
KISymmetrgprotededtopdogyofSLBH-
Wehavesee.intha t f o r finite U t h e r e i s n o longer particle.
h o l esymmetry Cottageconjugation) i n SLBAN .
S o w h a t protects t h e topology i n t h i s I D system?

H =-tjE.at-naj-tg.%aE.ajth-a.tk?aFg?
( F o )

considenntwistend Hamiltonian g . → g . e -
P I

H Ä =-tneiozafnaj-tzeikaf.aj-EZ.at?af
(4711 jenen j udd

symmetry I I . s ] = U

14721 5 -
I i n v e r s i o n a b o u t 5 = 0 ,

K - complexconjugation

4731 LEO

❤

D= e"% S IE ,

"

Aß t = i ( E o IdpsEo) = i

❤

EddySEO)-%Xp
= i c k E d deskEo)-OpXp = i LEFUßE)-desXp

(474



= ; (OßEN Eo)-OpXp
R

"

M B =-¥ fdp ( E d %Eo)-LOßENE D
→ <des#DEN Ä ß E

(4753
T

= {Gdp 0ps X p = § (Xp-X-R)
- R

Since X p = X- p M o d Z R

(476) ¢MB=
A s i n t h e fermionic S S H model T h e mang-body
Z a k phase i s e i t h e r 0 o r I T

1 0 . 3 The e x t e n d e d S L B H M ! fractional

tupdogicalch--
AsintheFQHEgappedpka.suwith fractionalt o p o -charges c a n a l s o appear i n I D latt ice
m o d e l s :



F o r t h i s w e extend t h e S L B AM by non-local
in te ract ions

H =#scum + Vr I i , Ring + Vz Inning.
(4771 ← i s D

N N interaction N U N interaction

w w w . . H N
÷

(A) F rac t i o n a l MOH in su l a to r a n d fractional

Thodess tpapamÄMN

fractional M I



T h e M I phase a t fractional filling i s

degenerate

• a t om i e l i n tz>> Vs, Vz → t s

t w o density w a v e s possible G S

E ) 2 h 3 1

E o d W t f
(EvdE ) = 0

gapped many-body s t a t e s wi th fractional filling
a r e degenerate a n d spontaneously b r e a k

a d isc re te symmetry (here lattice translation by

oueam.gg/
ueg.gau,zyyat
⇒single cycle Thouless p a m p w i l l i n general n o t
re ta in t h e b u l k s t a t e i n t o itself b u t

(478) l E o s ) → e.is/OIEoz) possible



p-degree o f degeneracy: p Thodess cycles
n e e d e d t o r e t u r n t o i n i t i a l state

transport i n a tomic l i m i t

u-nym.ru"w w w . . n u
1 2 3 4



Nice,Thodess, Wu PRB 1985

Cons ide r p-fold loop

(479) ✓ ¥ Ä J ¥ HER..p
0

fractional transport (in o n e cycle)

(480) bh=
CBItopologicalexcitationsidomainwatt

t h e r e a r e degenerate ground s ta tes t h e n l o w

energy topological excitations ex i s ts a t a sp a t i a l

boundary between t w o different p o u nd states

w w w . v i m e o

u n n o r m a
Eu, > quasi-Patrice / E o )



a quasi particle has a n excitation energy n a h H k

F o r a system w i t h periodic boundary conditions t h e
P B C mayno t b e

commensura te w i t h t h e fractional

filling a n d mag enforce d oma i n w a l l excitations

phase diagram i n incommensurate c a s e

w-nwwwwo-twww.nu

doma i n w a l l s a r e a

"

analogu e

o f geha n d q p i n t h e

F O H E



w-wn-nnurwwwww-w.nu
energetically

l e h n t e }degenerate⇒quasihdg-ahhfandpartidg-
ddocalizewithope.in

boundar ies (DM126)
[delocaliz
ed

h o l e

I
delocal ized

particle

10.4-Topologicalinuaviautsf-
lquasildegeneraksgpte.ms
I n t h e - B - t a t
in te rac t ion- induced (topological) ground states



w i t h fractional filling b a r e degenerades. This
i s a generic feature o f systems w i t h fractional

topological charges. W e t h u s n e ed t o discuss
t h e generalization o f topological invar iants such
a s t h e Single- o r mang-body Z a k phase t o

systems w i t h degeneracies, wh ich a l s o w i l l give
a justification fo r t h e N T V invariant,eq.479.CA/
FromBerryphasetoWibonloopshon

degenerate s ta te l e f t )

Berry phase
(481 ⑦ = Sah

"

tut

"

H I)

Th is i s connected w i t h t h e U M g a u g e freedom
a s d i s c u s s e d i n s e c t . 0 . 3 . Apart from a dynamical

phase a n a d i a b a t i c change i n Pa r ame te r
Space yields .

(484 144--01)=144--0)) → 12pA) = ei

"

10/(1*1 )

Witzek a n d L e e (PRL 52,2111 4984)) haveg e n e -t h i s concept t o t h e c a s e o f a n n - f o l d
degenerate Ca rpartially degenerate) Sub-Space



which h a s a U G ) g a u g e freedom since unitary
transformations w i t h i n t h e subspace a r e n o w

possible, s o

(483) 12pA=D) = 1%4=01) → I PA D =}ApaGH) 1%42HD)
where

(4841 ! H t = Texp {IÄGEAHat}
°

A EH i s n o w t h e ( in general) hon-Abe l i an

( i . e . mat r i x va lued) Berry connection

148T) AM-ihoal.it/fz0plzDdA=
1 , _ . IM

I f w e consider a closed loop i n parameter space
t h e exponential O f t h e Berryphase

e i s o s o = § du

"

N IKON )

i s replaced by t h e s o - c a l l e d W i l s o n loop

(486) W-Pexpfisod.LA/=-
nxnmah'x



487) htt¥ = I
The i nva r i ance o f t h e (closed-loop/Berry phase
U n d e r U M g a ug e t r a fo ' s (modulo 2 R ) translates
i n t o a U G ) gauge invariance o f t h e Wilsonloop

488) ¥ → ¥ '= ÄH !
Note t h a t ¥ ' # ¥ i n general, b u t t h i s i sjust
t h e freedom o f c ho i c e i n t he h-dimensional
(degenerate)b a s i s . Gauge i n v a r i a n t a r e

1489) detwitwteigenoduale
(B) M u l t i - b a n d C h em n u m b e r a n d

W i -t h e c a s e o f a t o n e ground s t a t e
w e found f o r t h e a d i a b a t i c transport

b i n = ¥ §Ä#ImÖdp (Eo

"

Eo )

- n490)



R

= In It#fdpA ß t )
- n

where A ß , t ) i s t h e K I D many-body Berry-
Connection.

I f the re a r e Severa l ( i n s o m e parameter points)

degenerate ground states t h e der iva t ion O f fne
m u s t b e revised !

W e have t o choose a s e to f (instantaneous)e i g e n -
I E )

f o r wh i c h

( 4 ) LEoilffgIEq.hr/EorldpEqu)TcT-

Th is i s i n principle possible,s i n d the non-Abe l i an

Berry connection i s a he rm i t i a n m a t r i x

14921
Ap = iCEorloß Eoµ ) = AMT

The transport i n o n e o f these eigenstates i n a

Single loop d a T h a n k s p o m p i s howeve r



no t necessarily quantized since aftero n e loop
t h e s t a t e /Ein> mag n o t r e t u r n t o itself!
Howeve r i f w e c o n s i d e r t h e t o t a l transport
i n a l l degenerate b a n d s

R

( 4 ) A T =#{Äf f ) fdp i ( E ) %E )
µ =

1 _ i n

the s i tua t ion i s different,a s then

4 4 b i s =#Sät¥ Süß T r {Am}
0 - M

a n d t h e trace ( i n n dimensionalsubspace) I s

i n v a r i a n t u n d e r a l l unitary trafo's w i t h i n t h e
degenerate subspace.

S o w e c a n introduce a non-Abel ian
g e n e r a l i z -o f t h e Zak-phase winding

( 4 ) C=E¥§¥ÄßT{A

#

- n

t o t a l C h em n u m b e r



We c a n ex p re s s E i n t e rm s o f t h e W i l s o n loop

¥ = P e x p {i3#pst} P : path

- T z
Ordering
f o r ß

T l

Trfaß#(ß) = I m T r l m (¥ ) a n d using
- R

(496)Trlnlwj-lndetlwf-
wefindf.ae(495):

(497)C%fdRQZJmlnfdetwrk.at)

for a I D system w i t h 1 - per iod ic Chme'.

per iod ic) H am i l t o n i a n

s i n c e d e t ¥ i s gauge i n v a r i a n t u n d e r
U l m ) gauge trafo, s o i s C .



(C) Physical interpretation o f W i l son loop

fornon-interacting-e.TO
gets o m e physical insight i n t o t h eWilson loop l eb

g o b a c k t o non-interacting systems:

• I n t h e non-degenerate s i t u a t i o n w e have f o u n d t h e

King-Smith Va n d e r b i l t re la t ion between Z a k

phase a n d Cen t e r o f m a s s o f Wa n n i e r functions

④ 8) LWntXIWD-zfsfdkAIKI-znfdklgfhllkif.lu)
B Z B Z

where A l k ) i s t h e Single-particle Berry connection.

• p- fo ld degeneracy ( n = Bloch index)

(4gal 1 4 h ) ) → 1h !K D 2=1 , 2 , . . . p

Acht → Ap (ht =iludcklldr.lt?cnD-
tetusnowuseabasisIuTflnD

i n W h i c h Äaß voraß IS diagonal. Then



Kool LÜ f l F LÜ E ) = 2 )d u LÜTHI duÜ ! )
A s noted above, i f w e ad iaba t i cally change t h e
parameter 2 O f a 1 D H am i l t o n i a n H H )
i n a single period, t h e Wann i e r states mag
h o t re t u r n t o themselves a n d Wa n n i e r c e n t e r s

may exchange places

h e r e p = 2
= 1

HN=H

#

MIH:::-#¥.
<52151Ü ? )( Ü I F I ö )

After o n e Cycle o f t h e pomp t h e V o nh ie rcenters have

t o e i the r re tu rn t o the i r o w n positions m o d u l o a

latt ice spacing o r to exchange places.

After p cycles t h e Wann i e r cente rs must



c o m e back t o t h e i r in i t ia l placesm@dnloinhger-
nuwuberofIaHicecoustanb.Thus

j a ¥#Lüthi t w a s t a p

F - 2
"

" T Ä T'i:

$#### ##$##

µI MI HI N
exchange o f Wannier partners

a f t e r

o n e cycle
Thu s

⇐ #für#GÄSTE#GB =

- T
d⑤ 2)

=
ging;#SÄG EINp l



15031
#

Ä¥§A

H d

t o t a l Chem n u m b e r

(D) W i l s o n loop a n d many-body
p o l a r i z F
T h e relation between Wann ie r centers a n d many-body
polarization must n o w be generalized t o (partially)
degenerate Sub -band s . F o HCK- t - H I . t o )

(=#für#Im e n d e t ¥

(504)

A s shown by A l i j a a n d O r t i z P R L 8-2,2560699)

t h i s c a n b e wr i t ten einterms O fa generalized.
polarization

⑤05) C-jfodzfzJmln.pro/
e2tExPHf-V-2=1,2,--P

Where t h e momentan shift operator i s replaced



(506) Ö
#

×→e2
#

×

#

°

• O n e c a n construct a complete s e t o f states

i n t h e p- fo ld degenerate s u b b a n d w i t h

(5071 15=52/2%-103 2 = 1R i p

where 5 i s t h e lattice shift operator by o n e
u n i t ce l l

(5081 5- - Z I I

#

=

eEIEHnla.to;

= e

#$

e I IN

W e s e e t h a t

<agile"

#

4µg>

= Geil

$

ö

#

51 %9

=

"

o o )

e

# %

"Pen i s 12µg)
Since t h e ground state has filling E = Ip ⇒

@ KIND = 1 a n d (5051 applies t o a n y o f

t h e degenerate ground s t a t e s .



(E ) F i n i t e . temperature topological invariant

f o r d e g e n e r a t e - g s t e m s -
Eg. (5051 c a n immediately b e extended t o mixed
s ta te t o de f i n e a generalized ensemble geometric

phase f o r interacting systems

15091 ofap-JmlnTrfgeztt.PH
whose winding i s a topological invar ian t .

¥4 finite-T E X S L B H M E I ( P E )

o

PE#DEEP from Unanyan e t a t . PRL

#

215701/206 )

( a ) particle transport ( b ) E G P winding


