
I V . 2 D i r a c equation a n d relativistic single-

partidequantummechauic
spintkp-Jnt.tn

e context o f D i r a c theory w e c a n u s e t h eordinary
definitions o f s c a l a r product a n d expectation values

Scalarproduot-

E N 1 4 ' ) = f i x 4 4 * 4 2 )
(4571

=
Gds

!"!

41*4- 147

HT

expectation v a l u e

Ä

"

Ö = Ja

!

44× 7

Ö 49

#

D

W i t h t h i s w e c a n u s e t h e usua l notions o f

hemiticity & anitarity
A s i n t h e Klein-Gordon theory w e h a ve t o a s k ourselves
however, i f a l l h e rm i t i a n operators a l l owed observables
Ofa relativist ic single-particle quantum mechanics?
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Truesinglepartideoperatorsdono
tmis ta tes o fpositive a n d negative frequency

D E I sign-operator

* E - ¥5 = EEEEEEän

D = Ä = eigenvalues: ± 1

D e f projection operators t o positive a n d
negative frequencies

(460) Ä±=f(I=

" "

fulfi l ls Ä ±

#

±

= 4¥ TT± 4 7 = 0

Every operator c a n b e decomposed i n t o
a n e v e n a n d o d d cont r ibut ion . A n e v e n
operator h a s only n o n vanishing matrix
e lements between s t a t e s o f equal-sign
frequencies, a n o d d operatoronly between

stataotuuequd-
signfreqa.eu
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" e -
Ä= [Ä] + {Ä} 14611

e v e n [A) =L#+ü Ä I )② (462A)

odd {Ä} = {(Ä-ÄÄÄ) 146lb)

exampt
• Ä=LÄ] s i nu i t t i -Ä
• E - LE]
• HÄTTE
s ince GIE

!

LE ,

#

=-IÄÄÄH}

= ( ä eigenvalues t o

I n a problem yo u w i l l s h o w t h a t

4ns) III]-<E)t.IE#Ti.ethetruewe-
Ioatgoperatareads
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p o s i e snegatirefrequencie.
i .

↳ negative kinematic
m a s s

"Zitterbewegungotafreeek
ote DE

DF
= c ä = ö

DE 1

*
= ⇒ c Lädt] =

!

däÄtÄä)-2¥

äÄ

anfannutater

{ ÄH } = { Ä cäÄ + ßmod}

{d i , f-3=29 {g- , ß 3=0

⇒

EE = 2¥Ä- I I I = I I I . a i f
s ince Ä i s a conserved quantity f o r a free
particle t h e solution r e a d s
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laut Ätkläa-II) e-4¥ + off
s i n c e

I I I . Eu-II)t.at/eiEII=Ea-
IIItIII-
=2ifp-2iEftHfA

integration o f 4651yields

④HÄHFÄHTIÄT + (ErotiIIIIe

! "" $ ""

particle
amplitude-2)E-¥
frequency e r 2M¥?

"Zitterbewegung"
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Theoscillating par t i s a n o d d operator a n d
only contr ibutes i f a w a v e packet h a s bo t h
positive a u f negative frequency components!

Hat Ä± fährt

!"

k¥7
e -

""

TI

±
= o

P r o f i [Ä, Ä±] = 0 i .e .

Ä±Eu-E)III.EEITE =

= RICEa - I I I I ± iffe -
< Ä H

= TT± (äh-II)) iff e -
z i t t t h

using ERI,ä ] =?

#

± ) ,
a) = ± Eli ,ä)

= ± EHER]
a n d using (464) i .e . EI ,ä) = HÄ-hätt
gives
H I F I = ± EI:

""

p
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Thus TEE-II) I ±

=

#

±

± EI FEI-II)

"

= (ä ± EIFäfft-III. I I ± ⇒

~ !

"""!

HD)

T

V I I .3 Lorentz-invariance o f Dirac

theorgicouariantf-ation
though t h eD E i s f i rs t o d e r i n both t ime

a n d space , w e s t i l l h a v e t o prove t h a t i s invariant
u n d e r Lo re n t ztransformations. Also w e h a v e t o
d i s c u s s t h e t ransformat ion propertieso f t h e
4 - c om p o n e n t object 49, w h i c h w i l l t u r n o u t
n o t t o b e a Lorentz vec to r.
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27#← xi-AI.nu → LTB
L - t r a f o

4 1 × 3 49
'

(x')
[ihf-KäÄtßmodß 44×1=0

[ih-q-KE.EEAmoi

#

HÄ

f e t u s first introduce a n alternative form o f t h e
D i r a c equation

§ . (ihdt-CCE.ptAmoi)) 49=0

D I

" "

d i

E R B

(468) (469)
g - matrices

⇒

itfofo-8of.tt#et8!s)4-moc4Eo
470)

The algebra ofd i , ß matrices c a n be expressed
i n te rms o f 8 m a t i a s :
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(4 ) {8/4,8}=8^848714--25-1
D i r a c algebra

explicit fo rm

474 8EA-CIIIIJEpsai-fq.li
properties o f f m a k e s 4 x 4 makes

( i ) 8M i s unitary (JMF=

#"

473)

( i i) 8" i s hermitian

H H ( j o F
( i i i ) g" I i-1,23) a r e anti-hermitian

(475) (ji)t=
(Pauli) A l l representations of D i r a c ma k e saveanitargequivalen
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D I E Feynman dagger

$ = 8MDM =JµB" = ganz"B "
4 )
n-joBO-ZI.fi/3i=joBo-
J.
i n particular

HH D = 8"#µ = ¥#+ j.TT
W i t h t h i s w e c a n w r i t e t h e D i r a c equation in
t h e compactf o r m

(ih#-ma) 49=0(4781

# "

P E it#µ

I f t h e r e i s a coupling t o a n e x t e r n a l e l m . f i
t h e D E r e a d s

479 ¥e#-moc)W=c
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We c a n rew r i t e#he Hamilton operator i n terms
o f g - m a r i u s

Ä= ( F . § + ß Moc?
(480)

= c g
° j . p t jomo c ?

LorentzinoariannofDirac-ationsmans
( i ) 44×1 i n 2 -* mus t uniquely de i n e 49

'

(x')
i n Ips w i t h

× 'µ= L µ"X v
a n d a l i n e a r transformation 4h→ 41

( I i ) 4 )
'
(×') shou ld fu l f i l l D E (4781 potentially

w i t h different D i r a c m a k e s J a , b u t
t h e JM m u s t b e unitary equivalent t o JM

Wha t i s transformation

44×1 → 4 1 x ' ) ?
ansa tz fo r l inear t r a fo (L

"

Lorent z trafo)
40'(×') = 4 ' ( ↳ \ = S C H U C H

(4811
= 5 c L ) 49(

$

× ' )
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S C H i s obviously a 4 x 4 matrix which must
be invertable, i . e .

484 4 1 × 1 = 5 4 4 4 ' ( d ) = 5 ) 4 % ×)
l ibewize i t mus t hold fo r t h e inve rse t r a fo

483) 44×1 = S C

$

1 4

'

( ↳ )
14841 S O SCL-tl-S.TN

Since 49×1 sha l l obeyt h e Dirac equation o n e has

[kgµ 514#µ-moe5 ) 404×4=0
multiplication w i t h S N from left yields

[ih Sky"5k¥µ-ma]4 DM = 0

S i n c e furthermore

⇐ = 7¥ ! =L

!

¥ .

⇒
lasst fihsc.ly/u5NLY'fzi-moc]4%4=0
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I n o r d e r fo r e g . 14851 t o be equivalent t o t h e
D i r a c equation f o r 4 4 × 4 , 4 4 mu s t fulfil l

4861 5148" 5 ) <Yu = g.
v '

O r

(487)L.ly/4=5lygv'-fDef.:-
A 4 - component wavefunction i s

c a l l e d a Lorentz 4 -spinor o r bi-spinor
i f i t transforms a n d e r Loren tz t ra fo

× " → × " =L

!

× "

according t o

(488) 494×1=54129--1
where

#gar = 5748 "SK)

⇒ Lorentz i nvar iance o f D i r a c theory
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(A) Construction o f spinortransformation
underproperlorentztransformaliatet

a s consider f i rs t proper L-trafo's, i .e . without
spatial o r t i m e i nve rs ion . They c a n b e generated
continuously o u t o f the i d e n t i c a l ma p by infinitesimal
transformations.

•infinitisimallorentztrale
8D L I = 0¥' t duff
a ) boost i n ×-direction

14901 GW} = 8W! =-¥ 1

Xd= ×

❤

- ¥ × " × " = × ?

X " = × ' - ¥+0 X3'= X 3

i . e . 0W,

❤

= genau} = - d .Wo , =-good!
(491 Juno =-Soon 8W① = - 8 W "

b) ro tahonabou tz . ae#
(4921 Sw ! =-8W? = 8g
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Xd>×

❤

× " = × " + 5g× ?

Xd>X3 × " = ×?-cry× "
i .e . 8 W " = - SW ' , = -0W? = - 8 W "

1493) 0 W ,

$

- d e s

S W R = - S W R

generalizingthistoarbitragdireFT

äü

$

^ü

"

(494)

• wha t i s S G I t ow n ) = ?

Expansion i n powers of OWI :

5=1,-

"

6µ V

S W N = I t I
(495)

S

"

I n

+ In 6µV OW N = L - T

Note t h a t each component 6µV i s a 4×4 man !
S i n c e S U N i s antisymmetric ⇒

(496) J t ⇒ 6 components
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I n s e r t i o n o f (495) i n to-cond i t ion (487)yields

4 - z ) g" ( e t c ) =p" + J E -TV"

"

( o : + sw i g "
= g u t Owing"

Th is gives
µ , z ] = S Ü ß "14971

I n o r d e r t o c o n s e r v e t h e n o m of t h e bisping
w e c a n f u r t he r require

(498) d e f ( s ) = 1

d e t

#

=
d e f l e t E ) = e x T r { z }

(499) ⇒ T r

#

=
0

W i t h t h i s w e f i n d f o r t h e infinitesimal Spinatrato

5 - I t T T =-

!

Swantje ,

0 µ = ✓

⑤dqar-nizfgj.jrJ-
f-iLJN.atEi j r.TK/u=i . r= j2 - "= / ! ; )
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Ka t o r S = 1 + § [zu.gr] 5W""
T h e proper infinitesimal L-Transformation c a n
i n general b e decomposed i n t o boosts d u = Ein
a n d rotations % along respectively
a b o u t t h e 5 = 1 2 , 3 a x i s

(504 Sw=i%I- iä jK
where 5 W i s a 4 × 4 m a n ' x a n d t h e makes
I S a n d K I

ro ta t ion

0 0 - i 0±:L::::) ±?!!!:) ±:|!!!!)
u o i o O - i 0 0

⑤° "

boost

*-:::t-:::::

"

(5041

( 5 0 6 )
t h e matricesfu l f i l
Ä H ftp.I/KikJ=-iEijaTkf
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i .e . rotation a r e a subgroup o f t h e properlorenkgoup
boosts a r e n o t

D .finitelorentztralo
ob t a i n t h e spinortransformation o f a finite

L-Tr a fo w e make u s e o f t h e fact t h a t a finite
Trafo i s just a sequence o f in f in i tes imal t r a t o s

ro t a t i o n about a x i s j

< → Rice)-ftp.RTLI)
= Giggle + i¥

"

) "

= explicit)

15071 Rjkd-e.ie
boost along a x i s j
L → B ; ( E ) = fingBIKE)

= e i n (e- iEuki)" = expf iEk)
N → •
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(508) Bjµ)=eiEK
finite Spinortrato

Wennoftha t f rom t h e commutation relat ions 15051 a n d
( 5 06 ) fo l lows

[S I I I ) , SCI)] = L i Ei jkSCI " )
(5091 § (K i ) , S (KJ)] = - 2 TE i n SC I " )
LSCID.SC/
xiD=2iEijnSC

F i n i t e spinortransformations c a n t h e n b e
obta ined by exponenkating infinitesimal t ra tos
a s d o n e a b ove f o r t h e L -Tr a f o . T h i s yields
r o t a t i o n

SCR;) = e
"¥SEID

= eifz i
(5N) =cos¥tiÄsm

"

boost
g (B;) = e - " E SK ) = e -E d i

(511) t-coshfztaisi.li
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Remi Note t h e factor § i n f ron t o f y

"

i n

e q . (510)

Bispinor 44×3 goes o v e r t o itself u n d e r rotation
Of 4 T h (not 2 M ) !
e .g .

44×4=5 (Rz(g) V I R EN )

= e i !

"

↳Rzhev)

9=212 404×4 = ein

!

41× 1

4=42 494×4 = 4 ) ( x )

(B) Spinortransformation u n d e r s p a c e

a n d t im e i n - s -
a s n o w d i s c u s s w h a t happens u n d e r t h e

special Lorentztransformations

s p a c e i nve rs ion
D = |!!!!)O - 1 0 0

15121
0 0 0 - 7

t i m e reversal
F - [°o°;)0 7 0 0

1513)
- 1 7 5 3 - U 0 0 1



Since SCP) a n d S A ) a s we l l a s SEPT ) have
t o f u l f i l l t h e c o n d i t i o n o f Lo r e n t zi nva r i ance (487)
fo l lows

S-EP)g .S C P ) = go⇐" "

SYpggjscpy.gg.
⇒
KP),

#

⇒

{SCP),803=0

(5) ⇒

"

ö j

Cfp arbitrary

f o r SEPT ) where P F T P = (
'

? ?

!

)

o n e

f inds

5 -(PT) g

❤

SEPT) = -80 {SEPT),803=0
(5/6)

57pA g ) (PTI = 8J [SEPT),f ) ⇒

H H ⇒SCPtyqpaubitrargw-
heveys-ejYJYJ.IS/8)

N o w using S A ) - S C P ) SEPT) wehend

(5/9) SCTIzeichtjoys
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droppingt h e phase t e rm s w e o b t a i n

SCP) = go = ( !%) SEI-gg

"

f!!)
(5201

SEPT)= 85 = (ff¥)

KIAdjointspinortransformatito
s e e h o w quantities l i ke 40¥49 behave

u n d e r Loren tz trafo w e n e e d t o investigate

y e t → y o t s t

W e s e e t h a t f o r r o t a t i o n s

SCR . t t = (e i ¥ E )
t EEG)

⇐ = e -
i ¥ E I

= SIR;)-^

i . e . f o r r o t a t i o n s S i s un i t a ! However

f o r boosts

SCB;)

"

(e-Edi)

"

e -

E d i15221

= SCB;) =/ S-TB ; )
n o t !
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However i t holds

4231 po s t p one
This m e a n s objects l i k e 49+49 a r e not
i n va r i a n t u n d e r Lorentz-Trafo

D e f adjoint bi-spina

6524) Ü = 2 t ß
T h e quantity T V i s h o w a True Lorentz
s c a l a r

4-'µ)4%4=44×480414×4
= 414×1580547×1=4%80858549

(5251
= 4%5344× 1 I n

= 4-N U N A-

Lets have a l o o k a t t h e 4 - c u r r e n t density

jM-lczptzf icz .ptÄ H )
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t h i s c a n b e written a s

(526) JM = ( 4 0
+

g . ogM V = ( F g " 4 T
H o w does JA transform a n d e r Lorentz-trafo's?

g-µ '

#

=

c 447184^44)
= c 44584 " 9 4 A )
= ( 4 T H go 5J " S U C H

D u e t o t h e Lorentz invariance condition (487)

L I j " = 5 g " S
w e ob t a i n

g- µ 'µ ) = ( 4TH j

❤

L I J " 4 A )
(5273

-

= L E CHEVY" 41A)

= L ! j T H
i . e . t h e 4 - cametity i s a Lorentz
v e c t o r

(528) jM-cwjt.TV
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(D) B i l i n e a r c o v a r i a n t expressions

ofdiracbisp-we.tn
a r e already encoun te red t w o b i l i n e a r expressions

o f D i r a c spinors t h a t transform a s a lo ren tz tensor

4549 jM= ( F g -
s c a l a r v e c t o r

Bo t h h a ve t h e s t ruc tu re : adjoint spinor
g - mat r i x spinor

O u t o f t h e j makes w e c a n b u i l d 1 6

l i n e a r independent 4 × 4 m a t i a s
( d imen s i o n 42=16)

|s c a l a r I vec to r j "
(529) t e n s o r 6 N pseudoscalau 8 5
pseudovectag
s
proper L - t r a f o 5855-1=85 85=85
(rotation, boost)

space i n v e r s i o n Pys P " = - j s

- 1 7 8 -



b i l i n e a r forms

( i ) S c a l a r 4549

( i i ) pseudos c a l a r 458545

(530) (Iii) ve c to r 4 ) M y r

( i n pseudovector 458DM45

,,,,„ugµ

"

V I I . 4 So l u t i o n o f D i r a c equation

forsomesimple-belapla-
newavergeneratedbylor
entzkatoraD i r a c particle a t r e s t w e have

4 4 ) =


