Quantum Theory: Assignment Prof. M. Fleischhauer SS 2023
9. Assignment Submission: 21.06.23, 12 PM

Note: Please upload your assignment in the olat course under ”Ubungsaufgaben”. Only the
problems marked by a & have to be submitted.

Problem 28. Phase Operator 1 (6 points)
The position representation of the angular momentum operator in the z-direction is given by
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This suggests the introduction of a complementary ” phase operator”
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(a) What is the commutation relation [gzg, f)z] and what uncertainty relation does it imply?

(b) Consider an eigenstate Y, (¢, ¢) € £2(S%,dQ) of L, and calculate (A¢?). Show the incon-
sistency of introducing the phase operator (2) using this result.

Problem 29. Phase Operator 2

The inconsistency of the phase operator defined in Problem 28 arises because its application to
states from H = £2(S5?,df2) leads to non-periodic functions and thus takes them out of H. This
can be resolved by introducing operators with the position representation
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sing = sinp COS ¢ = COS . (3)

(a) Show that the following commutation relations hold:

[sﬂl\gb, I:z} =ih (;s\gzﬁ (4)
|05, L.| = —if sing (5)

(b) What are the corresponding uncertainty relations?
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Problem 30. Time-dependent Hamiltonian: Exact Solution (6 points)
Consider the driven harmonic oscillator with the Hamiltonian
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The energy eigenstates of the harmonic oscillator (with F' = 0) are |n) for n =0,1,2, ...

alny =+vnn—1), a'ln)=vn+1jn+1).

Show that the state
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is a solution of the time-dependent Schrodinger equation if 6(¢) and «(t) satisfy the following

conditions:
a(t) = —iwa(t) + iAcos (2t)

(a(t) + a(t)*) cos ().
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Problem 31. Runge-Lenz vector (4 points)
Show that the Runge-Lenz vector
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commutes with the Hamiltonian H = 1%2 /2m — a/r of the Coulomb potential.
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