
I I . Q u a n t u m mechanics o f open
s y s t e m s

-

A c o m m o n problem i n quantum physics i s tha to f
a s m a l l systems coupled t o a much larger o n e
ca l l ed r e s e r v o i r R whe re w e a r e interested however

Only i n o b s e r v a b l e s O ft h e s m a l l system S

d i r (Hs)a d i e u (HR)

! "

1
System

H R r e s e r vo i r

Can w e f i nd a n effective description o f thesmall
system without t h e uninteresting degreeso f
freedom o f t h e r e s e r vo i r ?

Fo r cer ta in types o f reservoirs, so-cal led Marboday
reservoirs a n elegant formalism ex is ts :

L i n d b l a d equations

Th is formalism c a n n o t beapplied t o a l l situations in
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quantum physics b u t applies we l l e .g . t o quantum-
optical systems a n d quantum gases . A n important
different approach i s t h e Caldeira-Legget approach
not covered i n t h i s c lass .

effectivedescription of S only m e a n s t h a t w e
l o o s e information a n d w e c a n n o longer
desc r ibe t h e system w i t h a Sta te i n Hilbert space

II.IM/'xedstates&densitymatn-*
( * a reminder)

suppose w e h a ve a quantum system f o rwh ich
w e only k n o w t h a t i t i s i n certain q m . states Ich)
w i t h probability Pn . H o w t o describe t h i s i n
quantum physics ?

493) 140) = In F n to n ) ?

t h e n f o r Observable

< Ä ) = Z ' 5 pm LehntÄ k lm ) 1
h ,

m -s h o u l d r a t h e r b e

(1941 H Ä ) = 2 pm <dntÄ I c h )

⇒ s t a t e vector n o longer appropriate!
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However: a l l information about f . system i s i n
t h e projector

11951
G ) = 143<41

since ( A ) =

#

Ä h )

496) =Tr {ma r l Ä }

G ) fu l f i l l s t h e equation o f ma ids

i t

#

i n

= I I )

#

t h a t

= H I ) C a d - ( zo l l t

= [ H i s )

#

si.net#.sFfIfdI!re*f o r projector

The projectordescription c a n b e generalized t o systems
w i t h reduced information (probabilities)

11981 ton) → s-nzpnla.IE#-t
s ta te vec to r m i x e d s t a t e

density operator

-

zu

"

ME "

E P F probabilities



Observables

< A ) = Laiätton)
④

A ) - Tr f s t } = Epullontätton)(B ) = Z p n Ä
propertiesofdensitgop
eraheli)

"

self-adjoint Koo l

⇒ real eigenvalues

( i i ) h t t

#

C - H s k o n n t e n positive

<4019120) = [Pn

#

childutze )

"

p i nke l t

!

eigenvalueso t s a r e probabilities

( i i i ) anon- t r i v i a l b a t important property i s

H IV ) C - H s

#

H a u ¥ 8 , auxiliary
system

duz t -

"#

2 Iß ) Z0

complete
positivity
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(iv) from E p a ) fol lows

Tr{s3=Ep„

"

conservation of
1203) probability

i .e . I r

#

=

0

④ ⇐Tr3ETFfirssB-
EFE.EE?

" !

" " " D

= [Pn? E [ p n - T r

#

⇒

K o s t - 1 E Pu re
s t a t e

(vi) I t e n a n d b e a r e density makes
t h en also

② 6) g-npg-G-p-f.is convexity
c o n v e x s u m

(vii) H a l l eigenvalues O E R E t o f f a r e
different t h e r e i s a unique diagonal representation
o t s

① 7 ) S-IDntonk-yput-pmV-n.vn
- z u



I I . 2 Time evolut ion o f a subsystem i n

thekarkoolimitT-badfah-
wenowwau.ttdevelop a n effective description o fthe
dynamics o f t h e s m a l l system coupled t o a rese rvo i r

i n t h e s o - c a l l e d Markov l i m i t o f a r e s e r v o i r
"w i t h o u t memory"

Rosa Ä = Äst Äpt Äse
/ 1

System reservoir
Igtem-reservoir

coupling

Liouvi l le equation o f to ta l s ta te

④ 9 ) X E H s ⑦ HR Ä =-¥[ H i t ]

I f w e only w a n t t o calculate observables Ä t h a t
a c t i n t h e I N best Space o f t h e System, t h e n

< Ä ) = T r , { X Ä}
= Trs { Tre k } Ä}

i t i s sufficient t o cons ide r t h e reduced density
ma t r i x

G v ) 9 = Tre {X}
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S i s i n general a mixed s ta te e v e n i t × w a s

a pure s t a t e . T h i s i s t h e c a s e i fa n d onlyi f
system a n d r e s e r v o i r a r e i n a n entangled
s t a t e .

X = 1 4 3 4 1

Using a Schmid t decomposition 1 ) c a n b e

expressed a s

Kerl 1 4 h =
E- A j b i b i ) .
j = 1

where {4 )s } a n d { I i )p} a r e O N B i n Hs a n d
H R respectively a n d d = m i n { d imHesl,dim

#

}

The d j a r e called Schmidt coefficients. I f only o n e
coefficient i s n o n - z e r o t h e S t a t e 1 4 3 i s factorized
i f m o r e t h a n o n e v a l u e I F O t h e s t a t e R p ) i s

entangled b e t w e e n S a n d R - T h e n

4 N 5=7*{14×41} = EI i s b ) s t i l
④3 )

s " "
T r {s3

"

1
⇒ EIis

"

1

b u t
T r { s? } = E r ? ± 1④a )

E s

equality holds i fonly o n e B- = 1 i s n o n z e r o
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What i s t h e dynamics o f es?

I t i s useful t o split-of t h e fastest timescalesassociated
w i t h t h e free dynamics H s t ftp.bgaanitarg
t ra fo

④s o ) + H t → EH) = e
¥

#

+

HR)t z ( f ) e -ICH-Habt

a n d

⇐b) A → ÄH) = e
¥

#

+Halt#e-ICHs t a t t

s u c h t h a t T r {HHA} = T r {FATAH}

( a )
The"

ÄH) = - I [HIRN, EH]
L e t u s a s s u m e a w e a k coupling between reservoir
a n d System (Born approximation)⇒ t i m e dependent

perturbation theory. F i r s t integrate e q Ke a )

( a ) E H = I H o ) - I SÄ [Es , I H , Eta]
t o

subst i tu te H H i n t o v . h . s .o fe f . a e6 )

Ä H = - I [HIRN, Ekd ]418)
- ¥ HE [HIRN, LÄRM,END

£ °
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N o w w e a s s u m e t ha t t o W a s chosen such t h a t

system a n d r e s e r v o i r w e r e s t i l l factored (e .g .
t o → - • ) , then

( 2 ) Älter) = S s ( to t * S z Ho)

N ow w e note t h a t the 2 n d term o n the r.h . sn OfGeo)
c o n t a i n s Hse t o second o r d e r . I n t h e s e n s eOf
time-dependent perturbation w e c a n approximate
i n t h e t e n o n t h e v .h . s .

B o r n
Kw) I C H = 5 k t * Ärzte)

approximation

Fur the rmore w e a s s u m e t h a t t h e r e s e r v o i r i s ain
a n equilibrium state, i . e .

( 2 ) LÄRM, Ink l ] = 0

i .e .

JR Cz) = J RHo) = S z

N o w w e c a n trace e q . l v ) o v e r t h e r e s e r v o i r
degrees O f freedom

Öttl= - I FR {[HIHI,5 Hol * Sie]}(222)

× hof fe ron ignore
- ¥ faz FR {[Es.HI,[Äsekt, 5 ) * So]]}

t o
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L e t u s a s s u m e a generic reservoir-system
inte rac t ion o f t h e type

② 3) H s , = Ag

!

SIRI

j

where § a n d Dj a r e system o r r e s e r vo i r

operators respectively.

here §-= SIT p iept
generalization
possible

i n interaction picture Rest b u t dropping t h e t i l de
f o r e a s e o f notation:

E A → × H I

w e have
t

j a = -¥. g )d t F ) [ÄHÄH,④KIRIN,stets}
12241 t u

= -g)Efta{<EHIRunD.fsIHIHSH-
EHIHD-LRIHRI.tt?fsI

#

NÄH-saints ]

where
12253 ( I j H ÄNDE Tre {SRRIHIRI.CH}

Eg. 1224) i s a closed equation f o r t h e reduced
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density m a k e s bu t i t i s non-local i n t im e .

!

.

S ince t h e rese rvo i r i s i n a n equilibriumstate,
t w o - t i m e correlat ions a r e stationary, i . e .

(226) ( Ä H ) I nk l ) = Rj" ( t - z ) → o
I t - d→ •

I f t h e r e s e r vo i r correlations K 26 ) decay o n a

t ime s c a l e wh i c h i s m u c h f a s t e r t h a n t h e dynamics
i n t h e system w e c a n m a k e t h e s o - c a l l e d

Ma r k o v approximation

②⇒
94ÄH)Ink l ) = ( I k t i s n ) d t - z )

% RIN RuHD = (Tja- i bin) G H z )
wnaey.nzgzgyj
n.gg

Th i s approximation i s usually wel l justified i n quantum
optics a n d atomic physics. I n condensed-matter sapiens
i t i s often a b a d approximation. (227) yields

so=-E ¥ 8in { I s i s - E s § }(228)

- E E H E {S iss i -S IE}
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th i s c a n b e written a s

Ö=

"

I n

d i e [ I I . , s]
comedian t o

system
Hamiltonian

429)

+ I I I . {zsIssk-sisis-ss.si}
Since Tja = Taj i s symmetric i t c a n b ediagonaliced.

Furthermore i f w e generalize the discussion t o
nun-hermi t ian operators § a n d RT o n e eventually
a r r i v e s a t t h e

L i n d b l a d -Ma s t e requation

(2)
Ö=-¥ [Het,s ]IEüKüsüüüs-sü

"

One c a n s h o w t h a t

(231) In 2 0

The In a r e cal led Lindblad-operators
o r j u m p operator
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somepropertiesoflindbladequ
alieThe Lindblad equation c o n s e r v e s probability a s
12321 ¥ T r { S } = 0 .

• I t d o e s n o t c o n s e r v e t h e purity
d(233) # T r {92} # 0

I . e . open-system dynamics c a n l e a d t o increased
m i x e dn e s s b a t a l s o t o a purification o f t h e state.

• I t a l s o c o n s e r v e s t h e (complete) positivity o f S H

• Eq.CZ301 generates a non-unitary t i m e evolution
corresponding t o a semi-group ( i nve rse t i m e
e v o l u t i o n i s n o t dement)

• Eq. (230) i s i nva r i an t a n d e r unitary transformations

Kay Amin → E i E i = [Umhin
• u n d e r

[µ→ µ = [µ + ( µ G u t ¢(2353
= µ → H ' = H [ In Kühn-GÜ)

+ c o n s t
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(235) a l l ow s t o make a l l I n tradess
• L iouv i l le super-operator (linear m a p
(236) § = L g

L . =-ICH..] + EIIkn.int-ohh
- L i l i )

• L h a s right eigenvalues a n d eigenvectors

437)fgz-n-zgzh-n--
438fhe.ve

"

-0

a r e decay rates

8 c a n b e decomposed i n t o g z

(239)gltl-IC.zgze-fsir.ee
T r {SHB = sonst + ⇒

(240) T r {Sz 3=0 f o r R I O

i .e . t h e S z a r e themselves n o density makes !
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T h e density weakx f o r 2 = 0 i s called

stationary state; i t i s a density mat r i x

441) Sss = S o = b i n 8 f t )
+ → -

where i t w a s a s s u m e d t h a t n o o t h e r eigenstate S z
w i t h R e

#

=

0 exists.

Complex eigenvalues c o m e i n conjugate pairs
a s

8 A = es
* A )

(242) [case-it

"

EIS

$

e-

" ¥
*

II.BE/ampIesofdissipah'vesystem-

(A) harmon ic o s c i l l a t o r coupled t o r e s e r v i e r

otosa-YBIHs-tswfata-
EIHEZt.vn#nbutE)
( 4 )Hsiz-tEgufitbnta.hn/-
b-oscillatorss h a l l b e i n a finite-temperature state

1245) g , = I f e -

#

4 5 4 4 µ - e -Btwn)
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inarotatingframea-ae-iwtbu-br.ee-
iwut

s h o r t notation

B - [gut" B E E gabt
12463 5 =[gujne-iwnt-
nowweidentifya-I.FR,

ä h sie B - → R T

i . e .

②47)Hsiz-SNRntszRzlw.o.li/de)-
SinceTrEgjbibe3=TrE&zbTbE3=O
⇒

< R e H I R s

#

=

( R e t t ) R e k t ) = 0448)

b u t

{RHHRzteD-Eegngeetihkte-iwe-hbtr.be)

Fö n e n(249)
=[gfe iwnl t-dnu. -

(RUHREND = Egle-ihn#"Guts)
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"

<R.HR?hD...-aHt...atce)...
(257) - E gfetilwu-wkt.ee) %

-

only f o r W a k w ⇒ I n = Mw)
re l evan t

= ① + i s ) I N S H - e )

Martin approximation

We s e e tha t fo r t h e Markov approximation t o hold

-ginn
shou ld vary slowly i n Wu a s compared t o t h e
charac te r i s t i c i n v e r s e t i m e o f t h e System evolution

⇒ specially b road reservo i r !

s ince t h e n [ginaetilwn.at-e)
= g-251W) fdwueilwu-

WIH-zII.EE
Similarly t o (257) o n e f inds
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< R z HhRates)... Ä H ) . . . ä h ) . . .

~ [gie-kwu-wkt-zlfhu.tn)(252)

= ( J - i s Küchts) S H - e )

Th i s t h e n gives

J H ) = -

Satz{LR.HR?kDfaHIatkYcet-atHSHaHf-
*-CRdzDnFDfalHSHatH=Sk)

aha)
* (RzlttR.li)fattttatdstd-aklguattttf-
CRNRZHDfattttsaau.sk)AHEAD

}

§ = -E s [ata , es]
+ JENA) 12ASat-atas-Sata)

453)

xzunfzatsa-
aats-s.at
interpretation P n = ( m b h ) probabilityo f

excitation = n
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I n = j (unten) knuspern - npn)
454) + 8 5 N (npn.ee-Cuts)Pn)

° E probability currents

h t

"

NIE""

"$

I n t el flow of

g l ü h t

" "

( nm ) probabilities

H ü

"

n

n - 1 stationary state

NIE"

""

In-"

bis= 0 455)

:

I n stationary s ta te t h e probability cur ren ts between
P n a n d p u n h a v e t o compensatee a c h o t h e r

455) jlh-nkntslpnin-jn-ln-nlpn-
thi.si'sc a l l e d deta i l ed ba lance

(256) Pp!

!

=

I n
5 + 1

4571 p ! =

!"

Ypö

and

$

op !

= 1
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⇐ EI
"!

ö=

!"

Poss

⇒ pö= ¥ .

4 ) pi-fu.FI#n---EIETw
t h i s gives

(259) Puss
= e - Pkw" (e- e - Btw)

Thusthest-gstakot-salatar
coupled t o a r e s e r vo i r o f h a rmon i c osc i l l a to rs a t

temperature ß = T h i s i s again a the rma l
s t a t e w i t h t h e s a m e temperature!

⇒ thermal izahon

(B) Two- l eve l system coupledt o r e s e r v o i r

ofharmonicosc.it/atorsatT-
(26oHs=-zH=EhwbubutI)

k

(26) ltse-h2gnk-btu-totb.in)
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fully analogous t o ( A ) w i t h ä - 7 6 -
a n d a -+ → a t

o v o > w i t h o u t t e r m i n Hami l ton ian

Ölaiss = Elliotts) (2636+-083-2)464tfhlukbtg5-dztg-
g.dz

nota t i on l a )

"

I N
b ) E N )

jaa = - g l ü h ) S a a t 8 5 Sbb
(263) Öbb = 8 G t ) S a a -8584jabe-Erkutals

la) -

8¥

" "

Sbb + S a a > 1 S b b

"

1 -Sag

stationary state

Raa) sasaslzuti-nsaa.IE#FjE
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• decay r a t e O f off-diagonal g a b

§ * s u m o f decayr a t e s o f I a > a n d 1b)

• generic behav io r

•

°

⇐ µ

!

§!) → µ" Sbb)Gab

oft-diagonal matrix e lement decaf
"decoherence"

there c a n b e a n add i t iona l phase decoy

(265) [deph = % Gz

§) =

deph


