
V I . Re la t i v i s t i c w a v e equations

forpartidesikkin-
Gordon--
VI.1Generalproperh.TOconstruct a w a v e equation fo rparticles s im i l a r
t o t h e Schrödinger equation bu t which i s
i nvar iant u n d e r Lo r e n t z transformations w e

have t o fulf i l l t h e following requirements

( i ) equation shou ld b e l i n e a r
(save superposition principle)

( i i ) s p a n a n d t i m e coordinates shou ld
appear i n t h e s a m e wa y
(Schrödinger eg . excluded!)

Furthermore

• localization o f particles h o u l d n e v e r

b e stronger t h a n

⑥i s t s e x ?

!

%

Compton Wavelength
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seine if I X e t c

I p?#> ¥, = M o c

J E 7 K ¥ 5 4
-
comparable = )

P a i r
creation

• temporal resolution s h o u l d not o fparticles
b e better t h a n

1320) I t 2¥=¥

!

Compton t i m e

relation between non-relativistic mechanics a n d
non-relativistic quantum mechanics

D a t s c h a quantammechan

x → I = ×

p → Ö = E #
.

• re la t i v i s t i c 4 - m om e n t a n i n spatial
representation

1321) F-spM-itD-s-it.FI
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• relativistic Hamilton function
13225 -

H = -ftp.?-mo2c4-

from t h i s w e c o u l d guess a stationary w a v e
equation
(3231-tRED-moc-4-EEzr-
orbgassociah.mg/t-ih-E

D t

( 3 ) ihn#20 = F Ä 4

Problem: s q u a r e roo t ; expanding the-

squa re roo f i n t o a p o w e r se r ies i n D

yields der i va t i ves o f arbitrary order
4

To avo i d t h i s problem w e squa re (322)

1325) H2 = ftp.?tmoc4
⇒ -K¥4 = f-H a s t m i c h
wh i c h c a n bew i t t e n i n t ems o f t h e 4 - padient

(328) ßµJM_µ

!

ß2

!!

Klein Gordon
equation
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V I . 2 Relativistic w a v e equation fo r

! ! ! !

equation

Csu)

"

" + MIR]40 = ④+ ( E ) 4 = 0
(A)4cumentdcnsityandcontinuityequahia.
HNimportant aspectof t h eSchrödinger equation w a s
a continuity equation f o r t h e field density

- S = 12ft? O t l t TTT= 0 1327)

wh ich followed from Schrödingers equation and
w a s t h e b a s i s f o r t h e interpretation o f S a s
probability density. We w i l l n o w s e e t h a t a s im i l a r
r e l a t i o n t o (3271 c a n b eder i ved fo r t h e K - G field,
a probability interpretation i s h oweve r not poss ib le .

(326)⇒

( F r F r-möcht = o (ftp.pM-moc44#=o

i .e .

µ
* trippin_mich49-4- (pjpt.mu?d)4*=o
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⇒
-4*1 l i fe t ime + KAY"

"

heter o

⇒ 0µL#die4 h 4 0 " 4 *) ⇒ fuj iko
4 - current density o f K l e i n -Go rd o n f i e ld

13281 jm-ihmoffuzd-zff.FI
Conservation l a w

(329) 0Mjµ=OµjM

!

wr i t ten i n t i m e a n d space coordinates & components

# I I I . (4*44-414*5)
(330)

+ F . f-Imo µ * Er-454*13=0
t h i s h a s t h e s a m e form a s t h e equation fo r t h e
Schrödinger field
1331) #ftp. j-O

global
Conservation

i c e d l a w(3321
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i .e . c a n w e interpret

"

3)
s-nzihm.cz/4o*fff-4G#*J

a s probabilitydensity a n d

(3341je-
izmofzpxFV-454F.aeprobability c u r r e n t

density? N o !

& i s no t positivdefinite!

s I charge density K G E describes"chavged"f

!

I I cur ren t density

O n e recognizes

13353 W → V t

! !

• v#describes field wi th oppositecharge t o t e

i f i f#= 49 re a l K le in-Gordon field
(336) ⇒ S E D neutral particle
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LBIThenon-rdativisticlimit.IN
o r d e r f o r t h e K G E t o be a sensible relativistic

generalization o f t h e Schrödingerequation i t shou ld

agree w i t h t h e l a t t e r i n t h e non-relativistic
l i m i t .

Since i n t h e l i m i t 5-70 t h e energy of a classical
part icle i s n o t z e r o b u t t h e r e s t energy

5 ) E → E u = Moc ?

w e make t h e a n s a t z

937) 25CE H = ¢ (reit) e -
''MEIt

t h i s gives

¥#= ( f f- in fo ) e - im ' t
A s w e w i l l s e e l a t e r

13381 / i t f f / ~ (E-mod) 10/1
FEIN

non-re la t iv is t ic l im i t

(339) E k i n 4 M o c 2
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i . e . 18¥ I a M¥01
(340)

8¥ = (¥1-zimoff-mf.IO/e-imFt
⇒ i n K G E (326)

HÄ.EE#t-mEI/I-soxeE/4--o
z u

⇒ free
1341) i t ¥4 =

-Infos

"

Schrödinger
equation ✓

3 .e . i n t h e n o n relativistic l imi t t h e K G -Wa v e -
function i s t h e Schrödingerwavefunction
w i t h a n oscillatory phase t e r m accountingf o r
t h e - re s t energy

" " "

→

"

schwange r

e - ¥ 4
t ö t e n

K IThe f reek l e i nGo rdon f i -
After w e h a ve convinced ourselves t h a t the K G E i s a

sensible relat ivist ic generalizationof t h e S E l e b
studys o m e s i m p l e problems starting w i t h t h e
free p a r t i c l e .
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(ftp.u-moc? I4=o

439¥ % = # e - ' P

!

H

W a r e a n s a t z

p¥" = - w t t ü r p r i s a e - number ! ! !

us i ng Fu =-ih@ FM= - i h gaudy
⇒ pappt = -tigierfuß(344J

Substituting (343) a n d (344) i n t o K G E yields
4451 (Ppp"-Mok)#= 0

w i t h p o = E f c =t.co/C,eq.C345Iimplies-
w?=IICF4moc4

O V

(346) W=IWp=I¥F

!

Ö

!

T h i s expression looks a s w e w o u l d expectfrom
t h e energy-momentan relat ion o f a relativistic

particle, eq .BA) .

However, w e notice t h a t forgiven momen t um
5 t h e r e a r e t w o s o l u t i o n s !
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13471 4±=A±eilÄ¥FWp

!

positive a n d negative energy solution

I f w e calculate t h e charge density o f
t h e t w o so lu t ions following eG . (333) w e
f i nd

(348) 8===t#z2I

!!

÷
⇒ positive-and negativeenergy solutions

have opposite charge

2 f t particle w i t h positive chap& energy
4 - - 4 - negative * -

CD/Schrödingerrepresentationotka-
theveisa n interesting mapping between t h e K G
field a n d i ts f i r s t t i m e der i va t i ve t o a

t w o component f i e l d . A s y o u w i l l s h o w i n
t h e problem c o u r s e o n e c a n introduce

t h e t w o f ie lds:
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⇐ ECvtmitz.EE)
a n d

* = EIN-imho, 0¥)
049

Which c a n be s umma r i z e d ein a two-component
field

(350) 4I=(

!

Which t h en fu l f i l l s the equation

"

ihfE=Ä

!

süüüüssion

o f K G E

wi th

Ä = (bztibgIEImo-bzmoc2-
4.fi?IiEno+l::I

Note t h a t I t =/ Ä453)
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but #2 = DE INE c4(354)

Th is i s because 6J= L , a n d {be,du} = 2idemv.lu
+ 25cm

As you w i l l
s h o w I n t h e problem c a u s e

f o r a free particle o f m o m e n t u m F-Hbf
+ w = ± t w p = ± c t f

W-e.tw#DzE4pT=A*(m!
IIIp)eiEEopH
I n the-ahhshmzPI .ae m a ?

95" ZEH (E) → A n (f)eilkx-wptlw-mod-
hwpyeilk.int)13573 I T "

"

=

Aufmodthop

I n i o s Imo< < m a l

6581 E t % ) → A , (G)
eilte

#

tust
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I t i s instructive t o represent t h e chargedensity s
(eg.4331) i n termso f

"

a n d

×

S I E . . H E I - 4¥ )
from (349)

l o s µ =

❤

+ Z ih#4=(9-2) mac?
⇒

s = IgG (④* txky-zttlftzkg.IT)
i .e .

(360) S-GY-XY-ezfftfz.FI#
I T

positive negative

charge

Away from t h e non-relativistic l i m i t E m a i l
have a l s o a smal l component Z a n d E ) a
s m a l l component 4 , s o w e require t h e

charge normalization

(361) fdkftbzzt-I .f i
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CEIChargeconjagat.-
compaving t h e t w o s o l u t i o n s O f a free K G
particle (355) a n d ( 357 1 w e s e e

(364 I T " C-F ) = 6 × 4 4 F )
*

i .e . i f I T = (¥ ) corresponds t o a positive
charge, i . e .

S d ) H t t z

"

= + 1

t h e n ¥=b×4*=EÄ

!

(363)

describes a s t a t e w i t h negative charge!
" e .

Sdk VIIt z

$

= - 1

Th i s operation ich

❤

63)) i s called

charge conjugation C

Obviously

⑨a ) Etc), = 6×16×4
* #= 6×247=4

7 2 3 -



interpretation

ZE particle2Eeantipar

y l t ↳ +
H

z u → q t )
E → - F
W > Wp - W=-Up

I n t h i s s e n s e neutral particles w i t h r e a l
K G wavefunction a r e t h e i r o w n anti-particle

¥ =

❤

t z = y #

then W I E 6 × 4
* = L # x = a *

$65)

s i n c e L E I = I T

( E ) = H E I E 6 × 2 7 × 6 × 4 4 4
(366) ⇒ D = ¥ 1

7 2 4 -



- -

! !

neut ra l particles neutral particles
w i t h positive w i t h negative
charge parity charge parity

E c = F f I I = - I T

• Kmart
o n e c a n s h o w t h a t

[E , Ä strong interadias] = 0

(367) [Ö,#am interaction] = 0

b u t [ 8 , Äw e a k interaction] # 0
i .e . t h e w e a k interaction i s no t i n v a r i a n t
undercharge conjugation

(F ) K l e i n G o r d o n field i n a n e lect ro-

magneh- -w e have d iscussed a free K le in Go rd o n f ield
l e t u s c o n s i d e r a slightly m o r e i nvo lved situation
o f a K G field/particle i n a n external e l m . field.
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remember i n non-relativistic quantum mechanics
w e h a d

min ima l coupling
13681 Ä → ih-fz-e.to Ä → - ITF-E I

O r i n c ova r i a n t formulation

pin → IM-EIN Eu→ Fm-EÄµ

⇒ t h i s yields

③9)ftp.P-EAM/(pM-EA,u)-moc2JU=c

Kle in-Gordon equation i n a n e l m . f ield

a l s o i n a n external f i e ld t h e continuity e.gs. holds

(3701 @IM = u

h o w e v e r with a n additional contr ibution t o t h e
c u r r e n t

"

" jr-zihm.lv#dr4-zedu*)-
emqzizf

-
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t Gange i nva r i ance

F r o m Edyn w e k n ow t h a t t h e g a n z e t r a f o

(3721 Auch → A ) A ) = Ank) t 0¥41

leaves Maxwe l l sequations i n v a r i a n t . W e wou ld
l i k e t o preserve t h i s property also f o r a K G
particle coupled t o t h e e l m . f ie ld , i .e . w e
request t h a t f o r t h e transformed e l m . f i e l d
a l s o 4 e t r a n s f o n s s u c h t h a t

(373) (in"-EA"') ( i t ! - E Api)n'-möcht'

!

i .e .

(ihd-EAM-EOUHKitfu-EAEE.hu/4'
¥4 ) -möcht'⇒
t h i s ho l d s i f

4 1 =4 1e - i # 1 A )
gauge invariance of K l e i n -Go rd o n a n d e l m field

A-
µ
l x ) → Auch = A-

µ ( x ) +0µV)(375) wµ→zdN=VNE¥

! !
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W i t h t h i s w e c a n h o w cons ide r a K G particle
i n a Cou l omb potential (Hydrogenproblem)

(37-62) e k o = ✓ ( r ) = - 2¥ Ä H

Yo u w i l l s h o w i n t h e problem c o u r s e s t h a t
t h e stationary solution o f t h e K G E i n t h i s
ehm. f ield

ffihcf-vcnf-moc4thKDJHE.tt⇒
h a s t h e fo rm

9771 4%+1=04 (F ) e - I s t

where t h e energy E a n d eigenfunction 01€( F )
follows from

(378) [(E-Kr)f - mold t h i s ]

"

D A

= 0

Ansatz:

( 3 7 9 T

"

ECE )

= REf

!

Yen

"

e)

⇒ - ⇒

(Erz-¥! + I I I . 7 ) R e m o
9801
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t h i s c a n b e written i n t h e f o r m

µ , [¥2_MIKES + ZEIT_min) Ra t ko
where w e have I n t roduced

(382) d=t¥=e37

!!

fine-structure cons tan t

We a r e interested i n b o u n d states wi th E? E (muff

abbreviation ß = 2 m¥

!

T

S = ß r

µ
=ktER-
fza.EE#

t h e n ( 38 1 1 simplifiest o

d?983)↳z -M}Ä + Ig -¥] Ree ( r ) = 0

To solve t h i s equation w e u s e Sommerfeld's method
a s i n non-relativistic quantum mechanics
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S o first cons ide r limiting c a s a :

!

%-1) R e k k o
(3841 ⇒ Ree

"

E.AE-

"

+

Best?
canno t be normalized!

⇐ qgz.MY#)RseCd=O

(385) R e e l s ) - s " ⇒ v o n )

$

(µ?!) Ö k o

⇒ v?-V-(µ?! )-u

4 = 2 ± [ f tp. I J?=EtM
t o have convergence f o r 9 - 7 0 only

(386) D = { + µ

Sommerfeldanstat
Ree l s ) = Aste

!

ES

❤

FG )

⇒ Ist, +4¥-e)¥ + I

!

f ü r



Polynomial a n s a t z

(388) F I S ) =

!

wams "

⇒ Jammern-a)5 2 + c . Imams"?
m = 2 p M )

- [ ( m - a ) am - 1 5 2 -azfam.rs"-2
M E Z m = ,

= D

Where ( = 2 µ A a n d a

!

µ-1J- 2

comparison o f coefficients yields

(389) a n = a u f 9 2 = ¥

! !

a n d

1390)amtn-GIT.FI#-
(39O)isarecuvsI0n.Jnorderto
get normalizable
so lu t i ons w e h a ve t o require t h a t t h e recu rs ion
t r u n c a t e s a t s o m e i n d e x m - n ' E I N

i . e . a + n '

!

0 ( 3 )

s i n c e t h e n a n f i n g , - a n ' t } = - - - = 0
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F o r 13911 t o ho ld w e h a ve t o specify t h e energy

!
13921 1 =,

!!

µ

= µ + E t h"

T h i s t h e n gives (remember µ
← e s e e abbreviations)

"

"i-1-IIII.IE#-
Asinthenon-relativitie

Hydrogen problem w e
introduce t h e principle quantum n u m b e r

(394) h = n ' t l + 1

4 = 1 , 2 3 , . . . l = 0 1 , 2 , . . . ( n - 1 )

M o c 2

③5)ä

!

→

!

Kle in-Gordon Hydrogen energies depend o n e !
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expansion i n powe r s o f Ex )? which should
b e good f o r l i g h t n u c l e i , i . e . 2-s m a l l

E ine = moifi-EE-EIIE.EE)
⑥96) / 1 \

res t energy Schrödinger relativistic
correction

lifts t h e e
degeneracy o f
t h e non-relat ive

Hydrogen problem

K m a r t
• F o r heavy nuc le i wh e re Z a > ( e x t )
E n e b e c ome s imaginary

⇒ there i s n o I s state f o r Z a > E
s o zäh ± # = 6 8
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