
Quantum Theory: Assignments Prof. M. Fleischhauer Winter 17/18
10. Assignment Submission: 11.01.18, 4 pm

Note: Please insert your assignment into the mailboxes 5th floor, building 46. The problems
marked by a � have to be submitted.

Problem 36. Kinetic momentum�

Different from the canonical momentum ~̂p the kinetic momentum m~̂v = ~̂p− q
c
~A describes a charged

particle in an external electromagnetic field and is invariant under gauge transformation. Show
that for ~̂v the following commutation relations hold:

[x̂i,mv̂j] = i~δij (1)

[mv̂i,mv̂j] = i~
q

c
εijkBk, (2)

where ~B = ~∇× ~A.

Problem 37. Unitary invariants�

Let Â, B̂, Ĉ be operators on a separable Hilbert space H and let Û be a unitary operator on H.
Show:

(a)
Tr{ÂB̂Ĉ} = Tr{B̂ĈÂ} = Tr{ĈÂB̂}. (3)

(b)

Tr{Â} = Tr{Û−1ÂÛ} =
∞∑
i=1

ai, (4)

det{Â} = det{Û−1ÂÛ} =
∞∏
i=1

ai, (5)

where ai are the eigenvalues of Â.

Problem 38. Determinant and trace 1�

Let Â be a self-adjoint operator on a separable Hilbert space H. Show that for ε� 1:

det{1 + εÂ} = 1 + εTr{Â}+O(ε2). (6)

Problem 39. Determinant and trace 2

Use problem 38 to show that for a self-adjoint operator on a separable Hilbert space holds:

det{exp{Â}} = exp{Tr{Â}}. (7)

Hint: Consider D̂(λ) = det{exp{λÂ}} and write dD̂(λ)
dλ

as the difference quotient. Alternatively

consider a unitary transformation Û , that diagonalises Â.



Problem 40. Landau levels - alternative access

Let ~B = (0, 0, B) be a constant, homogeneous magnetic filed in z-direction. Let the electric field

and the scalar potential be zero, so that the vector potential ~A is a function of space only. Show
that the Hamilton operator

Ĥ =
1

2m

(
~̂p− q ~A

)2
= Ĥ⊥ + Ĥ‖ (8)

can be separated in a transversal and longitudinal part

Ĥ⊥ =
m

2

(
v̂2x + v̂2y

)
, Ĥ‖ =

m

2
v̂2z . (9)

Show that both parts commute, i.e. [Ĥ⊥, Ĥ‖] = 0. Define the following operators

Q̂ =

√
m/M

ωc
v̂x, P̂ =

√
mMv̂y, (10)

where ωc = qB/m is the cyclotron frequency. Show that Q̂ and P̂ obey [Q̂, P̂ ] = i~. Express Ĥ⊥
through Q̂ and P̂ and determine the eigenvalues of Ĥ⊥. What are the energy eigenvalues of Ĥ
(Landau levels)?
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