
W i t h t h i s w e f i nd

1368) XHT =

🙁

e -

K t

(369) sÄ=sö
😐

+ ¥ ( 1 - e - 2kt)

I . e - t h e m e a n v a l u e decays t o Z e r o a n d
t h e fluctuations approach t h e steadystate
value

13701 bÄ↳→=E

😐

V I I . 2 R e l a t i o n be tween Fokker-Planck

equationandI-s-LAI-
Singleuauiablet.at

× H I a s tochas t i c v a r i a b l e w i t h i n i t i a l condition

H H : X I t u ) = X o
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Then t h e average o f a n y funct ion o f H H c a n

b e wr i t ten a s
•

(377) f t = fd x fA I PH . t l xo.to)
- S

Where PH .t l x o . t o ) i s t h e conditional
probability t o f ind t h e v a l u e × a t t i m e t , provided
i t h a d b e e n X o a t t i m e t o

Using I t o ' s formula (356) w e f i n d t h e E O N

O f f t us ing g- = 0

•

94¥ = fdxflxtfzplx.tl t o t o )
- D

(3721 k¥ATT.tl#+ZBCxHtIJ--
faxfAlxHfI+EBAH'0¥,]

PGtko.to)
- •

W e n o w integrate by parts absaming

vanishing boundary t e r m s
(37-3)

P ( ±

❤

i t I xo.to ) = 0
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•

= fax f l u f-¥#Http) + E

😐

(BGH)]
- ×

Since t h i s m u s t b e t r u e f o r any function f l a t
w e a r r i v e a t

¥4 = A H H ,t ) + BHH . t l GH) EYE
wi th × Ho l = Xo

I

# pktlxu.to) = -¥ A H H
PHtlxo.to/-
+zq*.*zp*n
(374) Fokker-Planck

e g .

w h e r e
X

HD f t = fdxfttlplxtlxo.to)
- -

Eg-(37-4) relates a F D E fo rce quasi-probability t o
a n I t o S D E w h i c h c a n b e numerically
s imu l a t e d i f B 2 i s p o s i t i v e .
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CBIPositivityofdiftus.ve
have s e e n t h a t t h e diffusion coefficient

O f t h e F P E i s r e l a t e d t o t h e n o i s e t e rm

O f t h e I t o s D E v i a

(3761 D l x ) = B A )
2

Thu s a r e a l - v a l u e d B A ) i s only o b t a i n e d
i f

D a s z u positive diffusion(37-7)

I.is?:::::::Etoa0I t o s t o c h a s t i c D E i s only possib le

T h i s i s consistent w i t h wha t w e have s e e n
e -g . f o r t h e O r n s t e i n - U h l e n b e c k process
f o r w h i c h w e f o u n d t h e s o l u t i o n (369)

1 × 7 = j e - 2 k t

+ ¥ (e-e-E )
F o r D e o w e w o u l d get fo r large enough
t i m e s t Ä H < 0 hr
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One c o u l d b e tempted t o m a p t h e F P E f o r
t h e r e a l v a r i a b l e × t o a I t o s D E O f
a complex s t o c h a s t i c va r i ab l e GEH,s u c h
t h a t f o r
(37-8) D = - I D I

😐

D = i FD I

a n d

(3791 I f = Akg) t i f Gay

w i t h ylot-xlo-yldi.ee Ju l y GB-0.
T h i s i s h o w e v e r i ncons i s ten t a s t h e n

(380) I I = Akg) - i F b i } H I

a n d
# I m

💔

=

MDT} H )
(381)
s o t h e imaginary part of HH wou l d bu i ld

up fluctuations.

U t i c a
-

F o r a l l interesting application t h e F P E , resp. t h e
quasi-probability P h a s multiple va r i ab les
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S o l e t u s c o n s i d e r a s e t o f n S D E s f o r
t h e v a r i a b l e s

X I E ( K H , X D H . . _ , X u H I IT
wh i c h c a n b e w r i t t e n i n v e c t o r f o r m

⇐„a+y-
E+t+E://.ie.

😐

where
# = ¥? | § =L!!

B R - " B "

6383)
A n

a r e t h e dr i f t vector, B i s a n n × n m a t r i x

a n d

13841 a f = |!!!)
d Wm

i s a n-dimensional vector o f independent
stochastic i n c remen t s (n-variable W i e n e r
process)

Then w e h a v e t o apply t h e many-variable
v e r s i o n o f I t o ' s equation w e i c h w e ob t a i n
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from
d WidW] = 9- d t

(385)
⑥Wi ) " " = u n > •

d W i d t = 0

d t " " = u n > u

i .e . treating d w i a s independent infinitesimal
objects o f degree 1 1 2 . Following t h e s a m e
e i n e r a n i n V I . 119 w e a r r i v e a t

d f l ) = [EA; K i t t I I
③
DiEEEEEHE
TEHIieIIi+ % Bie He t t ftp.dwe

T h i s t h e n gives t h e following correspondence
b e t w e e n a mu l t i - v a r i a b l e F P E a n d

a S e t of I t o S D E :
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D ICH = #H AHAH E G-Htt) d t A ) I t o sDE's

w i t h I l o ) = I o

OMELET = - I ¥ ; A ;
EHPE.tt#D-
+zqgqa,eqa.
+,pz?.+yg.ep,*+687' mu l t i v a r i a t e F P E

W e no t e t h e relation b e twe e n t h e diffusion m a n

D=E H a n d t h e ma t r i x ¥ i n t h e S D E

(388)EE.HE.PE#HBIETThusa-
mappingfromaFPEtoaset

o f coupled
S D E ' s i s only possible i f a ma t r i x ! w i t h rea l
eigenvalues e x i s t s t h a t fu l f i l ls ( 3 r d

- 1 3 9 -



CDIequi.ua/entsDEbWerea-
lizefhataIIsgstemsofSDE's wi t h

1389) § →

😐

' = T E E

wh e r e £ i s a n orthogonal matrix, i . e .

(390) §
T

§ = 1

a r e equivalent t o t h e s a m e F P E .

T h i s m e a n s t h a t

💔

e ) D I C H = # d t + E d f 3

a n d

(394 D E N = # d t +

😐

E d l

a r e equivalent.

T h u s

693) d f=§d
gives a n al ternat ive n - va r i a b l e Wiener process

d u ; D4- = 9- d t e t c .
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Thus w e c a n m a k e asymmetric transformation

(394) IH=§±l
DICH= § # d t + § ?

😐

E d f

(3951d-yttt-AIdt-BI-whe.ve

(396) EEEEandEEEEEFff
a n d D I i s formally identical t o d w

applicationicartesiantopolarcoordinates
tenq u a n t u m optics t h e positive (negative) frequency
component o f t h e electric f i e l d a r e often
descr ibed i n t e rm s o f r e a l a n d imaginary parts.
E . g .

d e n H l=-jEzltldt-EDW.lt/(39HdEzH=-
jEzHIdttEdWzH)

- 1 4 1 -



where d w s a n d d Wz a r e independent. I t i s
often o f i n te res t t o w o r k w i t h p o l a r coordinates
ampl i tude a n d phase

(3981 E H = a l t ) cos#A) E c h t a l t s i n d A)

💔

¥ S e t
µ H I = l m a l t )

i . e .

(4001 M H + i c h = du [EeA ) titelt]
Using I t o ca lcu lus w e find (expand t o2 n d oder)

dlrxtiout-dEE.IE?-
IEFIY---sEEIiEat-EII I . IEKon)

- %÷

🙁

¥ #

Noting t h a t dwi-dtidwz-dtidwe.dk
w e get

④d d (µHItion) = - g . d t + E
EN"-ich#kam

+ idk)
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Inverting (399) yields

d a A ) = f-galt) taff)d t
403)

+ E (cos

💔

Hd
W a t sindA)dWz)

a n d

(4041 d m = ¥ (-sindHawn + l o s # dWz)
We no te t h a t w e n o w c a n u s e asymmetric
t r a t

dwa c o s¢ sind
④⇒ (aw) = [sina.sc/fdI]
t o o b t a i n

dol l t = ¥ , DW¢④6)
d a # = f-ga l t + I I , ] d t + E d Wa

fo r t h e phase a n d amp l i t ude .


