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Quantum Theory: Assignment Prof. M. Fleischhauer SS 2023
7. Assignment Submission: 07.06.23, 12 PM

Note: Please upload your assignment in the olat course under ”Ubungsaufgaben”. Only the
problems marked by a & have to be submitted.

Problem 21. Angular momentum; ladder operators 1 (8 points)
In Cartesian coordinates holds:
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where ﬁi = ﬁx + iﬁy are the ladder operators of the angular momentum.

(a) Making use of the representation of the angular momentum operators f}x, f}y, L, in spherical
coordinates, detrmine the representation of the ladder operators in the spherical coordinates.

(b) Derive with the help of (1) the representation of Ez in spherical coordinates and show that
in three dimensions the Laplace operator in spherical coordinates can be expressed through
L2 by: X
, * 20 L7
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Problem 22. Angular momentum; ladder operators 2 (6 points)
The matrices

010 0 —i 0 1 0 O
- h A h h
L,=—(|101|,Ly=—|¢ 0 — |, L,=—| 00 0 ,
V2 010 V2 0 ¢« 0 V2 00 —1
are the spatial components of the angular momentum for [ = 1 in the basis of eigenstates

Im = —1),|m =0),|m =1) of L..

(a) Show that the eigenvalue of L2 is R2I(I 4 1) with [ = 1.

(b) Determine the eigenvectors of j}x, fly and L, for the eigenvalue m = 0 . Show that this set
of vectors yields an orthogonal complete basis.



Problem 23. Spin 1 (6 points)

(a) Show that the spin matrices

. _hfo01 . h(0 i L1 0
S==5\10/) T3\ o0 and s==51 o -1 )

obey the commutation relations [$;, §;] = ihe;;x 5, and [5;, g 2] = 0. What is 52 and determine
the eigenvalues of the operator.

(b) The eigenstates (eigenspinors) of §, are

vo= () v ().

Which linear combinations of W are eigenspinors of 5, and 5,7

Problem 24. Spin 2 X

The general spin-components of a spin-1/2 system is $7 := %ﬁ&’, where

1 = (sinfcosg, sinfsing, cosg) is the generalized unity vector. Determine the eigenvalues of §;
and a complete set of orthonormal eigenstates. Determine the expectation value (5.) in these

eigenstates.



