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What is a solid? 

Def. 1.1 The Bravais lattice:  Vectors of the form  332211 anananR 
  

 
n1, n2, n3  are integers.   
 
 
 

The primitive vectors  321 ,, aaa 
  define the lattice. 

 
 
 
The unit cell is the volume which is periodically repeated around each lattice point. 
 
 
The basis is the content of the unit cell. 
 
 
 
 
The Wigner-Seitz unit cell is the volume, which is closest to one lattice point. 
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Def. 1.2 The reciprocal lattice:  Vectors G


 for which mGR 2


   m  is an integer 
 
 
 
Claim:  Vectors G


 is also a Bravais lattice. 

 
 
 
 
 
 
 
 
 
 
The First Brillouin Zone (1BZ) is the Wigner-Seitz unit cell in reciprocal space. 
 
 
 
 
The Bragg planes are the half-planes between two reciprocal lattice points 
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One-dimensional example:    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
A discrete Fourier transformation is a linear map of a function on a Bravais lattice to the 1BZ 
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Def. 1.3 The 1D discrete Fourier transformation on a (finite) lattice 
 
Given:  A complex valued function )(naf  for discrete values,   n=1,2,…N  integer 
 
 

The Fourier transformation is   



N

n

ikna
k nafe

N
f

1
)(1~

  m
Na

k 2
    m = –N/2, … , N/2–1 integer 

 
 
 
 
 
 
 

Claim:   The inverse Fourier transformation is given by   
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Generalization to N  
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Generalization to N   and 0a  
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Inverse transformation: 
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Special case:  )()( axfxf   is periodic on a lattice  
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Fourier transformation on a 3D Bravais lattice      
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Inverse transformation: 
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Classical lattice vibrations 
 
 
 
Each nuclear position jR


 

 
can be displaced by )(tu j


 

 
 
 
 
 
 
 
 
  
 
 
 
Born Oppenheimer approximation: 
 
Electron configuration adjust much faster (instantaneously), so at any time the nuclear positions feel an effective 
electrostatic potential of their positions 
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Harmonic approximation: 
 
Taylor expansion to second order in displacements 
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Def. 1.4 The dynamical Matrix  


lj
lj RR

VD





2

,  couples the components of the displacements between sites j and 

l 



1. lecture week: Fourier transformations on the lattice: phonons         12 
 
Effective harmonic model: 
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Quantum mechanical description:  Momentum and displacement operators 
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Fourier transformation of operators on the lattice:   
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Commutators of Fourier transformed operators: 
 
 

 
lj

lj
RkiRki

kk PXee
N

PX lj

,

]ˆ,ˆ[1]ˆ,ˆ[ 21

21






 

 
 
 
 
 
 
 
 
 



1. lecture week: Fourier transformations on the lattice: phonons         15 
 
Solution by Fourier transformation:   
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Kinetic energy:  
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Coupling of dynamical matrix:  
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Decoupled model in Fourier space:  
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Properties of the dynamical matrix:   Transverse and longitudinal modes 
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Define creation and annihilation operators for independent oscillators 
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Commutation relations: 
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Inverse: 
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Dynamics of a phonon mode: 
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