
V I I I C o n t i n u o u s symmetries
inqnantummechan--
VIT.tlCo n t i n u o u s symmetries i n
d a s s i c a l m e c h - -
I n c lass ica lmechanics there i s a famous re la t ion
between cont inuous symmetries a n d constants o f
mot ion

Noe t h e r t h e o rem :

I f t h e Enter-Lagrange equations o f am e c h a n i -system a r e i n v a r i a n t u n d e r cont inuous
c o o r d i n a t e transformations

( t ; F ) → H I N ; FYE.t t)
t h e n t h e r e e x i s t s a c o n s t a n t of m o t i o n

aggoaaneaa
mm.gggw.net
IAIHomogeneityinsp-
k.NL/9I9i,tI=LCEita, E i . t l H ä
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⇒EEE-o.EE#E.iEz..lW-
hereXj=q+jetc .

Euler-Lagrange

18¥-E. ⇒
⇒ 5¥94. =#Px ⇒

c o n s e r ve d :
3/58) P×=ca

😐

Similarly
Py=pz=„

😐

" 'momentan

$59)

I f ä = a Ä w i t h Ü being a u n i t necta r
a n d

L IE .E I .tk LIEi-an.Ii.tl t a

t h e n only
(360) pn=co

😉
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CBIHomogeneityint.i
m/36dLlrE,Ei,tI=LlEi.Ii)

# =.EE#..EtEEeE+EE
:

=

E - EHE !)

🙁

+ IEEE
Lagrange

= IEEE.-Ä)
⇒

464 ¥ (E¥§Ä- L) - o
Hami l ton funct ion

(363) HEIGY.efj-LH-const.FI

con s e r ved : Ham i l t o n function
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KIJsotropyinspte.tn>
c o n s i d e r infinitesimal ro ta t ions i n space

13641 SÄ = ( 4 , ddy.JO/g) ¥
ÖDE

i d o l

(3651 SEI = 50Tx F, ×

😐

g

a n d t h u s

OF = Störer
Let u s a s s u m e t h a t h i s i n v a r i a n t u n d e r t h e s e

infinitesimal ro ta t ions

Ka i S E I ¥!.SE + ftp..org.

😐

0

f o r t o o
c a n o n i c a l momen t a

E I =
E L(367)
OF,

HÄTTE; E . EE
Lagrange

t h u s
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E ) ÄGÄNE:) + iii.Wär#o
= SE.dz?EIxTI-)--SoT.E

⇒

😉 😉

÷ ::

(368) t o t a l angular

A l l o f t h e above cons ide red transformations
f o r m a c o n t i n u o u s group

CDIaremindersgro-

DE: T h e e l emen t s { a . b e , . . . } o f a s e t
fo rm a group G i f a n Operation, Which
w e c a l l multipl ication e x i s t s w i t h t h e
following properties

( i ) a b E G ⇒ a b E G

③g) I i i ) J e c - G s u c h t h a t a e = C a = a

(i i i) H a J a " s u c h t h a t a a - t - a - t a z . e e
(ich ( a b ) c = a l b a )

D e f A g r o u p i s c a l l e d abe l i a n i f

(370) a b = b a V- a . b e G
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Def: A group i s ca l l ed continuous, i f a l l
e l emen t c a n b e c h a r a c t e r i z e d by
o n e o r e severa l c o n t i n u o u s parameters

D I A g ro up i s ca l l ed continuously connected
i f every element c a n b e transformed i n t o

every o t h e r o n e by cont inuous variations
o f parameter

Def T w o groups a r e c a l l e d isomorphic i f
a bijective mapping ex i s ts

{ a b , c . - 3 ← Saib:c',...}
C- G , E - G z

s u c h t h a t
a b ← ü b '

D e t I t G n i s isomorphic t o a group G z
w h o s e e l emen t s a r e matrices, G z i s
c a l l e d m a t r i x representation

V I I I . 2 Symmetries i n quantum

mechanis-enantestet
a s a s k w h a t happens t o a q m . wavefunc t ion

u n d e r c o o rd i n a t e t ransformat ion? c o n s i d e r
t r a n s l a t i o n E r s t
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ac t i ve interpretation:- c o o rd i n a t e system
unchanged

• Wavefunction shifted

⑦ . ⑤
F F - E t a

±137A 4¥ ( E ) 41g( F ) = 413( E t a )

translation c o n s e r ve s n o r m a n d s c a l a r products
→ unitary t r a fo

4,3CE ) = U tö )44+18=4#F- ä )
(371)

= HAIE)-ä.#41 ( F ) t . . _ (Taylor series)

⇒ UHke-oiF-e-iaI-fat.ws(372)

O n e recognizes t h a t t h e K o i l fo rm a n abel ian
→ u p o n successive application

N Ä H E )=

🙁😐😐

e-iEE-e-iEEEEH-
D.ua#b)=UlbTUl
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F u r t h e rmo r e t h e r e i s t h e isomorphism

H H { ä } - { U I a )

Equation o f mo t i o n o fshifted wavefunction

it#4¥ t r i t t = H A I F A

it#HB t r i t t = itffucalkftlr.tl
= U IATHVAE .t k UtahHUÄIUEN
= U E I H Übel 4 3 tritt

i.e-HB-UHHAU.la#(375)

T h u s t h e equations o f mo t i o n a r e i n v a r i a n t
u n d e r t h e t rans la t ion i f

KH)

😐

ä B

here [ H Ä ] = 0

D I A group o f transformations i s called
symmetry group i t t h e corresponding
unitary representations c ommu te w i t h
t h e Ham i l t o n i a n . T h e g roup does n o t
h a v e t o b e c o n t i n u o u s
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Symmetriesanddegeneraciesot-
t e t 14E ) be a n eigenstate of#with eigenvalue E
l e t Übe a n e lement o f asymmetry group o f Ä

Then 1 ¥ ) = UWE )

i s a l s o a n eigenstate w i t h eigenvalue E

ÄH

😐

=
Äh HE) = KÄLTE) = HE IDE )

= E H E )

Now, i f t h e r e a r e t w o unitary operators Un, Kz
w i t h

H H [4^142] # 0 µs,H] = [Uz,H]= 0nennarexistcafeea
stwolinearindepeneigenstates 1 0 h ) , I ch ) o f t w i t h t h e

s a m e eigenvalue ⇒ degeneracy

symmetry 9 0 " "
Ta t a r o fdiscrete continuous

groups groups b o t h
(Liegsoups)
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VII.3liegro-Def.-
com timorous groups whose elements a r e unitary

operators
Ü (an.az,-- . )

Wh i c h a r e analytic i n n c o n t i n u o u s
parameter) a i , i -1 ,2 ,_ . n , w h i c h uniquely
define t h e e l e m e n t s a r e c a l l e d L i e groups

w e se t ÜIo'

😐

(378)

Def T h e n operators

Gzs) Lµ=i°

😐

\{aß

😐

a r e c a l l e d generators o f t h e Liegsoup

Th e i r relevance c a n b e s e e n i f w e consider infinitesimal
transformations a r o u n d t h e identity

Utah = Übt+8%1*+94
(3801

= I - i [µ denn
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Making u s e
of
t h e group character w e c a n construct

f i r ans fo rma t i ons
(384 der = N Dyn

by success ive infinitesimal transformations

Überführen]" = {e-Ioan]"

= [e- i i n¥ ] ; ] e - i h n

(3821 Üµ=e_iÜ

😐

I f der i s rea l , i . e . die=L

🙁

then

(383)

🙁 😐

a r e hermi t ian

• Let u s c o n s i d e r U " (Sdm) a n d U t a h i n second
o r d e r

l i te ra t I t i Ein% - E I E i nho r n
klappt = I - I I f uh r- E

😉

[µI c h
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then (drop

🙁

um" )

Ü

💔

µ )UTdgdlhldpz.lk/oG)=-
=fttiEdp,u-EEEProR)

• Hilda-EEG ! !
° ( I - i i . Sps-Etuis

💔

weiß )

(384)
.la-iiiraz-EEH-oa.in)

= . . . =

= I t Sansa (E in-E in)
S ince t h e succession o f infinitesimal unitary
trafo's m u s t b e again a infinitesimal unitaryNato

(3851

odmhrli ir-EIIE-icrg.ir
w i t h

- i c y , = ( µ , %

💔

r(386)

w e f i n d
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(387) ftp..lu/=Gur
L i b r a

The coefficients G u r r a r e ca l l ed structure
factors

The L i e algebra i s c losed u n d e r c omm u t a t i o n .

Jacobi-identity

(Ei, in;], In] + [ LE ID, Ei]
(388) t [ [ In , I i ] , I j ] = 0

Th is implies
(3891Cijmcmkn-Cjkmcmin-
Cuimcmjn-Def.inTh e n um b e r o f commuting generators o f a

l i e group i s c a l l e d t h e r a n k o f t h e group

example: • t rans la t ions i n 1123 r a n k 3
[ P x , Pg ] = [DX, P z ] = [By, D E K O


