
V I I .5 T h e relativistic Hydrogen
p r o b t e n
(A) Stationary so l u t i ons of D i r a c Eg. i n

acentralp-C563IKF.pt
ß muchUrl]¢ = Ecf

where

Hat e HOCH = Ve r l = - 2¥
i s a cent ra l potential. I n n o n relativistic qu a n t um
mech a n i c s angular momen t um a n d sp in a r e

c o n s e r ve d quantit ies. H o w i s t h i s h e r e ?

Orbital angular momen t um

465) E=-tiF
s p i n

⇐ (¥!)E - ±

!

¥)

1566)

g E - ( I I )¥o

"
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O n e finds t h a t ne i the r E n a § i s a conserved

quantity
µ , H] = t f- i E in Hahn,-ideale]

(567)
= h-Eijkdejdr.de =

#

e n d e% # 0

a n d

[sie#] = f-[8Hi,-it;D;]=-itzjki.tn;]!
1568)

= - t E i e r deck ¥ 0

However t h e t o t a lspin
(569) J i = Ü Ö=

"""

E in)

i s consented . Furthermore

E . s i e =

"

(EE u

u E .
E)

(57-0) Ä=Zf I s p i n n particle

O n e c o u l d th ink t h a t El is conserved, however
a s you wi l l s h o w i n t h e problem c o u r s e

HA I

"

,H ] #0
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T h e eigenstates of H w i l l s t i l l have a f ixed
quantum n u m b e r l s i n c e H h a s a n o t h e r

symmetry w h i c h i s parity
(572) F = j
where Po i s t h e spat ia l parity operator, i .e .

Def: Po f l F ) = f l - F )

J
° operates i n t h e space o f D i r a c s p i n o r s

S i n n go= ( ! ! )
i t f l ips sign o f t h e l ower spinor. O n e f inds

& , H] = f r o h , - i t )
€73) = - i (8%2;D;-f- f-Vopo)

"$

Po

= - i l -⇐o

"!

9)

Po = E

stationary solution

(574) y y r . t l = ({¥, /e- i E T A
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w i t h

(575) PYLE ) = Cfc-F)
p u r ) = - + C-F )

stationary D E

(576) ( ( I . Ölktmocket Vg = E yclE.pt/y-moc2X-vz=EzX

spherical s p i n o r s

Onecanshowthacommonsetofspinoreigenfunctions
^

32, Jz, E l and ! (which fixes e )
a r e

j = l

( 5 )
lj.az/e.m=EYFYe.m-
zkh9)/EIYe.mxz

Onlyspina, i .e . <components!a n d f a r
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$ "

⇒ zj.e.z.e.mn/
FIFYe,m-El.FI#TYe.m+zlkeI

o n e findspoz jem-HYIen .P H
N o w w e make t h e ausa tz fo r t h e u p p e r a n d l o w e r
spinors

(5801

4 - i m = - f f ) hjelm ( d . 4)b i s t . .Where e ' = L I n ( I s t o have oppositeparity

a u c h 1 . l ' = j ± } S e e e g .
15751)

e - >

f o r J = L + §(581) l'={"^fwj=l

"

✓

W h a t i s t h e ac t ion o f E . F 1 1 pm = ?
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F o r t h i s w e first n o t e

(582) § . E-f e i n = -h j e lm w i t he'from
( 58 1 )

s u c h t h a t

⇐8D - E .E ) Diem =

!

E )

(E.EE/ljeim

Making u s e o f t h e identity
15841 E . F ) ( E B I Ä Ä + I I . LÄDT

w e find

-CE.FI?em=fE.EtiElExEI)rjim-
C58H=f-ihlD.r)-ihEEI-it.EE/
Jfhiim---ifE-FFen

To ev a l u a t e t h e l a s t expression w e make u s e o f
t h e fa c t t h a t h j e lm i s a n eigenfundicho f J ?

5:-(EHE)? EHEEHE.ci
i .e . ÄH

- 1 9 8 -



h-E.ES?-eim=(5?L2-Et2/1jeim-
C586)=(JHtrI-lYe4sI-f)hIhjeu

= - (etklhhje.us
Where

„ = {
- l e n k - C H I ) fo r

$

LT E

(587)
l =-1GHz) f o r ] =L-tz

Inserting these expressions i n t o t h e stationary
D E , e g .

#

b ) finally gives differentialequations
for thespakalfunct ions

fc2.tt/etK)hc9#-fEtmoc?vcrBflrI=o(sz8)-
h-cdaffI-le-kIh-cfft-LE-moi.vn/gH=o

Substituting

(5891 gu t = Gf Hrk

" $

yields

HD Hd

"

the#Ger )

-[EtmofverBFlrkoHcdf-hckflrtf-mockverbakt
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So l u t i o n o f r a d i a l equation Ver l=-Ee
T o so lve t h e rad ia l equation w e again make u s e O f t h e
Sommerfeld m e t h o d

( i ) asymptotic behavior f o r - 7 0

⇐9 - F C r t a r X F . i t
where j e = E ) GEFELT ⇐ I I

fine-structure
c o n s t a n t

A s i n t h e c a s e o f t h e K l e i n -Go rd o n equation
t h e r e i s

z u , = # E ) I

fo r which a s ta te w i t h t o t a l angular momentum

jexisbliilasgmptoticbe-
haiourfa.rs⇒ . . _ ⇒ G e r t - e - S K 9 = 2 4

F - (mö¥E

"

N o t e t h a t f o r a b o u n d s t a t e E <Moc ?
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m.it#Ef(iii)gene-
valpdynomialansa
GlsI=moc4ETe-sk

#

b)

tods))
(593)

F IS ) = mod-ET e - S k (dust-class)
a n d

Oldest 8 'FILMS"
€94)

düst = S I E
a n= ,

BmSM

a n d w e require t h a t a l l coefficients d u , ßen
van i s h identically above a ce r ta in i n d e x

inserting (593) t (5941 in to (550) a n d sorting
i n te rms o f powers 8 h givesarecuvsizelahvnfovdm.PK
require t h a t t h e recursion stops a t m = n '
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D e f pr inc ip le quan tum n u m b e r

(5-95) h = h " + 1 k t = n ' + j e t z n - 1 , 2 3 , . . .

j t f = 1 , 2 , ] ) eigenenergies

Eni-modffq-j.EE#FzF

(596)
Sommerfeld finsestructure equation

expandingEu]iutopouasofzx-I.ge/dsE-
nEmoif1-EEEHEIlF-E) +..]

€97) T T
res t homeland.
energy hydrogen

grounds ta te

(598) En=yj=z=moC

"

d
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apouna-
statewavefuncbi.co/
n=n,j=z,TlrihdFAlrtz-f)

#

sc h

⑤gg)

[E

"

suche
)

:
4*1,5-3.lvCredi t A N

§¥

"

suche-
ich

(Goo)
- I I I .

s
o}

t u n

( a ) AKKKJIIYg.FI#fkkmzarFe-m*r

w i t h
1602) g = 1 - 7 2 7
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fine s t ruc tu re splitting

(6FImlfz-E-
Eni.si-3¥!

-

"" "$

1 -
2PM

2 5 k - d - 2 M - -

" " "$

DEN;
Lambshift
(QED)

1 5 - 4 hyperfine splitting

D i r a c Q E D + Hyperfine
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CBIApproximationtothere.la/iois-

"!""""""""

Of positive a n d negative energies:

• p r o b l em o t t - u s h y g s h a
W e recognize from eqs. 15991 a n d l o ad t h a t
t h e eigen.b i spincers o f t h e Hydrogenproblem
h a v e b o t h positivea n d negative frequency
componen t s , Wh e r e t h e contribution f rom
hegatie frequencies s c a l e s a s

1 ¥ = TEILE = Izza

T h i s i s becausef o r highly chargednu c l e i
t h e energies b e c ome comparable t o mac?
S e e e g . (598). T h i s violates t h esingleparticle
interpretation

⇒ C a n w e construct a n approximate
description t h a t a v o i d s t h e coupling
o f positive a n d negative frequencies?

⇒ F o l dg - Wouthuysen approximation
-

2 0 5 -



i d e a Gequenauflanitargtransformationsthat
(approximately) e l im i n a t e s operators

Ä, H i , 8 5 t h a t couple u p p e r

a n d l o w e r spinous!

ansatz

# "

Ü z n e i sz

5 = 5 4(604)

Uth = L

equationofmotiaofOI.it#oI=-
tffeiiExeisHz

16051 =-h-GIOI-te.is#e-
isoI=HoIOI

⇒
(606) Hoi-e.is/te-id-hGIJ

• h o w t o constructs?
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( i ) free particle

" #

H]

"

→ momentum representation

f- → E
⇒ ansa t z

(Gott 5 - zimaßöpf#c)
f- s t i l l needs tobe found . Notethatdespitethei
s i s h e rm i l i a n a > ßandäate'-commute.

The transformed Hami l ton ian r e a d s

Hq-neisfx.ptpm.cl/e-i5-
=eisp(cpsi.p'xmocz)e-is

1608) K o m m u n e ! Y
= eispeisloßäptmod)
F ?

Intheproblemcoausegonwittshowthat
1609) ße-is = eisß
i e .

Geo) Hq-nelisKI.pt/3moi)
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Expanding e ?

$

int o a p o w e r s e r i e s a n d

using(pj.pl?=-p2G-=p/mocgidds:

$

doe s

n o t couple positive a n d negative frequencies

HOI = pfmoczcoslyfldltcps.vn (yHd)
( 6 ) + äp

$

fpccoslgfGD-moisw.ly/ )
coup les 1 -
positive&
negative frequeneis

"

0 choosef

S o choose ! n o t e i n n o n -

(GR) Gflykarctany re la t i v i s t i c l i m i t

t h e n f = 1 ④ 3 )

H I E ß [modcoslaretann!))
614) tepsinlaktan#)]

= ß e t f
S O

E I = p4 m i④" HoI=ßEp(Y!

"

decoupled!

%
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(iilekdronlpositroninextemalelm.fi/
Now there i s n o transformation tha teliminates the
coupling exactly

H = ßmodt ( ä . (Ä-EÄH) t e AdR )
(6161

-

couples upper a n d l owe r spinors

a n s a t z

(GH) 5 =-Imo, ß ä-(Ä-EEG)) = zimo.gg

i .e . Ö = c E . (Ä-EEG))

K m a r t • Here [ Ä , H ] # 0 s o n o momen t um

representation
• Here n o function f # c ) a s i n

c a s e o f f ree p a r t i c l e , b u t i n
n o n - r e l a t i v i s t i c l i m i t 7 = 1 , s o
(6 /7) w i l l n o t r e m o v e t h e coupling
b u t w i l l d u s o i n l o w e s t o r d e r
o f relativist ic corrections

~ motz
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s o w e def ine

H ' = eis#e- i s = H t i Es,H ]

(6181 -{Es,KHD-

!

[ 9 6 . Es,HD]

+ ¥19444#DDT---
Y o u w i l l p rove t h e l a s tequation i n the problem
c o u r s e s .

Up t o te rms ⇐ P w e f i nd

H' = ß(moi-mfcz02-
jmocc.CH/teAo-8tmoc4[Ö, [Getto]]

(6)9)
+ Emo, ß[Ö,e ) - j oa Ö3

- I
armies

PLOT [Ö,[Ö,eko]]

• e v e n p o w e r s of Ö d o n o t couple u p p e r
a n d l o w e r spinors

%

• o d d p o w e r s a p p e a r only ~ (motz)
^
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O n e c a n n o w construct a s u c c e s s i o n o f
Foldy-Wouthysen transformations t o make
t h e t e rm s t h a t coup le u p p e r a n d l o w e r sp ino rs
l ine. posit ivea n d negative frequencies) iteratively
s m a l l e r !

2 n d Foldy-Wouthysent r a f o

(6201 5 ' = -
<moe?

#

" Öle i s j e- i s

⇒ Ä" conta ins coupling te rms ~ ( 3 )
?

3 r d teddy-Wouthugsentrato

(6) 5 "E -Ioc,ßÖ" Ö" = e is 'ö'e - i s '

⇒ Ä" conta ins coupling te rms - Gf.)}
Ä "=p(moczxfmoe.CI-¥

#

Ö") t e A o
(622)

-81mF [GEGEND] +0/4%14)
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explicit evaluation o f Ä '"yields:

H#= H'"=p[mocztzfn.IE?
EARFmozz#Y-eAo-
zfnocPetE.5-igemgIE.ro/-E-
fm#zE.lExF)-fmI!aio
6231

ß=

$

% )

E = (9¥)
d i s c u s s i o n o f t e r m s

• i s t t e r m : s e r i e s expans ion o f

mo44tcYE.EE/-
• 2 n d t e r m : electrostatic potential

• 3 r d t e r m : coupling ofmagnetic momen t
o f sp i n t o e x t e r n a l magnetic field

• 4 t h t e r m : f o r sphericalsymmetric electrostatic
potentials UCF) N E I Erfährt
a n d n o t

"

u ;

s o only
r e l e v a n t f o r n o n spherical problems

- 2 1 2 -



• 5 t h f e r n : Spin-orbit coupling

spherical potential V c r )

E'=-Er#ver)
E . E X E ) =

"

E r

E . EXE)

=-foEE.in
424) ltso-ff.IR#EF

• b f h t e r m : D a r w i n t e r m

contact interaction w i t h t h e c o r e

I f t h e C o r e i s point-like ( E n )

d i e = - I d = e i n e n )

625) HDawiu=-Ym%I-5

"

✓
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(C) Hyperfines t r uc t u re
TheFo-thugentamionian considers
t h e a t o m i c c o r e (proton i n c a s e o f Hydrogen)
a s a po int particle w i t h charge b a t w i t h o u t
spin .

simple extension: include sp in o f proton

protonspin h a s magnetic momen t a n d
c r e a t e s a magnetic f i e l d a t t h e position
o f t h e e l e c t r o n

B ) E)=-Gimp Ja?'spät

!

(Ex

!

),

" !#

(626)

!

±

- spin operator o f proton

S p - density o f (magnetic momen t of)
proton

Gp -

g y r omagnetic f a c t o r o f proton

M p - m a s s o f proton

⇒ . . . ⇒

(6271 B I = - Eg G p⇐

"

SpE )
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where

"

= ¥ E I i s t h e spin o f t h e

proton.

Th i s gives t h e Hyperfine Hamiltonian

628)HIF-ntff.cm?-ps(E.EI)SpcE

fo r t h e u p p e r selection spinor w e f ind

629) Ä*=¥m%pÄÄISp

" "

t o t a l spin ¥ = §

$30) ¥ =

"

+ 5 2 + 2

$

E conserved
quantity!

eigenvalues o f F-2 : H F # + n )

F = { I t s
= 1 Tr i p l e t t

(331)
I - S = 0 Singlet
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eigenvalues o f

1kt)-ZIEH)-ZIEH) = E
2 5

"

= | o - E E ) - f A z ) = - E(3321

-

§

""

Triplett

""

singlet
w / o hyperf ine hyperfine

VI.co/3iracsea-Thean-
boudednessfrombe/ow

o f t h e e n e rg y
spectrum o f t h e D i r a c equation c r e a t e s a
prob lem:

a n electron c a n e m i #
modC o n -

energy a n
continue:

"""""

t o f a l l d o w n i n t h e
s p e c t r um

continuum
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