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I n t h e quantummechan ics lecture w e h a ve s o f a r
mostly d iscussed discrete eigenstates of quantum
systems. Often t h e physics involving t h e c o n t i n u um
o fscattering s t a t e s i s h oweve r a s important
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S o l i dangle o fscattering
dÜ = F d h

de t e c t o r a r e a

D E = r ? dÜ

number ofparticles going through D I per u n i t of time

①4) A N = js.DE = j s .h r?dh
differential scattering c r o s s sect ion

imdb.ffI-rlfjr-f-d.EE
t o t a l scattering c r o s s s e c t i o n

(106) 6=fdzG

!

scattering amplitude

As s ume t h e target i s a potential V C R ) centered
a t F - = o a n d V

"

h a sf i n i t e r a n g e ; i e i t

decaysfaster t h a n H r .
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⇒ input a n d scattered s ta tes a r e

s o l u t i o n s o f t h e free Schrödinger equation

① ⇒ H = IIm ,
Ä fixed sag n i z direction

⇒

#

i n

( F ) ~ e i n E u ¥4

asymptotic of sca t te red wavefunction

CDisotropicscattering-pg-po.to
⇒ P r # 0

(1081

!"

%
G ) = Euch ( E )

Solution, s e e Q M I spherical Besselfunction

9 k C ) =p" G ) = jour) = SYLT

= : L
fo r isotopic

kost ⇒ q u i r i n erin scattering

liilgeneralcaseianisohopicsc
ateringkeolqlrih.ee/vfkkfy)er u n s
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field, g) i s called scattering amplitude

I f t h e target i s a central potential t h e scattering
problem h a s cylindersymmetry a n d

( 1 ) f u l l , g) → f u Ich)

relation between scattering amplitude a n d
differential c r o s s s e c t i o n

js = Em; (ots#HÖHE) - E )505¥)

Is.E r = Emittsfros-4¥05)
KR) =p tmkrzlfr.H.at?

✓→ ×

o n t h e o t h e r h a n d t h e cur ren t o f t h e incoming

part icles i s

④3) g ) = HI Ez

km GI=YÄ÷=Ikh
→ g -



Scattering o f a centra l potentialI-2.partialwaved-n-iti-
ofparlicc.laimportance isthescaltenisgofaceuh.at
potential

✓ ( F ) = V e r l

w i t h ( i ) R V G ) → M f o r - 7 0
H H

liilligerieverta

Remark: c o n d i t i o n s notfutfilledforcontomb potential
-

→ needs separate d iscuss ion

The asymptoticform o f t h e wavefunction (without
normalization) i .e . fa raway from t h e scattering
C e n t e r f o r i n i t i a l momentum b -E-_tskEz@D9alFk9kCr.ch)

=eikz-f.IO/eri-
krjfnmeITHtt

target

eihz
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Da f o r ✓ = 0 Gu is so lu t ion o f stationary
r a d i a l Schrödinger equation,s o

(KH 9dm9 ) = ¥, C e Rue l r ) Pelosch)
Legendr
e polynomials

a n d

ffzdfzr.LY#+kJRueH=0k i s s

Th i sequationh a s been discussed i n Q M I . T h e solutions
a r e spherical Besselfunctions

( a ) Rue G ) ~ j e ( K r )

jolxksifje.CH> SIE_ ja

=L??-f)s ü s s

- ¥ 2 8
fo r × → •

je in)-¥ sind-¥)
i .e .

Kw) Ruehrt ¥ Sünder-¥)
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Da f o r V I O w e expect t h e s a m e asymptotic
f o r m apart f rom a possible
phase sh i f t

4 )
9ulrih-ezocesinkr-E-
cpec.ca#

partial w a v e decomposition o f
scattering wavefunct ion

% - scattering phase

re la t ion between scattering amplitudes a n d
scattering phases

e q .CM ⇐ (e rb )

e i k z . c i krass

"

E) (ze n ) i l jeder Pekosch)
input homework
w a v e problem

feat → [(zentiesinffrepekosch)
✓ → • e -

to ta l w e r e
eine+ fußt

=
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= Ä k e i n e ü Pekosch)

11231 + f ie ld)

!

¥7 cesinlkr-IE-peko.ch)

⇒ . . . ⇒

C e = i h r e + a ) eise
(1241 fnkht-
IE.IE#sincrePec
partial-wave decomposition of
scattering ampl i tude

using t h e orthogonality o f t h e Legendrepolynomials
Pelcoscht o n e f i n d s f o r t h e t o t a l c r o s s section

④H 6-YEoketnlsai.FI
Setting ch⇒ i n G H )

f -K l o ) = ¥ I I (Zeh) s i n d c o sde
+

!

Ekeu s

wire
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t h i s yields

(1261 6-n4IJmffr.lt#f-
optical t h e o r e m

wh i c h establishes a connection be tween t h e
to t a l c r o s s section a n d t h e imaginary Pa r to f
t h e forward scattering amp l i t ude !

III.3low-
energysc
alten.mn

44-



I f scattering potential negligible f o r r > n o

⇒ only effect i f L c r o p

quantammechanicalscaltengproble-
L = t r e t e t v f l p = t k

⇒ only scattering f o r k l < r o t k

(1271 l < r
f o r very l o w energies ( K h m ) only L E O
term re l evan t

S-waves.ca/tering--

S - w a v e scattering approximation

11281 F

!

= f e Ö

isotopic

④ 9)ddb-z-ntzsuido-
E-S-wa.vescattering length ±

④ o) F Ä L L →
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from (1281

(131) aoE-fjnofu.lk/=-fIggO

s-wavescatk.mg/eng-

Low-energy scattering a t a local potential 4 ) o f
Otherwise arbitrary shape c a n be fully described
by a single parameter a u ( o equivalently Oo)

Examplef: scattering off a n attractive
spherical potential w e l l

K M

v o n = {
" ° " a

.

#

2) 0 r > a

low-energy scattering only L E O i n r a d i a lS c h r ö -equation

133) [trader t k ?_27ft] Rko Crl = 0

⑦ I I I = E u r o E = EI!!!!!
define a n = R R
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¥4 + K i n o ⇒ U F A s H at

⑦ asymptotic solution from C a d a n d 1 = 0

435)

! !

E - ¥ !
boundary condit ions

atr-apiR.cn
= -Eröffnen]

⇒ a continuous! ¥4 c o n t i n u o u s
Ä%

!

continuous o t r a

th i s yields n o do-10

(136) k.co/-kna=kcotlkatdo)=kkF+do

11371
⇒

Oo = kaftaj.AT-1)
s - w a . r s # - g f h

(13877
a

$

a (than-1) t.no>lninknk-o-
whener.no?z-
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439)

! !"

t . n l .

/ /
T T T

s - w a r e scattering resonances

G -s o

A t t h e resonances t h e S - W a r e scattering approximation
f o r t h e total c r o s s section i s n o longer good!

• resonances : K n a = G u t 1 )E

boundary cond i t i on 1136) ⇒

o = cottkataro)

s ince k a u 1 ⇒ c o t % = 0 o r c o sdo⇒
- 4 8 - s i n ⇒



t h u s dfz-nf.sn?croztfunitaritg
440) l i m i t

a n d

Ma l 6=I

!

I s What i s the Origin of t h e S - w a r resonances?

Anger: Q M I → b o u n d states for spherical
w e l l potential

a t K n a = (2mHz thereisaboundstahe
w i t h energy

Ha t E
E x e m p t scattering anpabin e

spherical w e l l (Ionenart)
n u n

443) Ve r l = {+"
" < a

No
r

❤

r > a

Voice>0

here U FA s i n h l e r ) Iten?>V o - E > 0
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analogous procedure a s fo r example 1 . . . = )

4441 6 = 4ha? (tanja - 1)
?

n o resonances! f a r Vo → • : 6 = 4 I T a ?

I I I . 4 Two-particle scattering o f

idenhcalp-Theinterach.cn
between particles l eads t o two-particle

scattering events. A s i n classical mechanics w e c a n
reduce t h e scatteringo f t w o particles w i t h a n

interaction potential o f t h e f o r m

( e )VCEFZKVCE-rII-V--
tuandtech.vescattering problem o f a single
quantum particle. There i s however o n e diference:

identical quantum particles = indistinguishable

⇒ Bosons 10CE.FI/=0/CE,rI)Femious0/
lE.rII=-dlE.rn)
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f o r potentials o f type ( H I ) w e c a n solve t h e
two-particle Schrödinger equation by introducing

F = F . - E relative coordinate
(146)

!

minime center-of-mass
coordinate

center-of-mass momentum i s conse rved
( n u ex te rna l potential)

CRI-F) bosons(147)

#

( E . F ) = {-¢ ( I i - F ) fermions

( I I A p + Vci))

#

CE ,F) = E - Econ

D u e t o t h e symmetry requirement ( KH ) t h e
par t i a l -Wave decomposition (121)

qulrih-ezocesinlkIE-pek.sk)

wehen k i s t h e relative momentan

448) k = I I I = 12 ( E - E ) / E = 3¥?
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h a s t o be modified

F → - F E rasch → -cosch

using Pelcosch) = f -e )
e Petcosch)

i t follows ( z u E U f o r bosons

(1481
Czezofortemi

i .e . the re i s n o s - w a v e scattering f o r identical tensions

Bos0

449)9driehl-ICzv.su#Pznl-
f/Fennious:-
Katoulach-ECannsulkriItktokpanna

A consequence o f t h e absenceof s - W a v e scattering f o r
iden t i ca l fermions i s t h a t a g a r o f i n

polarized!)
fermions h a s n oscattering interactions a t l o w

temperatures.
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