
CBInormalsabgro-

group G ofunitary operators gut = gr"
e lements { g r }
Subgroup A elements { a j 3

D I • A i s cal led a n o r m a l subgroup o f G i f

V g r E G a n d H a i e A

⑨so ) G r a i g I = a j

i . a . • unitary transformation O f a ;
stags e i n t h e subgroup A

D I • A i s c a l l e d abe l i an n o rma l subgroup
i f i n a d d i t i o n

③9 1 ) d i G- = 9 - 9 ; f a i . q . C A

example t r a n s l a t i o n - ro t a t i o n group
generators:
Fx, Fg,Az, Indy, t z

t rans la t ion i s a n a b e a l i a n normal subgroup
a s

R T R " = T '
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where T = e i EI a n d R =
e i EI

a r e t r a n s l a t i o n s a n d ro ta t ions

Def. A l i e group i s called simple i f s h e
d o e s n o t h a v e a c o n t i n u o u s
n o r m a l subgroup. I t i s c a l l e d
semi-simple i f i t d o e s n o t c o n t a i n
a n a b e l i a n , n o rma l subgroup

T h e above definitions have pendents o n t h e
l e v e l of t h e L i e algebra

generators Of G : ä h
generates Of A ! Ä h

* F o r A t o be a subgroup of G

②9 4 [Äe, Äm] = Cema Äh
i . e - generators Of A fo rma Gnb) d i e algebra

D- F o r A t o b e a no rma l subgroup o f G a r e
h a d

💔

G v Q i 951 = G - C - A
i .e .

g ra i g j a j -1 -a j a . i t = a m E A
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infinitesimal unitary ope r a t o r s

g . = 1 - i c h

🙁

; - E r ÄÄG i ä ;

a ; = I - i ÖÄÄ"-E SPÄßE'Ände
Following s i m i l a r steps a s fo r t h e d e r i v a t i o n
Of (387 ) w e t h e n f i nd

[E i ,Ära] = a i rman

D I A subalgebra { I n } o f a L i e algebra {G)
I s c a l l e d i dea l i f f o r t G-i , Ä h ho lds

494 K i , Äh ] = a i u n Ä n

Def A d i e Algebra { ä e } i s called simple
i f s h e do e s n o t c o n t a i n a n i d e a l

except f o r { 0 3 . A L i e Algebra i s c a l l e d
semi-simple i f i t d o e s n o t contain a n

a b e l i a n i d e a l

C a r t a n L e t G-j a be t h e s t ruc tu re constants
Of a L i e Algebra. T h e l i eAlgebra
i s semi-simple i f a n d only i f

( 3 ) D e t (Gdp) # 0
gagggazquepi



example • S O G ) special orthogonal group
i n 1123

generators I i [ [ i . in;] = ieijr.LK

Gaß = I Expert Eßvµ
= Edgar Epner = 2

💔

ß

d e t Gps = 8 # 0

• t rans la t iona l group

generators Pi [D ; ,

🙁

3 = 0

9 h 5 0 d e t Gap = 0

KICasimiroperatora-
cah F o r every semisimple Liegsoapot

r a n k l t h e r e e x i s t s l i n v a r i a n t

operators (Cas imi r operators) Cz
1 = 1 , 2 , . . . , e . They a r e f u n c t i o n s

ofthegeneratorsan
dcommatewa l le lements o f t h e group
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example S O

❤

) : semisimple (see above)
r a n k 1

⇒ 7 1 C a s i m i r operator
Ü ?

(396) µ , [ ; ] = 0

I f a L i e group i s asymmetry group o f
a quantum mechan i c a l system, t h e n t h e
eigenvalues o f t h e C a s i m i r o p e r a t o r s
d e f i n e Mult ip les. T h e eigenstatesc o r r e s p o n -t o t h e s a m e eigenvalue a r e a

basisofaninuan
.am/-sab-s
example

😐😉

iYnakY.la?noY-
hD1-dimSupspaasubspace

A-= {Yoo} ⑦ {Yen, Yeo, Yen}
The elements o f t h e ro ta t ion group 60131)
Ü (gut = e - ihmG u t h c a n b e represented

a s matr i x operations actingonly o n t h e
i n v a r i a n t sub-spaces
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1 = 0

matrix

representation U °

😐

f

😐

Ua , Woo Ho,
um = |ßm

😐
§

(397)
°

•

D I o f t h e Ülamtformalie group o f unitary
operators i n a Hi lbe r t space J e , t h e n

t h e mat r i x representation o f t h e group Ü
i s c a l l e d r e d u c i b l e i f i n v a r i a n ts u b s -e x i s t . E l s e Ü k l i s c a l l e d irreducible

theltamiltonianisdcgenerat
eontheluk.pk/Proof:-1487 eigenstate of Kultiplett

Ä H ) = E 148)

Übt 148) i s again element o f multipleH

Äü Iaeo) = ÜÄ Ivo) = E Ü

💔

a
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temark ! There i s n o general procedure t o construct
t h e C a s i m i r operators

F o r SUCH ho lds t h a t t h e Cas im i r operators
a r e s imp l e polynomials o f t h e generators

theorem Every operator Ä which commutes
w i t h a l l elements o f a l i e g roup
( i . e . w i t h a l l generatorsEu) i s a

f u n c t i o n o f t h e C a s i m i r operatorsotthegs
t h e Ham i l t o n i a n i s a function o fthecasimiropera-

"÷::::::example : a t rans la t iona l i nvar iant system

(DX, Fg,Nz)
(398) H = d t Ö

😉

+JÄH---.
• i f t h e r e i s - t ime- reve rsa l symmetry

T H T - E H TÄT- = - E
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H a a n only con t a i n e v e n powers

H ÄzmasopposedtoH-zfnfp-
E.AT?TRinuaicat notTR inoar ian t

S o m e important groups

group generators r a n k Ca s im i r

iraus.vn/
+.rg.izfs--
t-Px,Py,pz

abelian

rotation i x . B I Z 1 E - E . E Kemi)
s imp l eTIeucklidianixiy.LIftp.Enotsemiapuuppx/py,pzs imp le

t raus t . -1 n oRa c a h

rotation t h e o r e m

Inversion In 1 I d isc re te

(hot t ie)
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VHI.lt/2otations--
gsoapofrotatiousinR
B: orthogonal ma ke s R

( 3 ) d e t C R ) = - 1 1 S O (3 )

rotation a x i s i s l ü t t a z

rotation angle ü

F- RUTHE * ¥71
infinitesimal rotation

Koo) RG. ro / IF=FtSoCnxF I tO ldoY
introduce hermi t i an make s l j

Got Cljkmeisjumf
then

R a i ,

💔

= L-idohjlsfinikrotahia.co/
=0/NN-oRln.dI=(lI-
ifnIe;)"

1402)
= expf. io /n j l ; )
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(A) Unitary representation of ro tat ion group
f-spin-lessparhunit-
ahoforausfomakouofwa.vefunction u n d e r ro ta t ion

F) ← R u n d → r-t-RCn.gr
④ ⑤

14031 4 µ F )

😐

4dB ( F ) = 4,3 ( R P )

493 ( F ) = 4,24in) 4 A M )
(4041

= 4 4 (Ricaner)
S im i l a r t o previous related discuss ion :
infinitesimal r o t a t i o n

HA I R Ynicht) = #Ht t icon,-e)F)

Kost
⇒

q q . d k e - i ron
f in i te t r a f o

(" 06 1 u.1qut-e.io/EEf
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