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Problem 1. – Foldy-Wouthuysen Transformation
Consider a free Dirac particle in momentum space under Foldy-Wouthuysen Transformation Φ =
ÛΨ, U = eiŜ, where

Ŝ = − i

2m0c
β−→α−→p f

(
p

m0c

)
, p = |−→p |

(a) Show: βe−iŜ = eiŜβ

(b) Show by expansion of eiŜ that the Hamiltonian of a free Dirac particle transforms under

ĤΦ = eiŜĤe−iŜ = e2iŜ (c−→α−→p + βm0c
2) to

ĤΦ = β
[
m0c

2 cos (yf (y)) + cp sin (yf (y))
]

+
−→α−→p
p

[
cp cos (yf (y))−m0c

2 sin (yf (y))
]
, (1)

where y = p
m0c

.

(c) Show, that the second term in (1) vanishes for f (y) = 1
y

arctan (y) .

Problem 2. – Lie Group
Consider a group of unitary operators (Lie group)

Û (αµ) = e−iL̂µαµ

with hermitian operators L̂µ (called generatores). Show explicitly by performing successive infini-
tesimal operations

Û−1 (δβµ) Û−1 (δαµ) Û (δβµ) Û (δαµ)

that the following (Lie) algebra holds for the generators L̂µ[
L̂µ, L̂ν

]
= CµυλL̂λ


