRG transfer matrix to the partition function in
the Euclidean path integral [37]. In other words, if Lorentz
(space-time rotation) symmetry is emergent in the system,
the correlation-length spectrum precisely corresponds to
the excitation spectrum of the Hamiltonian.
Figure 3 shows the Sz ¼ 1 correlation-length spectrum of

the J1-J2 TAFMat J2=J1 ¼ 0.12. The left column shows the
spectrum as a function of flux θ. Since θ effectively changes
the quantization of the momenta, we can then obtain the full
dispersion relation as a function of k1 and k2 in the two right
columns. For the cylinders YC8/10-0 in Figs. 3(a) and 3(b),
the Dirac cones at theM2 point ðk1; k2Þ ¼ ð0; πÞ can clearly
be identified (blue hexagon), corresponding to fermion
bilinear excitations of type (B3) discussed above. In addition,
there are low lying monopole excitations close to the K�
points ðk1; k2Þ ¼ ð−2π=3; 2π=3Þ and ð2π=3;−2π=3Þ (red
left triangle and magenta right triangle, respectively) of type
(M1). For the cylinders YC8/10-1 in Figs. 3(c) and 3(d), we
again find low lying excitations at the M point ð2k1; k2Þ ¼
ð0; πÞ (blue hexagon) and K points hexagon, ð−2π=3;
−2π=3Þ (red left triangle and magenta right triangle).
These observations of low lying excitations of fermion
bilinear and monopole operators are clear evidence for a
Uð1Þ DSL. We note that the lattice rotation symmetry C6 is
broken on the cylinder geometry, so its corresponding
degeneracy is naturally split. In the Supplemental Material,

a total of 16 different cylinder geometries are analyzed, which
consistently show the predicted Uð1Þ DSL excitations [39].
Entanglement entropy.—Gapless spin liquids have non-

trivial long-ranged quantum entanglement, in contrast to
Landau ordered phases. Therefore, we also consider the
bipartite entanglement entropy, S ¼ −Trsysðρsys ln ρsysÞ,
where the reduced density matrix ρsys ¼ TrenvðjΨihΨjÞ
for the half-cylinder “system” is constructed by the ground-
state wave function jΨi and traced over the degrees of
freedom in the other half-cylinder “environment.” It
was recently proposed that the entanglement entropy of
2þ 1D CFT may have a universal response to an external
Aharonov-Bohm flux [56]. In particular, for DSL [38], we
expect

S ¼ S0ðLyÞ − B
XNf

n¼1

ln

����2 sin
�
s
2
ðθ − θcnÞ

�����; ð2Þ

where S0ðLyÞ represents the area law part of entropy and B
is a prefactor which may or may not be universal. Other
parameters are universal and can be determined by the
underlying theory: Nf accounts for the number of flavors of
different Dirac spinons, s ¼ 1=2 is the fractional spin carried
by Dirac spinons, and θcn corresponds to the flux value at
which the nth Dirac spinon becomes gapless. This scaling
function [Eq. (2)] has been successfully applied to identify
the emergent DSL of the kagome antiferromagnet [38].
Figure 4 shows the flux dependence of the entanglement

entropy S at J2=J1 ¼ 0.12, which has a strong dependence
on flux θ. This is a hallmark of low energy gapless exci-
tations. In contrast, a fully gapped state would be largely
insensitive to θ. Moreover, as shown in Fig. 4, the
dependence of S on θ can be fitted by the scaling function
Eq. (2) with parameters Nf ¼ 4, s ¼ 1=2, and θcn ¼ 2π for
YC2n-0 and θcn ¼ �π for YC2n-1. This agrees well with
our theoretical expectation.
Summary and discussion.—By combining large-scale

DMRG simulations and recent analytical predictions, we

(a) (b)

FIG. 4. Scaling behavior of the entanglement entropy.
Entanglement entropy S (blue circles) as a function of flux θ
for (a) YC8-0 (m ¼ 12288) and (b) YC10-0 (m ¼ 8192)
cylinder geometries. Inset: Fit around minima to Eq. (2), where

fðθÞ ¼ PNf

n¼1 ln j2 sin ½sðθ − θcnÞ=2�j. We fit the formula with
data labeled by red circles.
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study the intermediate spin liquid phase on the J1-J2
triangular antiferromagnetic Heisenberg model. Using flux
insertion on different cylinder geometries, we demonstrate
that the energy gap of the spin liquid closes, and more
importantly, we find the low energy excitations of fermion
bilinears and monopoles of the Dirac spin liquid. The
simultaneous appearance of fermion bilinears and mono-
poles is in favor of a Dirac spin liquid scenario, as opposed
to the scenario of proximity to an ordered phase. Moreover,
the entanglement entropy response under flux insertion
agrees with a universal scaling law of the Dirac spin liquid.
These findings strongly suggest that the intermediate phase
of the J1-J2 TAFM is a gapless Dirac spin liquid.
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