
12.FIoquettopdogicalinsulato--
wehaoese.eui n thediscussion o f T R i nva r i an t topologicalinsulators
tha t a proper bandshectare a n d sufficiently strong spin-orbit
coupling i s n e e d e d t o generate a non- t r i v i a l topology.
I n p a r t i c u l a r i n sol id-state systems i t i s verydifficult t o
f i n d appropriate systems a n d t h e manipulation o fH a m i l t o -parameter i s Hard . Here periodicdriving, e g . with
a n ex te rna l l a s e r field c a n of fer a n e w t w i s t .

12.IT/seprinciple0fFIoquetengineering-
Effective Ham i l ton i an s

considereg-B-itoniau.in Z B

4231 EFE) = Eu I t Äh-EI
a n d a d d a time-periodicpotential

15241 ICE.tt = Ed i ) + ELEN V I I .t-ITI-VCE.tl
= =

whose periodicity T i s s h o t compared t o a l l other
t i m e s c a l e s O f t h eSystem,t h e n a t shoboscopie t i m e s

t h e system i s desc r ibed by t h e Floquet Hamiltonian

H F defined a > eihfCEIT-UjftotT.to#(5251



where t o t

(526) Hä l totT.to/=Texpf-i/d-hIIid}
t o

¥15) c a n h a ve different symmetriesa n d topological

properties t h a n t h e original s t a t i c Hamiltonian.

I n t h e above c a s e I f (E) i s again a 2 b a n d
B l o c h Hami l ton ian

(5271 keltikfüII-ÜGTE
a n d o n e c a n define a Chem n um b e r

⇐ G-ffdkfoIYXEIY.in#f
B Z

w h e r e in (E) = 5151/151511 which may be
completely different from t h a t o f t h e original s t e h t
Ham i l t o n i a n

F is t C =#Ja} (¥! × I I I ) . ä h
B Z

Where Ä = Ä h ä h . No t e t h a t (529) i s equivalent
t o a description i n te rms o fB l o c h states.

We wil ls e e later tha t t h e FloquetHamiltonian does not
capture a l l topological propertieso f t h e periodically
d r i v e n system.



CAIMathemah.ca/basisofFIoquettheorg-
ConsidevaHme-periodicHam i l t o n i a n

(530) H A T T ) = HH )
Then t h e t ime-evo lu t ion operator c a n bewitten
a s

(531) U l t t T O ) = UH , a ) A CT , o )

s o i t i s sufficient t o k n o w U H , o ) f o r t H O T )
a n d ACT , 0 ) , Wh i c h i s ca l l ed t h e one-cycle

# ⇒ ,e v o l u t i o n operator, which w e write a s

(532)UCT.co/=eXpC-iHe#HeI=HeH-
Withthiswedetine
5333 PH )

!

U H ,
o ) etikaft

⇒ PH-tTI-UH-T.co) eilte#Htt)

= UH.dk#ei4Fei4t=PA)
Thus

(534) UHIOI-e.PH/e-iH-
fYIMicvomotion

eteekoeeuokek.ae
( T periodic)



w h e r e t h e unitary operator P i sT - p e r i o d i -PHtT)=I

!

Floquetstabsandquasi
energiestheeigenstatao f t h e t i m e independent harmitian

Operator Hat a r e a n d form a complete s e t
( a s s ume finite

(536) f e t t e n Hilbert spaete r
simplicity)

E n : quasi energies
A n init ial s ta te

14110)) = 2 - a n I n )(537)
n

t h e n evolves i n t ime according t o

I PAD = UH.ci/4doD=2anPH)e-iHettt I n )
(5381

= [an pH) )n ) e -
i E n t

w i t h t ime-independent a n a n d E n

(535) IENADEPHFN-
FIoq.netstates

They a r e periodic i n t i m e

(540) l E n H T T ) = 19nA) )



fromlime-periodixtotime-
indepeudentproblete.tnc o n s i d e r a unitary transformation

4 )144tD-PAIKTThen-
iaf.IE#D=iPHFl4HDtiPIaf

HAB

= taffe-"tutti) 14HD + PÄHNPHIE
Ht#

!""!

014HD-e
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H
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HIEHD-
lp-ftyttPTHIEHD-Het.tl

I H N
I . e .

⇐D i t

"""

:3:problem i n

This allows t h e solutionof cer ta in integrable t ime-
pe r i o d i c problems.

examplee (i) t w o - l e ve lsystemi n time-periodic
c i r c u l a r polarized light
Ftrotahgwmapnraimahdu.tl



HAT = ¥06z t M¥6 c o swttbgsinwt)
(543)

1
- I T )

auf ¥ 4 5 "
Choose

€44, P A ) = e-
" ¥ # t

e
" ¥ = explicit l e - 6 ) )

w i t h
if

#

A )

) = i ÄH I I HD + iPadIEA)
⇒
i ff I I H D = (PTHHHIPHI-iPIP.tt#EHD

S O

G =P

"

[HAI-iff]PH )
1545)

= ¥ 1 t . E E w ) Gz + M¥ 6 ×

quasienergie

! $

1 = 5 5 - 5 2
This s o u n d s a l l t o o simple! S o where i s the catch?



( i ) t h e transformation PH) c a n i n
general only b e fa n d appoximatey
⇒ high frequency expansion

I i i ) t h e quasi energy spectrum h a s a

Br i l l ou in z o n e structure a n d i s no t unique

teh look a t t h e l i m i t o f E t i t E → 0

W < w o E t → + ¥
E - → - ¥ + W

?
6 ) W o E t → + ¥ + W

E - → -wg
I n f a c t w e real ize from(535)t h a t a Transformation

⑤47) PA ) → P A ) e .
± i n w t

W I E
doesno t change t h e resu l t s . S o t h e quas i energies
a r e only defined modu lo W

(548) J - t n - 0 . t t , I Z
⇒ Brillouin z o n e s h a c ke re Of quasi-energyspecken



1 . Floquetband -¥<EEW

!

⑤49)

n
F -

degenerate ^"energetic
ally

"!! !!

}

a n 1 s t F o r t
b a n d

periodicity

(B) Approximate solutions! high-frequency

expansitebretumt o t h e two- leve l example i n S e e . # b a t

n o w w i t h l i n e a r polarized light

(5501 HA I = ¥ Gz + µ E 6 × c o s w t

Herew e d o n o t find a simple analytic function P H ) .
H o w e v e r i f w e u s e P A ) from e g . ( 5 44 ) w e w o u l d get

Pitt [HH-if] PH) =

(557)



= HeutM¥4 c o s 2nA-Gsinzwt)
Z U 2 0

w i t h Heft f rom (5451, i .e . t h e c i r c u l a r polarized c a s e .
We rea l i ze t h a t t h e remaining t ime dependent
t e rm s a n fas t oscillating a n d o n e c a n neglect
t h e m hoping t h a t t h e i r effect cancels o u t when
t i m e averaging o v e r t i m e s A t D T .

T h i s i s t h e f a m o u s rotating w a v e approximation.

s m a l l parameter Eff ie
General goal:
• f ind a unitary PA)=e

such t h a t

⇐ PT-ILHH-if.JP#I-He*=koaF-a

procedure: expansion i n W - 1

Hat = E431
„ ⇒
I n HÄ"

(554) H t t = EI I n K ' "



P " H P = e i k He-TK B a k e Hausdorff

= H-tifk.tt]-§, [K . LKHD+--

÷
-

w i e etc.

-
i PIEP = iffF ) P

= -9¥

!

[Kif] + . . .
T
w - n ] e t . .

• W e n o w apply t h i s expansion t o a Hamiltonian

(555) H t t ) = H o t ÜA )withjq-
ZIfjcneinwt-jtnle.in(556)

• u p t o ze ro t h o rd e r i n MW o n e finds

15563 HÄ= Ho + ÜH) -

! #



choosing

kHH=Ä

!

(557)

make r HÄ t i m e n t .

•
up t o first o r d e r i n 11W o n e finds for t h e

effective Hami l ton ian

15581Hat-Ho-IEILVYVHJ-OE--
av.clfo r t h e K i c k operator determining t h e

m i c r omo t i o n

Hs ) KiIIIIfmeinwtünfina
+ OHH

(C) Generalization t o systems w i t h

resonantm-ahon-Fog.net
techniques a r e u s e d e .g . f o rOptical latticeschemes

where a l i n e a r potential i sadded forming a so-cal led
Wa n n i e r - S t a u b l a d d e r



lattice shaking
w i r d=⇒ u.INTs e e Goldmann e t a t ,PRA 91,0336324044

F o r these systems H

❤

~ A = W a n d t h e above

de r i v a t i o n o f t h e Floquet Ham i l t o n i a n mus t

b e slightly r e v i s e d . We a s s u m e t h a t t h e static
Ham i l t o n i a n H o h a s t h e fo rm

(5601 Ho = [ T R HoopTIP + WELTI"
X p

Where T F a r e orthogonal projectors i n s o m e

sec to rs label led by d . Then

(5611 [ " "= Ip TRÜGTTIP n - 1 , 2 3 . . . .

N o w w e a d d a unitary trafo

(564 RH=exp{#=R-f

!

wt



(5)e - I N ) → 1 4 ' ) = R H I 1 4 )

a n d

15641HHt-HHKRHRt-
iRG.TKÄ w e n o w got r i d of te rms ~ w s o w e

c a n apply t h e technique from
S e c . ( B ) .

122Topologyoffloquetbands
tacreatingtopologicalphases
byhigtenfrequencymodalah.ae
Grapheneinnachiatedbgärcularpolarizedliges

low-energy Hami l ton ian o f Graphene

(565)
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E H

= F - (6×7×9× + 6g 9-g)


