
4 . Classif icat ion o f topological systems
ofnonintevactingfermionsb-
gnera-m-s-fodwa.gr
Topological features a r e robus tagainst l oca l perturbations.
T h u s t h e key difference between topological a n d n o n topological

Systems mus tb e rooted i n s o m e global,non-localproperties..
Generalized symmetries define such properties a n d w e
w i l l d i s c u s s t h e m i n t h i s chapter. Theyw i l l b e both o f
unitary a n d o f anti-unitary character

4 . 1 Wigner t h e o r em a n d invariance

t rans fo rma-
l i near transformation 1 4 ) → G l ) i s c a l l e d

a n i nva r i ance transformation i f fo r a l l 14h , I c h ) C - Je
h o l d s

dass | < G u t Geh t = K a t

!

/

W i g n e r k s
invariance transformations a r e e i t h e r

493) un i t a r y < 6 4 1 G t > = < 4 1 4 )
o r

(egasantinnitaryLGu
olGOD-Lulu



DEIN invariance transformations a r e ca l led (generalized)

symmetry transformations o f t quantum system
i f a n d only I f

Asst G t o r L H . c i
• propertiesofanti-
anitargoperatcilifG.isanti-anitay ⇒ G ? i s unitary

(ii) every anti-Unitary operator c a n b e written a s
producto f annitary Operator U a n d t h e

Complexconjugation K

496)

"

WEU-1 K f = f *

( a ) Hi) i n v e r s e G - ' = K u t ( K? 1)
(iv) transformation of operators

(19781 AEGAG-t-UKAKU.EU/t*U-1-
sinceKA=A*K

( v ) t r a n s fo rma t i o n o f m a t r i x elements

A- ' = G A G " 1 4 1 3 = 6 1 4 )



⇒ L a o ' IA' 10/5=2641 GAG-1160/3
499)

= < 6 4 1 G A U ) = C H I A

4.2timereversalofspinlessparh--
Howcanwedeh.mea "time reversal" Operation?

T : t → - t

Cons ide r quantum mechanics 5 , 5
Koo) T Ä T "

"

I T F T "

"

- Ö

⇒ I I I . F I F I T I TTE- [ x-p ] = - i t s
⇒ Tm u s t b e anti-unitary!

Kon) e T T I T = - i

F u r t h e rmo re i t h o l d s

I z o d T 2
p.ro#T2=UKUK=UU*K2=UU*-
=U(UT/-tEAsinceT2I4D=ei9lzD

t h e Operator
( fo r any 14))



A m u s t b e diagonal, i . e . A - A T

⇒ µ = A U T N U T = H A T = U A

⇒ U = A U A A U A = A U A ? A ) H t t

1 - 2 = 1 ⇒ U = U T symmetric④ 3 ) TZ-1-SUE-
UTauhsgw.net

(A)a c t i o u o . I T / nTo c k s p a c e o n a I a H i -

F r o m similarity between boson annihilation operator
a n d l a d d e r operator i n quantum mechanics

cie-dxet ipsp.ee position index

a ß E R
⇒

Kurt taeT.LT/dxe-iBpeITEa-
t i m e reve rsa l o f real-space operators

S o here

(205)

"

IandT= K T ?
N o w l e t s construct t h e ac t ion o f T o n momentan-



space operators:

cie-TaeT-t-TFE.dk?
aET-1=fEe-iEEeTaa-T"I I I . etika
T h u s TäzT^=ät(206)

t e h make a sanity check Ä = ¥ hääää
TÄT

"

EHE

T ä t ä t "

= E.t ä ä ä ä ä =-Etäääää
= - E v

•• Unde r w h a t cond i t i ons i s a single-particle
H a m i l t o n i a n

H = [24H
⑤µ
E t hier I I I Ezer

t ime - reve r s a l symmetric CTR invariant)?
F o r t h i s

T H T " = ¥, Thierlätt" T ftp.cnet"



= [ T h a n CUT" C ) µ Eier EH
5µV

⇐T E L E I T Z E LT -08)

Since f o r spin l ess particle F - K

109) TICKT ± L t b )

T R i n v a r i a n c e o f single-particle
H am i l t o n i a n o f spin less particles

(B) Vanishingtami-aunnamberfovTRinua.ca#

• a s s u m e T R invariance

h t t 11445D = T " h t t I T KITED = Enkeln)

i . e . i f 1415B i s eigenfunctiono f k l ü l t h e n
T I N T E D i s eigenfunction o f k l -b )

• Bloch functions

U - E = T u i = Uff



⇒ Berry c u r v a t u r e

Email = - i koenntOmni)-OmarWea)
= - i (<dientOma;-) - " e - m")

= - i (<Omnulden) -"im")
= - F e n C -E )

integral of Fem o v e r Br i l l ou in z o n e

✓die E m a i l = 0

B Z

Geo)E-oi-e.dxy-JThe.ve
i s n o O H E f o r systems w i t h T R symmetryThechernhamberuanishesf

W e w i l l s e e i n the c o u r s e of t h i s lecture t h a ta l s o systems
w i t h T R symmetry c a n b e topologically nontrivial,
b u t t h e topologicali n v a r i a n t i s n o t t h e Chern
n u m b e r .

These topological insulators w i t h T R invariance
require s p i n - f u l l particles.



4.IT/inereversaIfovpartidesoithsp-
F o r particles w i t h sp in w e havet o think about h o w t h e
T- r e ve r s a l a c h i n t h e Spin s p a c e . T o t h i s e n d w e
f i r s t l o o k a t t h e o r b i t a l angularmomentum

E - E X E ⇒ T E T E - E
Thu s w e impose

k m ) T5T^=-5
The s ign change c a n b e ach ieved by rotation a b o u t
arbitrary a x i s by T L . Conve n t i o n : g - a x i s

(2121 t-e-IRS.TN i .e . a = e -
i n%

T ? e - i n

#

K e i nB K = e -
i n § eins

#

s i n c e 5¥ = - 5 ,

T ? = e -
2 m i 5 ,

④3 )

integer spin
¢ ↳

half-integer spin

(214)

"

T
alsingte)bo s o n alsinglelfamion

Rem. : I t i s important t h a t ( 2 1 4 ) h o l d s f o r single particle
states



t ime-reversa l o f la t t ice models wofspinfu.lt

f e r m i o n i m p o s u b b a n d
(zest H = [ EE, h a t ( E ) EEG' 6 : ± 1

566'

T i m e reversal rotates s p i n I N < → I l ) , s o

T c j t T - ^

"

G tH d
⇒ TcµT^=

"

Th e m i n u ssign i n t h esecond l ine s e em s strange.I n fact
where put a " - " i n t h e upper o r l o w e r equation i s
a ma t t e r O f convention,b u t O n e " - " m u s t b e there .
I t fo l l ows

T ?

#

T - 2

= - c ) ?

b u t T ? = - 1 s o T i e d T- 2 given + 1 ?
N o ! w e n e e d t o r emembe r t h a t J p reduces
t h e n u m b e r offemions by o n e

T ?

#

RT-?
I v ) = T ?

$

+

C-Kh)
- -

e .g . s t a t e w i t h o d d number

o f tensions ⇒ F - >
= ,

s t a t ewithered
n u m b e r⇒ T ? - 4

= - E i n A



compact f o r m using Pauli m a t r i x

- i o s = (9%)
T E i nT - ' = - i 6 2 . G-µ

( 2 n A TET-I-it.IE#
T i m e reversal o f real-space fermion operators
w i t h spin

• transformation t o momen t um space ( as f o r
Spin-less particle)

-

④ 8 ) TECEIT-E-iEYEC.be#
• L e b ask a l s o here u n d e r w h a t conditions a)

single particle H am i l t o n i a n (he re u n i t ce l l o f t
f o r simplicity) f o r s p i n fa l l fermions i s T R invariant

( a ) H = 2 - h
" 'LEI EICHE, ( E )

E l z '
(

= E. (ETEITE (E ) E N

EHE)where



T R i n v a r i a n c e : T H T
HETHT-EETEYEIT.IT#CkIT'TEEIT"

= EFEEEEIFEFEHIEIIETE)
= ¥

(Etc-EDTEGTETE) i t ' E E E )

= E. (ECHT i !

"

*

C-E)

"

YETE )

= ! ! (ECHT ECHT Echt
⇒

② d E ( E ) = IEIT#C-E )
*

¥9

since EYE-€7

② i E l t t -E ih tü f f f
cond i t i o n fo r T R i n v a r i a n t single-particle
H a m i l t o n i a n f e r s p i n 1 / 2 part ic le



K r a m e r s t h e o r e m

F o r a T R i n v a r i a n t fermionic Hami l ton ian
evevylsingle-
pauhdeleigenstateisatleastdoub.ly

degenerate

proof H I H I = E 120) [ T, H ] = 0

⇒ a l s o T l

!

i s eigenstate o f H w i t h energy E
b u t i t may not b e orthogonal t o 1 4 3 ?

< z u I t a r ) = [ 4 n F U m n k 4 h
a m

= I n 49mF Um " 4 f t
remember T ? - 1
⇒ U T = - U

= I n 49nF t a n u k i =-In 4ft Unm 4in

= - I n 4¥ Unm K 4hm = - L v I T 4 )

( 2 ) ⇒ < z u I T 4 ) = 0 f o r t ? - 1
D-

4.4chavgeconjugak--
W.mil/nowintroduce a second fundamental transformation
i n fermion F o o tspace: charge conjugation. T o
motivate t h i s operation l e t u s c o n s i d e r t h e



B C S hami l ton ian Which i s t h e foundation
o f t h e Bardeen-Cooper-Schrieffer theory
of superconductivity whe re a fermion-fermion
interaction i s replaced by a mean-field t e rm
describing t h e pairing o f fermions of opposite
spin a n d momenta

(223) ctlkktklcttklctkl-KFKKIHDC.lk/GtH
The resulting mean-field Hamiltonian, c a l l e d
Bogolinbou-de G e n r e Hamiltonian r e a d s

⇐" # ¥ !

##

I t : X : ))

-

= hBaath)
Here

µ ( b ) = ({¥!) i s ca l l ed N a m b u spinor

O n e recognize t h e following properly

(235) i f d k ) ← C t f k ) I H ← - H

S o w e define t h e charge conjugation i n
r e a l space o f spineless particle

(236)

ccm-c-t-IUY.CI



where U i s s o m e unitary m a n i n t h e space
of internal degrees of freedom o f t h e j t h un i t
c e l l

T h e action i n momen tum space follows

( I n k l C - ' = Er [ e ) kcqujc.it
= #

$

e -

J k MEIN E I

= E d i ) ,

$

t k )

⇒
② 7) CEimC'=2④ö)µCI

""

• c o n s i d e r doub le application of C

[ E t c " = I h k )

!

( E BC "
B

= 2TLucki)#BEI
B

I f w e c o n s i d e r a single-particle s t a t e 147¥10)

(214) = UM#147 = A l
a n d a l s o ( 4 ) t e i l 1 4 )



A- = Kellett = Uda i ) " i s diagonal HEAT

⇒ U c = A n d the = UcAT = U C A

⇒ U < = A U C H ⇒ A - = ± 1

( 238 ) (2_
I . e . a l s o t h e charge conjugation operator squares
t o ± n .

• a c t i o n o f charge conjugation o n spin

Ä

" "

magneticmonat
\ I v

4391 C FC " = - Ä Ä - 5
⇒ s im i l a r t o t i m e reversal o f spin-full particles

r e a l s p a c e

( E r c - ' = E I
(240) cÄü=-e

"

plus s o m e possible unitary
transformation

i n t h e s p a c e o f intemalstate



• momentum s p a c e

C . E i n C - ' = E I H e )
$41) CCIcklc-E-E.tt

(244C.ECHC-tt-ibgET-k--
Jnuavi.a.nuo f a Hamiltonian u n d e r charge congagata

4431CHC-t-HKMH-
EIEYEIICEI.EE)
# (5) mat r i x i n internal space (spin a n d Blochbands)

ftp.n/esspartides-
cElEYntIcitEaiICI-
=EkEYhcTtCh=CHECKT C - 1

= ZEHNTE(E)c - ' E t t a
"

= -EEI.nl#Il5IEtHa n t i commutator



= - ¥ E I N E t t l E c k )

=!
In EINTELEIEN

⇒ fast h=ü)=

" "

CBIspinfukparh-
k46IECEK-bghT.tt!
4 . 5 C omb i n a t i o n o f t ime - reve r s a l a n d

char-rmati-ojte.tn
c o n s i d e r t h e combined t r a fo

@47)

" "

S i s anti-unitary
(248) S i s _ ' = - i

449) SECTC.TV always + 1



cons ide r spin-full fermions

SEjs-t-TCE-C-IT-TC-
ibg.EE/T-E-ibgTEIT-n-
=-i6gi6gEI=

"

12501 SES- '=

$ #

SEIEIS-E.it
Invar iance o f Hamiltonian u n d e r c h i r a l

transformation

K h ) ICKIE-tghklfg.fr

4.6sammargoftock-
spacetrausformah-KSLIUE.ru

"

niec eU i t i I i

" "

t i m eTTIT-kuteceTITE-i%Fe-ccc.E-
ui.ee?tcicIi

# "

5 - T o c S E I ? !

#

s i s - I - i



• T h i s i s a n exhaus t i ve l i s t .
\ '

• The unitary makes
c o n t a i n i n t h e c a s e Offpin 4 2 Par t i c l e

4531 - i l y i n sp in s p a c e

• I n mom e n t u m s p a c e

T E C H T - ^ ( E c k ) C -
^

b . → - k

DA T h e r e a r e 1 0 different c lasses u n d e r Foc k-
s p a c e transformations

no t inva r i an t " 0 "

" i n v a r i a n t a n d 6<=+1 "+1"

invar iant a n d G?-1 "-1"

c l a s s e s"t.is#::FE:::0uIyh0n-
T=0andC=0

Ten-fo ld way ⇒ 1 n e w d a s s



single particle H a m i l t o n i a n i n m om e n t a n e
Spa c e a r e i n v a r i a n t i f

T E l k ) = U t Etth) U I '

¥ ( k ) =-de

"

tk )

U i '
1255)§¥µ=-UsEt

Ut , < = - i by H t c f a s p i n k

periodictableottopologic
alinsulane i n t r i n s i c

topology

(256) symmetry
protected|topa.gg



We w i l l s e e t h a t a l l classes w i t h T I O have

vanishing C h e m number a n d m u s t be characterized
w i t h a different topological i n v a r i a n t

example
d) S S H mo d e l

4 t h ( k )=

""

e-

i k

- t . - t z e i k • } =-Hittdosk)#- t z s i n k by-

• t i m e reve rsa l 6g#=-bg GE-6g
h * C-k ) = - Hattzcosk) by - t z s i n kby = E I N
=

F - + 1

• charge conjugation

5 t h ) = -Hatte

!

stell e× -tz s i n k by = - 6 Z EN bz
=

[ = -11
• c h i r a l transformation

I C H = - H i t z coskldx-tzsint.bg = - G z I N G z
5 = 1

B



( E )Rice-helemod-CRMMIhlhe-b-
ts-tze.it/-trtzeik-s)=-HsttzioskI6,

(258) -tzsiukbg.ttGz
• t ime reversal

I I I . h ) = Echt F - + 1

• charge conjugation
④# µ , # ↳ y a y ,
c)

not topological
• c h i r a l transformation i n

❤

E l k ) # - G z h j h l b . C I

c a n b e connected÷:O:c : :

" "

t h e gap

(IIIreinstallingtopdoggintheRM
MI-bltltrtz-ftn-t.IN



a . t im e reve rsa l

F - 0

• charge
conj
ugati
on}

$

7¥-tz
( = D

• c h i r a l symmetry topological i n 2 D

5 = 0 I ( K H

CIIQi-Wu-
Zhaugmodelks-glhlbt-
siukxbx-siukydg.tlt a k t l o s kg] Gz

• t i m e reversal

# H i ) = -sinkxbx-sinkybgtfutcoskx-coskgI.bz

#* (5) = I-swihxbx-swikgdgtfze-coskx-toshg.kz
F - 0

• charge conjugation

ÄH ) = - s i nkxbxtswikybgtfu-cosk.tosky]Gz
( = 0



• c h i r a l symmetry

6×1516> =siukxbx-sinkybg-fu-
coshxtcoskjfbz.bg#lII6g=-sink+6++ siukybg-fntcoskx-cosk.dz

G z ↳(5)Gz = -s-whxdx-sukydgtfu-loskxtosky7.bz

5 = 0

&

topological
i n 2 B


