4™ lecture week: Field operator, Bloch theorem, nearly free electrons Wannier functions

Interactions: additional energy if two quantum numbers are occupied

Hint = Z Haﬂnanﬂ
of

General two-body operators:

Product of single particle operators:
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Continuous quantum numbers ‘§0> = Idsf ‘f><f‘q0> = Idsf qo(r)‘ r>

—

Define fermionic field operators to create particle at position I

7)) =¥'(r)0)

Anti-commutation relations: {LP(Fl), ' (Fz)}: 5(F1 - Fz)
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Operators in continuous real space
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Momentum space
B\ — 3z AIPT/0| 2
Momentum states are plane waves: ‘ p> - (277h)3/2 _[d re ‘r>

Define momentum creation operators:

e'(K)=—57 J'd F e I(F)

( 3/2

Kinetic energy becomes “diagonal”

2
N G W KA VAN S A \vZAN T4 4
H,, = ijd FY(F)V2P(F)
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Potential U () : scattering in k-space

H ot = j d°F U (F)¥' (F)¥(F)
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Periodic PotentialU(F) =U (F + R)

U(AK) = —— [d°F e ™"U (F)

(2r)’
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Scattering in reciprocal space: Extended Zone Scheme

~

~ ~ h? -
H = Flyy + Hyo =~ %k k

& K)EK) + [dK Y& (K +G)U (G)E(K)
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Reduced Zone Scheme

R (R~ -
H=> [ d% [%‘k—G

G 1Bz

E(K-G)E(k ~G)+ Y €' (k-G +G')U (é')e(E—é)]
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Bloch solution for each k in 1BZ: Bands

HAE:Z(i

IS 2m

K—G| &' (K-G)e(k —G) + Z (E—é+é')U(é')6(lZ—é)J

For solution:
H E‘V/E,a> =&, (lz)‘l//g7a>

Find superposition of plane waves:

Vi) =2, O K =O)0) = T i @) -6)

G
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Solution are plane waves as U — 0
Start with only reduced basis of superposition of few plane waves:

2
In units of h—:lz Two bands
2m

10

02

04

06

08

10

02

04

06

08

10



4" lecture week: Field operator, Bloch theorem, nearly free electrons Wannier functions 11

The Fermi surface

0.5

0.0

=05




4™ lecture week: Field operator, Bloch theorem, nearly free electrons Wannier functions

Wavefunction of the solution: Bloch theorem

ZHOBUITHE #Zlm (G)exp(k —G)-F

12
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Define Wannier functions

Z J‘dskeu(k ~G)-(F- R)l (G)

~ = 1 31, ~—ik-R =
Ye, (M) =—=— [dke "y (F)=
N \llez vl'[Z “ (2 )3/2\/;182 G Vg,
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Example: “Free” 1D Fermions U=0

‘v/k,a>:‘k_a2?ﬂ>
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Hamiltonian in terms of Wannier orbitals: Hopping

~ L AL 1 A
Hy = e, ()W) W, W, == " "YL,

K -
a 1Bz R






