
9 . F r a c t i o n a l Q u a n t um Ha l l Effect a n d

ComposikTer-ionssofar
w e have d iscussed topological systems without

interactions o r w h e r e interactions play only a perturbative
r o l e . N ow w e w a n t t o d i s c u s s systems whe r e interactions
e i t h e r strongly modify o r e v e n i nduce topologicalproperties.

Historically t h e f i rs t interacting topological system i s the

Fractional Q u a n t u m Ha l l Effect (FQHE)
Shortly after t h e discovery of t h e I Q H E , Tsai ,Störmer
a n d G o s s a r d observed i n a 2 Delechou g a s subjectt o
e v e n stronger magnetic f i e l d s quantized Ha l l plateaus

(349) 6 # = f Eh
• h ick correspond t o fractional fillings f mostly
l ess t h a n unity
Mos t prominentfractional plateaus h a d t h e s t ruc tu re

Gro) f=zI u p E I N

These c o u l d only b e understood a s resulting fo u r
i n t e r a c t i o n s .



9.1Haldanebpseudopotenh--
3norde.irt o see w h a t properties t h e many-body state
m u s th a v e t o min im ize t h e to ta l energy widening t h e
interaction i t i s useful t o cons ide r t h e projectiono f
t h e I n te rac t ion t o t h e r e l e v a n t subspace of s ta tes

f o r t h e ve r y high magnetic fields (see figure)
i t i s sufficient t o

( i ) c o n s i d e r only o n e s p i n (Zeeman effect)

( i i ) c o n s i d e r only L L C (lowestL a nd a u level)



2 . particle problem i n 3 D i n external magnetic field

(351) H = H a t H a t V = Ho t v

where
H i = Im (E. + EÄTE))?

(352)
✓ = V I I I . Fd)

Complex coordinates i n 2 D X i , } ; → Z i , Z:*

Center o f m a s s Ko n ) a n d relat ive coordinates

653) X = § ( z>+ Zz ) z = Z , - Z z

H-EI-4e.io#x*+Ie.iXX*-XfftxEf)con

4541
+ {[4efglzjztfeyzz-zfztzfzxJY.cn

+ ✓ (z,z*)
where

(3551 ER = #lo e r = K l o l o = EIN
A s usua l w e c a n separate C O M a n d re l a t i ve

m o t i o n -ä=F (Ex#*) äIEEE-2¥)



5 - EI
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+2¥ ) BE I E -¥ )
a n d similarly fo r C O M mot ion w i t h z → ×

c o m % , ärzt,
b-Rib!

relative ä , Ä H , 5 ist
1 0 ¥ 5 1 (see Se o . 2 )

1356)cifzaplzp-atalz.TT
h a s w i t h i n t h e L L C a complete s e t o fstates
i s

63571 IM im> = ÄRMYL 10,03

b ,BR describe angular momen t um degreesof
freedom (see S e d - 2 ) . W e have s e e n t h e r e t h a t
a polynomial Z M h a s angularmomen t um projection
m ⇒

• two-particle wavefunction i n 4 L

③58) zpl.CLm.mlziXI-XMzmexpf.FR-%)
Le t u s a s s u m e t h a t t h e interaction V d o e sn o t
m i x L a n d a u l e v e l s i . e . i s w e a k enough



⇒ W e n a d t o c o n s i d e r only t h e projection o f
✓ t o t h e 4 L

PVPI.fm?-n.lM'.m'KMlm'IVIM.mXn.ni-
SineV=V(tzI)

<N'nilvlmms-cfym.cm/LmIVlm)

(359) V m = Haldane 's

pseudopotential

forcontombin-ation

460

!

z% )

" "=L

fo rpo in t i n te rach-D) Kokosöl
(361) Vo=1Vz=ß=Vq=-

!

✓

(362) PVF.fm/M,mKM,mIVm-



pseudopotentiale

""!!!!"
" "

bosons: only e v e n i n

fermions: only odd m

I n a variational construction t h e best wavefunction
i s t h a t i n which t h e l ow e s t pseudopotentials a r e
vanishing.

9.rs/nanghlin'swavefuncti-
Robert Laughlin constructed a n a n s a t z wavefunction
f o r t h e simplest fractions l i k e 1 / 3 .

The single-particle wavefunction, i n t h e K L w i t h
angular m o m e n t u m ( i n z direction) l a r e

(363) f e t z t ( 2 T2lb !Ätze e - I H R

#

= , )



The many-body wavefunction m u s t thus h a ve t h e
s t ruc tu re

( 3 ) 4 0 = FA [{z;3) e x p { - I IF IHR}
F * m u s t b e anti-symmetric Cfa fermions) a n d

only a funct ion of t h e difference between coordinates.

One c a n make a n educated guess:

① Motivated by t h es u c c e s s o f so-ca l l ed Jashow
Wavefunctions i n t h e description o f superfluid
H e w e s e t

F ) { z ;D = T l f Cz,--Zu)
j < k

( i i) 2 T shou l d b e a n eigenfunction o f to ta l
angular m o m e n t u m
⇒ f ) f -

- Zu ) polynomial o f E j
Odf o r d e r L

[rotation i n × - g plane by angle 0
2-g- → z ; e i

o

i f 4 eigenfunchon of [ z :

#

→

We- i t
i .e . f (Zg-Zu \ m u s t h a v e f i xed angularM o -



( i i i ) F C H m u s t b e antisymmetricHemions)
( o r Symmetrie (bosons)]

f f - z ) = f-Cz )

( 3 )
⇒ f l z t-zn . fm = {odd fermions

e v e n bosons

T h i s given a s a n A n s a t z wavefunction

#

4Tm-nNTulzj-zulmexpf-EZ.lz-X.fi

Laughlin wavefunction

O n e finds t h a t 4ham h a s a uniform density
d i s t r i b u t i o n w i t h f rac t iona l filling

(37-3) V=#=NN

!

F o r Coulomb interactions 4h13 a n d 4h15
( i . e . m = 3 , 5 ) a r e e x a c t groundsta tes w i t h filling
✓ = 1 1 3 ; 1 1 5

b u t 7 o t h e r f ract ions a t w h i c h t h e r e a r e
quantum H a l l plateaus !



9.3-Jainbcompositefcmni-o.tk
h a ve a look again a t Laughlin's wavefunction

7h12pm = N R (z ; _zu)

#

( z ; - zu ) e -FEIER

(374) g-< K -

4751

!

⇒

l i k e i n I Q H E

Th e prefacter l ooks l i k e a vo r t e x fo r t he j t h
parade a t t h e position O f t h e K t h particle

(Z;-Zu I P = (reichftp.rzpei?
P9.zfDei2P9uak
xof strength

2ps

"

!

a t position z uo f
eve r y o t h e r

particle
interpretation
electrons i n L C L w i t h Zp no t i ces
( f l u x quan t a ) a t t a c h ed t o t h e m

composite fermions
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barefemion 2CF " ( F G E F

↳ ( F bound state o f fermion a n d e v e n
n u m b e r G p ) o f f l u x quantaattachedtothen

• I f t h e original particles a r e bosons,t he total
wa ve f u n c t i o n m u s t b e symmetric

(376) 4 ) p
= N T L(zj-znfmq.in/e-
EElZeRjckasTnIQFE

These w a v e functions describe fractional quantum
Ha l l s t a t e s ateventillingsfrachens

(37-7) Vz
• Ö Ö Ö" . . .

bareboson ' C F
'
( F F F

- 9 4h12pm and

#

K p

describe non-interacting
L i o n s w i t h a t tached f k e x q u a e .T T



(A) Why a r e non-interacting composite fernions

c h ä d a p p - - e p o d .sta te wavefunction>?

• Slater determinants o f compositefermions fu l f i l l
a l l symmetry requirements a n d a r e eigenfundias
O f H u (k ine t i c energy)

• how a b o u t interact ions?

PVP = §, Um I hm> <Mm)

4 ) zp.nl P V P 14h12pm) ~

(37-8) ~ [ , Um (E)cnfdlzzthzzme-IZPHY-
mkmmliihkp.DK

(angular momentan [zu-btb; I Mm ) has a l l z u
w i t h max imum m )

carry o u t angular integration z = reich

gäg e i 9 1 4 " - n )
~ Sniper

0



⇒ i n eg . (378) only terms su r v i ve w i t h

m 2 2 p m

w a v e functions s c r e e n a l lpseuchtopotentialswith
M E 2 p

i . e . a l l V m w i t h M E 2ps d o n o t contribute

t o t h e i n t e r a c t i o n energy

coupling o f Zp f l u x quanta t o a tension

l e a d s t o format ion o f a ' P C F quas i .

particleswh i c h eliminates a l l pseudopotential |energies w i t h M E 2 p a n d t h u s c a n

be approximately t reated a s n o n interacting

(B) F Q H E a s integer Q H E o f composite

f e m i o -
fermions a t filling v a t magneticfield B

(37-9) V = GIFT 5 : T



( i i ) wr i te fermion wavefunction a s C F plus
f l u x quan ta i n opposite d i rect ion

¥
=

"

+ l t
" ( F Zp f l u x quanta

(i i i ) distribute t h e e x t r a f l u x quantah omo -o v e r t h e whole system

(380) ⇒ effedice

magnetic field
B*=B-2pg0

!

T h i s corresponds too a n effective filling V
*

i n t h e r e d u c e d magnetic f ie ld
* =.EE#--.EE
Ii--sF, = ,

!

p ,

S o i f the?PCF f i l l 8 ¥ n effective L a n d a u leads
⇒

J a i n ' s

p r i nc i p l e(3811

! !

f r a c t i o n s
S e r i e s o f



⇒ F Q H E E . I Q H E f o r composite

fermions i n a re duced

magnetic f i e l d

9 . 4
*

Chern-S imons f ie ld theory o f

compositefern-o-
llbarecomposikparkdes-
chergoal i s t o cons t ruc t af ie ld theory o f composite
fermions wh i c h a v i z e f rom b a r e fermions by
a t t a c h m e n t o f f l u x quanta
• b a r e fermion f i e l d 4T( z ) ⇐ + + ig

③8 2 1 { ICH , I s t (z')} = [
' "
( z - z ' )

• de f i n e b a r e composite particle

(383)OTmfzt-e-im-
OHIzf-fwhe.set h e angle operator Ä t z t i s defined a s

(384) OlzI=fd¥q(z_zyÜtz2_

!


