
V I I Relativistic w a v e equations f o r
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e problemo f the K G E w a s t h a t there i s n o

positive definite density wh i c h wou l d a l l ow f o r
a probability interpretation. T h i s i s related t o t h e
fact t h a t t h e K G E i s secondordainam-

D i r a c (e928): t r i a l of a I s t o r d e r equation

HH it#zu =

!

(diffikfüdsdofs)
+ ß u n d 4 T = H T

• L i Cannot be c - n u m b e r s a s t h e n (414)

w o u l d n o t b e i n v a r i a n t u n d e r rotation

⇒ d i , ß N × N mat r i ces

( 4 ) auch
µ = | Ge) N component vector
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conditiasfothisconshu
ct.ci/ the re shou ld b e a continuity equation fo r

S E H = 494kt). V E H =,

!

4¥

E HV I E H ? O

K i ) Lo re n t z i n v a r i a n c e

( i i i ) f o r free particles

E L = Hw ?

!

52 2
+ möcht

I n o r d e r t o fulfi l l ( i i i ) everycomponent o f 4 mus t
f u l f i l l K G E

④ b) -K

"!!

f-

E c k + n öd ) 4g.
H j = 1 , 2 . . - N

Wi t h a n s a t z (414) o n e finds

-
H Ö H
#
=-HiEIdudeEf@xe4r-
hmI.IIKepxpaeIGYfe+ ß?möcht

comparison w i t h eg.(416) yields
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K A I d u d e + L e h n = 2 % 1
481 d i ß t ß d i = 0

419)

d?=ß2_
!

i n o r d e r f o r I t t o b e harmitian HEH i t follows

Kvo) dit-h i f.TV
Consequenti-
al • eigenvalues Of d i , ß = 1 = 1

424 • T r { a - 3=7%3--0
s ince d i ß + ßen; ⇒ ⇒ D ; t ß d i k o

T r { a i } = - T r { H i

#

= - T r{Pk i }
= - T r { a i } A

⇒ hieß a r e m a h n w i t h e v e n dimension

N E does not wo r k since t h e r e a r e only 3
m a h n t P a u l i mahlen)
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N ) m i n i m a l d i m e n s i o n

a possible representation o f t h e D i r a c makes

4231 d i = (% %)i - a . i n fo
D i r a c equation

④4) ihf4-ftzfft-GI.rs?tmoc2f

(425) Ä = Htt 4 = ¥;) bi-spinor
(A) Continuity equation a n d probability

i n t e r p r e t a t i -
n o w w a n t t o s h o w t h a t o n e c a n dasm a continuity

equation w i t h positive density wh ich a l l ows f o r a
probability interpretation

¢

#

i h 40+0+4 = II

"!

404%47mod4 ) 4 -

F ü r !
- 1 4 4 -



a d d complex conjugate

-

it@4tI4--_hEE.drittduVxmoEzftpz u
⇒

* 91404) =

!

EIYtdudr.ve/
dY4du4r=tE

!

¥4241

1 4 2 7 ¥

!

Ä ¥

probability
density

④8) a n d J j 3 - cur ren t

density

continuity equation

429 ¥ztE

!

or

%Ü
Conser va t ion l a w :

(430) ¥fd74ft4

!

remark: W e s t i l l have t o s h o w t h a t JM
transforms l i k e a Lorentz-vector

DJ
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CBIfreediracparhte.tn>
determine stationarySolutions o f t h e Di rac

equation
i h f

#

=# ¥

S O 2ft ( E t h ¥

#

e -

i s t

⇒ Ä I E F E E N
r emembe r t h a t E l i s a 4 component object

43" 4 - (E) 9=1 ! ) - I I ; )
decomposition i n t o t w o sp i no r s 9 , 2 .
Subst i tu te i n t o t i m e independent D i r a c equation
e i n

#= ( E . § + mod ! E - (EE)
yields

4/32)

dIIHEEI.EE/+moil!:X)
s i n c e obviously [ E . E ) ⇒ ⇒

433) (G) = (G) e i P FA p . t k
c - n umbe r
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you w i l l s h o w i n t h e problem c o u r s e t h a t

14341

!

Ep Ep=T

!

ö

a n d eigensolution

( 4 ) %=f!

!

Ü

!

A s i n t h e K le in-Gordon theory behind t w o
types o f so lu t ions

E - + E p positive frequency particle
(436)

{ = - E p negative frequency antiparticle

notation E - R E P 2 = 1 1

%
" "%ü4÷

"!

)%

"

I¥

!

I n o r d e r f o r 4£ , t o b e normalized, i e .
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Ja? 4¥,LEHIE t.si
LEHE

% KE-F )
where F A I o n e h a s

438) N =fmofjfpEPf-
audqI.dz#Kz=1(439)

spectrum o f free D i r a c particle (as fo r K GE)
E ^

- M o d0

!

mag

The eigenstates (437) forgiven momentum P I E
a n d f i xed positive o r negativeenergy i .e . 2=-11
a r e s t i l l n o t completely determined

→ missing quantum numbe r

• Helicity
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I n t h e problem c o u r s e s y o u w i l l s h o w t h a t there
i s a n o t h e r c o n s e r v e d quantity

(440) EEECE.fi/fEHJ=oJ
t h i s i s t h e 4 -d imen s i o n a l generalization o f
t h e s p i n

heliälgoperater: projection o f

$

t o t

44" Äs=äE=Äf

!

• example-ip-hj-fo.0.tk)

444 I s = J z = ¥ ( ! ! ! !%::)
eigenvalues: 2 = 1 4 / 2

eigenvectors µ),

"

d )(f)1443)



w i t h
* + ¥ a . = L )

4441

A - ¥ h . F I ! )
i n 4④ t.sn

$ #

ö

*

W i t h t h i s wecanfullydassifyallsouhjonsd.tk
free D i r a c equation f a r b ü k e

:
" " " " "ß¥÷,(g

)
e""-renkt)

④45)

:

q.nu?
=wfgqq..p,qy
yei.z.*
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(c ) D i r a c field i n a n externa l e l m . f ie ld
andnon-rdahvisticlimitof-poina.pk

of m i n i m a l coupling a s i n K le in-Gordon

theory FM → IN- {AM
i .e .

ih-fze.GE/F-EA)-
eAotpmoc2F(4461

A s i n t h e KG-theoryt h i s equation i s i nva r i an t under
gauge-phase transformation o r shortly gauge-Hater

A-
µ
I N → Arial = AmH l t#µI C H

* "
yq→¥4×t¥Hexpfi¥

!

I t i s interesting t o consider t h e non-relativistic
l i m i t o f 446) w i t h a n s a t z ( s im i l a r t o KG-theory

14481 V I E H =/GEH | e - iMo c h
I t

Z I E H
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t h i s yields

" ¥ (ei.

"

x

< E .
Ece)teach!)-email;)

(4491

whe re Ä=Ä-EF a n d g. × a r e slowly

varying o n t i m e s c a l e ( n o c h ) " i .e .

④so' fih-fzzfalmodzfe.AM/4lmod9I
⇒ i n < g . f o r z t h e

k m -2ns

❤

EX i s dominant!

( 4 ) XE I n f f y i .e . l u
⇒ infzy = FÄLLT q t e t t o p14521

You w i l l s h o w i n t h e problem c o u r s e t h a t

FÄKE.FI/--tF4iElExTF)=(E-
EFRtiEftitF-EFIxfitF-EFI]

453) F ö t u s
= (E-EÄR-I I . (EHF)

E E
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t h i s yields t h e Pa u l i equation f o r a t w o
component s p i n a

q = (g)
ihfze-fzfdF-EFP-E.es?E-
eAoJq#4541

Pa u l i equation
• 5 ) = E I sp i n

• coupling termagnetic f ie ld w i t h g fac to 2

TheD i r a c equation explains t h e sp i n a n d produce r the
correct gyromagnetic f a c t o r !

s p e c i a l homogeneous magnetic field

(455) Ä = { (5×5) ) neglectÄhm
.

F - EFIHF-EExrTFFZECEXFI.pt
=p " -€5 E E=FxÄ456)

ih-oze.fm?-z-.e.E+zstEteAo/-
Em
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