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The Harper-Hofstadter mode l describes electrons o n
a rectangular latt ice i n a constant transverse
magnetic f ie ld . s o w e firsthave t o d i s c u s s lattice models
i n t h e presenceo f • magneticfield
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t h e Hamiltonian i s i nva r i an t u n d e r d i s c r e t e lattice
t rans la t ions
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t h e eigenstates o f H a r e Bloch function,
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lattice momenta i n t . B Z
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g a ug e t r a f o

Hamiltonian mag b e i n v a r i a n t u n d e r combined
trans la t ion a n d gauge transformation
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b u t magnetictranslations a r e i n general n o tAbelian

(144 i n general [FE,Fizz]#0
CBIHofstadterbutterftyimagnehkanit--
D.aet o l l 42) there i s i n general n o B loch theorem
a n d t h e s p e c t r um o f t h e Harper-Hofstadter model



I s i n general Hofstadter butterfly
fractal

Oft f l u x p e r
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Howeve r a t ra t i ona l v a l u e s o f t t h e spectrum seems
t o h a v e b a n d s
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p , q relative prime

i n t roduce magnetic u n i t ce l l consistingo f f normal
u n i t ce l l s

magnetic un i t ce l l
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s o I c h def ine a magnetic lattice ve c t o r

Hat RTntnqaex-mbe.TN ( x = H q )

T h e corresponding magnetic t rans la t i on operators n o w
form a n Abe l i an group!
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choose L a n d a u gauge Ä = - B y e )
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using B a k e r Hausdorff o n e easily shows
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• Since t h e u n i t ce l l i s n o w o f t i m e s enlarged
( h e r e i n × direction) t h e B r i l l o u i n Z o n e ( i n K x )
i s r e d u c e d

⇒ q magnetic s a b b a n d s
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E . g . i f t h e t a k e wi thout a magneticfield has
a u n i t ce l l o f o n e s i te a n d w e a d d a magnetic
f ie ld w i t h g-= 6 w e get 6 magnetic sabbands

6 subbands

n o t e t h e

G -fo ld
periodicity
i n both

K x a n d Kg

( c ) Harper equation a n d calculat ion o f t h e

spectramofth-tmwewc.at
t o diagonali n t h e Harper-Hofstadter Hamiltonian

w i t h ra t i ona l f l u x p e r plaqueHe
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④ 9) Pe i e r s phase

F o u r i e r transformation with respect t o original
u n i t cell d o e s n o t give diagonal hami l ton ian .
W e h a v e t o u s e t h e magnetic u n i t ce l l a s proper
u n i t ce l l . ( n o w a = b = n )
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magnetic sub-bands
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i s s t i l l no t diagonal i n Kx , b u t

i t corresponds t o a I D lattice Hami l ton ian along "Kx"
w i t q lattice sites a n d "hopping"
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a n d periodic boundary cond i t i ons . T h i s c a n b e
s o l v e d l i k e any I D lightbinding Hamiltonian,
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⇒ . . . ⇒ Harper equations

- 2 6 1 k×-12k¥) L v - e - ikeda,-ein * + ,

( 1 )t - E E K .g l #
w i t h boundary condition

4551 L ✓ + q
= d u

The exponential te rms et ikes c a n b e r e m o v e d by
L j = ß j e - I k t . T h i s gives
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7 . Note kg disappeared a n d i s
hidden i n t h e boundary conditions ⇒
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⇒ g - f o l d periodicity o f spectrum w i t h i n t h e

n o r m a l B r i l l o u i n z o n e w i t h respect t o Kg



S o m e general properties o f solutions o f Harper
equat ions :

• f o r e v e n a t t h e r e a r e solutions w i t h E E O
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t o these points t h e dispersion r e a d s
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I n t h e chosen gauge ( I choice ofmagnetic u n i tcell)
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i . e . a l s o periodicity i n K x !

EZHallconductivitgandchemnamb
enow

w e w a n t t o a rg u e t h a t electrons hopping o n a 2 B

lattice subject t o a n external magnetic f i e l d w i t hc o m m e n -f l u x p e r plaqueH e c a n have a quantized
Hal l conductivity determined by a topological invar ian t ,
t h e Chem n u m b e r
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separate Hamiltonian h (Kg)



Cente ro f m a s s o f Wann ie r Center Wi l l y ) i n
× d i rec t ion f o r every v a l u e o f kg (polarization)
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Consider a f i l l ed magnetics u b b a n d (insulator)
a n d apply a sma l l electr ic fieldein t h e g -direction

Abo) doff = E y E F E y E y

I f E i s s m a l l enough n o t t o close insulating m a y -
body g a p → ad iaba t i c following
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Ha l l conductivity
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= C Chem numbe r

⇒ quantization o f Ha l l conductivity i n insulating
b a t h s t a t e

CBIStredaformalato
f i n d t h e Chem number o f a particular magnetic

Sub-band o f t h e Harper Hofstadter m o d e l o n e c o u l d
j u s t numerically integrate t h e Berry c u r v a t u r e . I t
t u r n s o u t h o w e v e r t h a t t h e r e i s a n a l t em a k e way
t o d e t e rm i n e C w v i a t h e S t r e d aformula t h a t
connects t h e H a l l conductivity w i t h t h e change
o f t h e electron density wi th magneticf i e ld wh i l e
keeping t h e Fe rm i energy constant



• c u r r e n t density i n 2 B e lec t ron g a s
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L e v i Go i t e r

continuityequation
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S t r e d a formula
( c : s p e e d o f l ight)

Changing B changest h e number o f available
s t a t e s be low t h e Fermi energy. S o i f w e keep
t h e Fe rm i energy constant add i t i ona l electrons
m u s t f l o w i n t o t h e s a m p l e

• N o w a s s u m e f l u x p e r plaquelte

(166) ⑤ = ¥ E u ⇒ g- subbands

E F i n t h e i t h gap b e twe e n
s ub bands
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magnetic b a n d s ← r = q
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O n e c a n easily s e e t h a t there a r e integer n umbe r s
S r a n d t r s a c h t h a t
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N o w cons ider a f i n i te lattice w i t h M lattice
s i t e s . T h e n t h e n u m b e r o f occupied lattice sites i s

N = H q M (each magh-subband h a s t h es a m e
n u m b e r O f s t a t e s )
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Where A o i s a r e a o f u n i t c e l l . W i t h t h e Streda
f o r m u l a
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T h i s finally gives t h e quantization o f 6×8
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D a r b o u x T h e o r e m

( i ) q e I c h a s s u m e F - 1 f o r simplicity
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contribution o f each band t o t o t a l Hall conducting
( i n a n i h o t e l n )

(170) ttr-tr-n-tr-J.in c r e a s e by1

• r > ¥ ⇒ S r > 1 E r = r - a t

Gzs) H t t increase bgs

• F - Ez n o t a t m e gap (Dirac points)
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• r e 9¥ ⇒ s . ⇒ t r = r

(174) H t t increaseby1

• t z 7¥ ⇒ S r - 1 t r - r - q
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• c e n t r a l energy band

(176) f t p . z - q j u m p !
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The Harper-Hofstadter mode l smoothly connects
t o t h e c o n t i n u u m mode l o f a 2 B electron g a s
i n a magnetic field by considering t h e l i m i t

(1771 < = ¥ → 0 i .e . q → -


