
(651 ihdztPRHD-LPHP-PHQIQHQTQHPJ.PK)

⇒
Th is gives a n effective Hami l ton ian fo r t h e s l o w

low-energy dynamics

(6) HqzPHP-PHQFOHF.to#
effective Ham i l t o n i a n i n ad iaba t i c a ppa i m .

where w e u s e d t h a t P a n d a a r e orthogonal
projectors t o subspacess p a n n e d by H o

I.Photons.hn
t i l n o w w e have c on s i d e re d chargedquantum

particles i n external, i .e . prescribed electromagnetic
f i e l d s . Th i s i s n o t completely satisfactorily

c o n s i d e r e .g . Lorentz force

classical physics E =-FI
$
quantumphysics ? = -II operator?!
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Th i s mot iva tes u s t o a s k f o r a quantum theory
o f t h e e l m . f i e l d .

A f u l l quantum theory o f fields ⇒ Q M I T

he re simplified b u t useful consideration

We w i l l s e e tha tt h e c a n cons ide r the electromagnetic
f ie ld a s a system o f harmonic osci l lators which
w e t h e n replace by quantum harmonic oscillators.

I.IQuantizationofradiationi--
Maxwe.tlequations ( S I units)

⑤. 5 = 0

!!" ""

}

homogeneous M W E

168) D I E = §D×Ä

""

µj}

inhomogeneous MW E

❤

=
1

Moto

only consistent i f

¥

"

Ä

continuity
(69) equation
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since ftp.E-fzs/do i n 168)

F . I I I ) - N I E # %
F o

CAIgeneralsolutionothomog
eneonMUEto)BIÄxÄEDOz¥Ä

"

Ä : vec to rpotential;

!

i .

s c a l a r potential

⇒ eg s . (071 automatically s o l v e d

Da c o n s i d e r charge-and current-free Spa c e

F-0 , 9=0
H I 5 . E - 0 DIE

"

GEH

plugging i n eqs.HN/eadstocoapkdequahbus
between Fa nd ¢ . These c a n o e decoupled
by makinga s c o t gauge freedom

Ä → Ä = Ä + E r
(74 z arbitraryd-zdt-o-

f.EU
- 2 6 -



which leaves physical fields

#

andÄanchanged .

r a d i a t i o n (Coulomb)gange

⑦ Ä = o

!

⇒

( "die

#

0,9=0 )

f-3)

then o n e finds a w a r e equation f o r Ä

A H (E%-s)FüF

"

Thesdationsofthisequation a r e plane w a v e s
which a r e t ransve rsa l

( 7 ) Ä r m e r Eggeilbewt)
w i t h

⇐b)

"

k
Eä ) . k
transversale'G D-Ä = o

Foragioenwaue-vectarkthe.name only t w o
independent polarizations

(7-7) e ) (E) E z l b j - O E T - l bT . I E

E)

$

ü

e .g . l i n e a rpolarizations
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T o t rea t fields i n a n infinitely extended space has
S o m e mathematical problems. W e therefore cons ide r
a f in i te v o l u m e V = ↳ w i t h periodic boundary
c o n d i t i o n s a n d l e t ↳ • a t t h e e n d .

/ ⇒ d isc re te v a l u e s o f Ü

# "

I n = 2E (nx.my, nz )
✓ h i E I , /CO,0,0)

General Fourier-representation o f Ä H )

F ) ÄHM=

$!

¥¥ , ECE) gelüftet:

• s ince Ä*=Ä ⇒

9-ztEH-qFCE.tt E r r ä t

"

E I N

• I n O rd e r t o e x c l u d e [ = ( 0 , 0 ,0 ) w e choose

qzto.tt
• To fulfill t h e w a v e equation 174)

Ag ) Ästättt WEGZIEHT = 0

Th i s i s t h e equation for t h e position o f a n
- 2 8 -



harmonic oscillator!

(B)Energy a n d Hamilton function

Hol E = fair (¥ E R +#15T)
= für#IÄFT)

!

x ÄR)
using

(D)Ä H F . IÄHDIÄDTÄDTFÄIÄÄ
÷

Coulombgauge
a n d foil F . HYÄNEN

$

using

Gauß✓•

w e find

E - ¥67 (Ä-öÄÄ)
Substituting t h e Fourier-decomposition (78) finally
yields

( a ) E -=#¥ ÄÄÄÄÄÄH twigs hättq u i t
decomposing g a l t in to re a l a n d imaginary
parts

9- z
= f r z t i f z z 9-i n E I R

- 2 g -



w i t h condition o n qEI-k-kq.li) o n e has

1821 qizl-II-qi.dk) symmetries

⇒ summat ion only o v e r positive Ü (halfspace)

(8)HEEElfastwiefentgünwige
free e l m . field = S a m of harmonic oscillators

KIQuantizakonofelm.fi#
c lass ica l harmonic oscillators

t
quantum harmonic oscillators

c a n o n i c a (mass = 1 )

1841 P i z ( E ) = Äizlti)

9in→ Ein P i z → Fis
1851 EEiz.pjz.J-ito.jo#-(sameI)

!

H-IE.iliaitoihi.rs?ztoiqi:]
- 3 0 -



Q u a n t u m mechanics o f harmonic oscillator u s e s
l a d d e r operators

dir tät = 5¥ [Äthiopien]

!

äglül = 5¥ färbt-Es PIED

1881 [ d i r (5) , a)i c h ' D=9-hiefür
s o fa r E I ' only i n half space ⇒simpl i f icat i -Lützfänzlättiaulbt]189)

a ) Hitzfänditiantil]
h o w a l l 5,5' a n d

Go) live.ailbTJ-Q.is#-
w i t h t h i s w e eventually ar r i ve a t (Heisenbergpit.)

AIEtt-kEIEE.EE)-
⑨
.fi/zlnTtIeiErtastcbtIe-
ibrJJ
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Hamiltonoperator

⑨ H-4twn-la.IE/auiI-E)-
T

divergentzero-point
energy ⇒ ignorea t

interpretation t h i spoint!

(8) nicbl-ataila.TN
n um b e r operator i n mode ( E )

⇒ photons

a ) 5) generates a photos w i t h momentum
[ a n d polarization 2

dalli) annihilates a photonw i t hmomentum
Ü a n d polarization l

+ WE : energy o f a photon wi th momentum
Ü

(D) Momentum a n d angular momen tum
ofphotdassicalEDynp.su/
d3rExB>⑨4 )
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substituting t h e m o d e decomposition o f Ä
yields after s o m e steps

Esst E-Etkataita.FI
• i n each photon carries a momentum

o f A E

classical Edges: angular m om e n t u m with respect
t o F I ( a s i n mechanics

[ = G - -EHF)

961 Ea = f ü r ( F -F ) × ( E x E )
o n e finds t h a t I c a n be wr i t ten a s t h e s a m
o f t w o t em s

!

Ea=E -S
/ \

depends o n choice Of d o e s no tdepend o n
%

o r b i t a l angular
^

i n t r i n s i c
m o m e n t u m angular momentum

( s p i n )
5 = 1 perphoto

m o r e i n QFTHIGNI)
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I2spontaneonsemission-
o n e o f t h e mo s t important consequences o f t h e
quantization o f t h e radiation Fe l d i s spontaneous
em i s s i o n conjectured t o e x i s t by E ins te in .

Hamilton operator o f bound election i n quantized
e l m . f i e ld i n Coulomb gauge

⑨8) HEEine( Ä - Ä HM = Efe-FEE#¥Äµ
= H o t H , a s i nI . 3

N o w w e need t o a d d t h e freeHamiltonian o f the
radiation f ield

⑨ H = H o t Ag Ag = [ W E a )E)a )E)
E R

• time-dependent perturbation theory

i n i t i a l s , ; ) = , n ; OF
Photonva c u um

A ) = I m ; 1 , , )
+ saumation

f i n o v e r ä r

J E = E f - E i = E m - E n t h W E
• Tenn i s golden r u l e ( E E → EmsSdk

God W i r f = SEI

$!

¥

dem-Enthai) KHH.li)



mat r i x e l eme n t

lost 4 f tHn I i ) = -Em <mK l ä r t Ä F ) 107. Äh )
4 0 W

h ö r = I I ( E l l o )

L u s t ÄH) 107= L o l a ) E)Ä (F ) 103
④" = EE.SE?jE.9eiaie-

iEF.Lo/ailEIaIcI')103 d a t o

Ä ß e
Entkam

given cont r ibu t ion e v e n i n v a c u u m field!
A l l f a r t h e r steps a s f a r st imulated emission
i s s e c . I n

kost www.t-EI#kmIdIF-
E ins te in A - coefficient o f spontaneous emission
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