
I I I . 5 F o r m a l scattering theory:

lippma-hwige-ua-K.tk
following w e wi l l d i s c u s s a m o r e general approach

t o scanting theory wh i c h encompasses single-particle
scatteringa t agieren ex te rna l potential a s wel l a s
two-Coronary) bodyscattering.

cons ide r Hamiltonian wi th scattering term Ü
(extend potential o r two-particle interaction. . . 1

451) Ä= Ito + Üe - E M A { s o
-

asymptotic switch on/off of interaction
f o r H I → - Ä =# u later E - 3 0

c o n s i d e r interactionpicture t o Ju l .pict. = Schrödinger

452) 14¥HD = ei#HA I PA D
where

a n d VIA) = eiltoth Ü e - TÄTIG { → 0

⇒ ih#HIHI) = I H R E HD453)

formalso lu t i on
+

454) H I H I H IH I ) -ÄH ÄH KIKI)
t o
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noting t h a t f o r t o → ± - d u e t o t h e
k m e - E H #

¥ #→ o w i t h t u = I s

" ←

k i f f t → ± a ) = (¢#DX freesolutions of
(155) Schrödinger equation

t h u s depending o nto-toorto.ir/kE'ltD=I0HD-
IfdzVIkIIzff-X - -

• 14

!

H D
i s ca l l ed re ta rded solution

here t h e Solution ( "in"state) f o r t → → i s

k n o w n a n d a free Solution

* H t t→ - d ) = / I M
JOB

"

KEYED

• 14

"

H D i s cal led advancedsolution

here the Solution ( "out"state) f o r t → t o i s

known a n d a freesolution µ 1 4 " )

17

!

lt-toD-lcftDII-e.nu .

"

"

"

"#
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choosing t h a t i s t .picture = Schrödinger picture a t # o
" e -

interactionp .
Schrödinger

P.

457) 14

!

( d ) = I N # ' ( d ) = t v # I )

a n d l o o k f o r energy eigenstates

(158) H Ä F E N )
⇒
- 144 ) = Ich#D-

"

ja ,
eittokh-vae-ikokhe-a.tt/h

F - . 14¥44)

Using furthermore

14¥a ) = ei#EH µ # 'c)
= e i Ä r a e -

i # H t 12,4cg)
F u n

W i t h t h i s w e finally arrive a t

454 140#D= (of# )

!

fajeittfve.sk#e-iHIppay

←

eigenvalue e g .
⇒ integral equation f o r exact 4 )

scattering state

④8)IPHLHOHDIESÄEHIEVEEEEEEPPA
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fe t u s n o w define

Green's Operator

⇐D G )⇒ = -

izfa-expf.it#o-EnIiEk-}
F X

F i e i s important t o avoid
singular b e h a v i o u r

Operator a ta . ) ä

! !

I I . E
Completely determined by eigenspectrum o f H I !
With Abo) w e c a n w r i t e t h e integralequation 458) i nt h e
form

I n # I ) = Ich#D + Gott' Ü I q HD

❤

61) n-ldAD-jf.VN
Lippmann-Schwinger equation

Th i s i s a n equation f o r a self-consistent calculation
of t h e t r u e scatterings t a t e 140#D from t h e i n o v a t
s o l u t i o n s 10#D.
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Iteration o f eg . lead yieldst h e B o r n s e r i e s

Mod
IvH)=[ItGÄvxGÄÜGÄÄnJwF

I n orde r t o evaluate t h e B o m series w e c a n g o t o
a spatial representation

s i n c e Ho i n spatial representation i s a diferenHat
operator w e expect t h a t Go -CHEE t i e f i s a n
integral operate

Gott' 1 4 ) = förfd?' E ) (ÄÄÄÄ) Ä I v )

(163) H E F E ,
i .e .

G-E ) a n ← Ja?' GEHT')4 4 ' )
H O W

GÜTE,F ) = L Hä#' I F ' )
(164)

= E l (Äo-E-+is)" I F ' ) = ?
i n spatial representation

- (Äo-Ezio) GEYE,F') = 8
" '
(F-ö')

# i n spatial rep.
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i .e . spatial representation o f Ö # i s athe
Greens-function o f t h e Helmholtz-equation

- ftp.nEIE/GFLErT=d4r-r
Th i s Greensfunction c a n easily be calculated by
Fou r i e r - t r a n s fo rm . F r o m ( 6 5 ) w e s e e

GOFF, F ' ) = Go#'CE-F')
1166)

! %

d}

e 'Ä

#

GÜTE)

where F E F - F ' . F -Trafo of (1651 yields

F IETE ± i s ) GEYE) = 1

CentGEYEK-EtqFJ.gg/
WhaeE=EfE E = IIm

inverse F - t r a fo gives

Go#' ( F ) = - 2 n s

⇐⇒ s o :

!" "!
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• T L 2 M ,

=-13¥! EfechsuchfacegeIII

Führte
•

=-II-HEI.EE?I:---
E-.zsa-t.#

""""!

°

r e s i d u e
= -KÄFIG

!! "!

integnahI

Astorderpole's i n complexplane (E-70 i.ec?o)

④g) ql-kz-iE-lq-k-iEIEftk.IE) (Eko)
1

choose = ( f - f ) IG-Gz)

f . = KH E G z =-k- I F

q"= I m

%

^ gegixif"

Äße

%

=f'
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n o w e i g =
eich e - 9-"×(170)
- I f o r × s o g-"so
bounded

¢
gives z e r o contribution × c o g-

"
< 0

<

J E ¥ 1
< 5
givesz e r o
contribution

# #

* Ä f f i n -zniIResff.IE},
- - f i

i n s i d e integration
p a t h

!

= * hin G - a ) gIÄÄ
g-→ 9-n

= Te i e i # s im i l a r f o r * 0

retarded G F
Gi t tä t -E- I I I

(17-2)
GöYH=-z¥q

"

Y

"!

advanced#
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t h i s t h e n yields t h e spatial representation of
t h e Lippmann-Schwinger equation

4EGt-oEH-zmfaHEIIIII-kr.NET

(17-3)

iteration gives t h e B o r n series i n spatial
representation

viel-KEIN-71¥

"""""

rösch

(1741

4¥88"

"""!

vorne

!!" !

ur"#¥:

- 1 - . . . (vector a r r o w sdropped)

Wha t i s t h e connection between 4k#KF) a n d the
scattering amplitude f i e l d ) ?

1/751 { "
( E I = e i n

4761 4 ( F ) =
eikz.IE/d3rieikIErYc-r-VGI4kYry
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H#
!& !

•

4 ¥ ,

large distance from scattering center

I F - F I = R Ä T E
= rztrR-2r.TT?r-Fj'

⇐ EIFEL, =

!!

e-

KEE

11781 I ' = KE momentan vector i n
radial direction f rom center

I I I = hätte

(A) fukhk-zmz.ba?rie-iti:F'vcryzqHfr

relation between scattering wavefunction a n d
scattering amplitude

This expression w i l l be particularlyuseful w h e n w e
discuss approximate so lu t ions o f t h e scattering
problem → n e x t sec t ion
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III.co/--matixandBornapproximati-

I f w e w a n t t o s o l v e t h e Lippmann-Schwinger equation
w e face t h e inconvenience t h a t w e h a v e t o d o t h i s
f o r every input (free)stake again.

&

( vo ) 14#D= Ich#D -

"! !

Ü

I s t

%

)

Can w e s o l v e t h i s i n a m o r e elegantway? yes!
Con s i d e r again t h e Bops S e r i e s

I v # D = G G F ü + GÄNGEN
K

k a ) + ÄFÜGFÜGE'Ü+ . . . ] 10¥)
w e recognize t h a t t h e contribution o f t h e scattering
potential Ü c a n b e s u mm e d up

Ü + Üä f t ü t ü GÄNGEN + . . .

Def: Transfermat (at energy E u I I I )

%

THEVIGFÜNGFÜGEVT
483) HIED-K-ÄFTEIJIAT
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O n e real izes t h a t F *
fu l f i l l s t h e following

equation

484) T*=Ü-ÜGÄT

! !

Lippmann-Schwinger o f . f o r T - m a t i x

I n contrast t o t h e Lippmann-Schwinger equation (180)
fo r t h e s t a t e t h i s equation i s independent o f t h e
init ial s t a t e !

Deng: i n spatial representation T i s non- loca l

T # '
( F , F ' ) = V (F ) JPY5-F')

(185)
+ für" V ( E ) Go#

'
( EP " ) T # ) (F", F')

Bornapproximatine
will n o w den've a n approximatesolution o f t h e

scatteringproblem, cal led B o m approximation

BonnSer ies f o r T-ma t r i x

F e t t

!

+ i rätüüüüüüüüt. . .
= Ü EI läd t ü)"
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i f ÖTV "small" → truncation o f s e r i e s

First-
orderBomappraimo.li/186)FH=

!

i n spatial representation T
*
( F F ) = V ( F )SEI-F)

l o c a l !

(18731445--144)+644^1=-1--1

NOW w e c a n u s e eg. ( A g ) t o f i nd t h e expressionfor
t h e scattering amplitude i n l owes t-o rde r B om
approximation

"

%

fn%af-z.my/d3rie-
itiHvcryeiti-fLoEkr ' I
w e s e e that f u"Yael
Ma l i × e l emen t o f t h e scattering potential
(interaction hamiltonian) between incoming ( E )
a n d sca t te red ( I ' ) plane w a e r e

¥ : #
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8 D fülchatzmanPLEIVIä
• fe t u s d iscuss th i s f o r aceuhalpoknh-VCFFV.lv)

Ä = Ü - Ä Ü = < ( E . F ' )

f ü h l t zmzzfd3rle.it"EY very
= -¥ , §!' n ' ? jag eier 'S v e r y

: "= -¥ , f a i r " ZIEH v c d )

ksolfuk-tzfdiivcrhsw.gr#
°

scattering amplitude o f anhat potential
i n f i r s t-orderB o m approximation

N o w g-= FEE = F Ä Ä
= k I K K- 2 k l i c e = k ¥ 3 )

4911 q=2ksü

!
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E x amp t S c r e e n e d Cou l omb potential

✓G ) = -Jet exp f ra ) Yukawa,o r

Thomas-Fermi

f ü h l t 2¥27GdF e - " "singer'

❤

= . . . = FEI Ä H
w i t h 11911:

f ü h l t 27ft KÄFER
th i s gives t h e differential c r o s s section

¥ :

" # "

{ a → - i .e . e -
D a

→ ,

E r I¥e s

"!!!! !

dann

potential
Rutherford scattering c r o s s section
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