
V I I . Damping a n d De c o h e r e n c e : Diffusion

andequiva-et-o-hash-te.tn
n o w c o n s i d e r a n interacting Bo s e system

w i t h damping a n d / o r decoherence,e .g .

# = kwaito + t z ä t z i z

j =-InH i s ](381
+ ¥ ( u n ) {Zagat-atas-gata}
+ Zu {2atga-aats-Saat}

W i t h t h e translation r u l e s f o r t h e Wigner function
( f o rexample) w e find t h e generalized F P E

8¥= ffzfEtiwtizaai.tl/atc-e.] W

+ g u t E )o

!

→

W

(319)
o ?

- I I ⇒ *
GEGEN* ) w

I n T W A t h e th i rd-o rde r t e rm i s neglected.
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W h a t i s left i s n o w h oweve r a partial differential
equation w i t h 2 n d o r d e r derivatives, i . e - a
t r u e

Fokker-Planck equation
'

w i t h positive diffusion
no t e t h a t w i t h D = Xtig < * = × - i g

Mo ) £ = ¥ # + ¥2% = ¥-iff
# *

= 8¥
* #¥485#tiff

s o I I#= ¥2 ¥4(321)

a n d D
*

= Dyy = 1 Dag = Dg× = 0

• n) diffusionm a n ×s o D= = (^ °

(322)

VI I .1 I t o a n d S t r a t o n ov i c h stochastic

differentiation
w i l l h o w s e e t h a t a F P E w i t h nonvanishing

b u t positive definite diffusion mat r i x c a n b e
mapped t o stochastic ordinary differential equations
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Cons ide r a classical va r i ab le 4µA) obeying

(3231 %ffH-Arfxi-Bp.fi/vIS-
w i t h 9µA being a stochastic function o f t ime
Which i s Gaussian a n d Ma r h a i s c h , i .e .

K a i BING.AE/tT=DerdH-t
Gauss ian r a n d o m va r i ab les

l e t × b e a r a n d o m variable w i t h probability PCH

Pkk

!"

e-

¥32(32A

! !

134) 5 = fax PHI X = X o

③H Ä = fax pas (x-xd? = 62

A l l higher moments c a n be expressed i n te rms o f X o
a n d 62, i . e . expressed i n terms o f t h e l owest moments.

Def. Cumu l a n t s < × " D
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XIyt-expx-fdxpue.ee
"

8) = e x p {EI I I .K I D }
C a m a l a n t generatingfunct ion

1329) X x " ) ) = %) An N G ) (y
= ,

F o r a Gauss ian distribution holds

K X ) ) = 5 = X o
(330)

¢ +2)) = µ

!

=

XT-52=62
< X 3 ) ) = # - 3 × 7 5 + 2 5 3 = 0

a n d s o

" !

n > 2

(331)

-

The problem with eg . 823) i s t h a t i f 9µA)i s a
Barbar ian ( 5 - correlated) n o i s e X u n i s n o t
differentiable! S o w e h a v e t o interpret i t a s a n

integral equation + t

(334 XMHFXultol-fd-AMHRKD-fd-g.tl/3,u/XdH
t ui i i . -



W e define
stochast ic

(333) d t } µ k l E dwell) i n c remen t

Da How d o w e have t o unde r s t and t h e integral

Säule B ^ D ?
t o

I n t h e u s u a l s e n s e of calculus w e write
" "fatwas B k a ] = e i n [BH ; ) [WHitwlti.DK

n - 7 0 E s
t o

where t o E n t s e t z t . . . < t u t s z t i . t n

a n d ? i s taken f rom t h e i n te r va l

(335) T ; E [ t i . ne t ; ] which = ?

Here w e have t o consider

(336) AW; = (WH;)-WHi.nl/sT

a s Independent Gaußian sta t i s t ica l variables
i .e .

(337) IWTEOIWisWT-G.jo#
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*
s ince DW =dtgtttdWH.FI

= GHIGHFdt.dk = JA,-Nat,d t

continuous t im e → d isc re te t ime :

d t . - t z → dig d t → A t

N o w B H ; ) = B [ ×Ki t ] a n d X l ) wi th Fett;);]
c a n be statistically dependent O n A h l i . T w o
definitions

(338)

S t r a t o n ov i c h BGKBHitztB-ti.NU

he re B l e i ) i s statistically dependent o n AW;
(339)

I t o BleikBH
here B a i l i s independent o n AW ;

The I t o choice (339) i s t h e physically reasonable
o n e since i n evaluating t h e s t o c h a s t i c integral
w e s hou l d a s s u m e t h a t

B l z ) i s a non-anticipating function
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i . e . i t s h o u l d n o t depend o n W k ) i n the

f u t u re . UnfortunatelyforanItoSDE@rdinavgcaIaeIusdoesno-
tappIy.l E -

(A ) I t o c a l c u l u s

Toi-theitschadieintepalletus
ca lcu la te

(340) I = f t
*

W H Y d WHY

i n ordinary calculus w e w o u l d obtain

ZWAR-WHOM
t e h s e e (WH;) = Wi)

I = h i m S n
„ → x

Sn

!#

Wi .. (wi-Win) =,

!

Win Aw i

= E

!

(Wintswil?-Mini-KW:P

= Etwa-WHO)'-E?

!

WIR
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a l t e r taking t h e average t h e l a s t t e rm becomes

E

! #

= E EIN; = EH-to)
S O

+

4 )
I-fdwltYWHY-EIWHP-WHDY-
IH.tot o

= : i n t h e Stratonovisch c a l c u l u s w e wou l d

o b t a i n t h e ordinary r e s u l t
L

↳4 4 I s = fault')WH ) = {④HEWAS)
t v

• non-anticipating functions a n d powerso f D W

D I A funct ion f e t t i s c a l l e d non-anticipating
i f i t i s statistically independent o n
W Ist-WAS f o r o l d S e t s > t . W e always

h a v e t h i s !
I f w e consider only integrals w i t h n o n -

anticipating functions w e c a n identify
643) (dWY=

$

(aw)"" = 0
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D- integration o f polynomials

d (WH)" = (WH) x dWHY"-WAI"

=

!

(7)WAFTAWA))"
I f r > 2

= n (WH))"-IdWH) + nI

!

WAT ?

d t

"'

'dlwnt-nwmdw-NIW-K.lt4 )

S o t h a t f r o m t h e f i r s t femi o n t h e v . h i s w e f ind

SÄH')"d WAY = / dY

!!

-I fw " d t '
t o

+ ,

!

ÄHMd WHY =L, [WARE WHO)""]
(345)tu-EIWH.sn
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• expectation v a l u e s

F o r a non-anticipatingfunction (and w e only
have t o cons ider those ! ) i t h o l d s

(346) ÄtYdWH

!

t o

N uncorrelated

W i t h D W = gott t h i s a m o u n t s t o t h e r a t e

(347) "fHYgÄ
Which c o m e s i n handy f o r c a l c u l a t i o n s

D- co r re l a t i o n fo rmu l a

(348)f-WHYE-JIHtfzH-
ftdwtfftd.tt u

aga i n using D W = 9A) d t t h i s c a n

b e w r i t t e n i n t h e l e s s s t r i c t s e n s e a s



13491 "gÄ)g=dH
!!

s ince

fsltYGCE-KHYGHK.to)
= f . Hi l fe I t") 94494
= fe t t 'Hz It'll oft-t")

• I t o ' s formula

c o n s i d e r a n arbitrary function KWH , t )

dflwttt.tk#EdtxEEECdtRxffwdW
(357)

+ E o%Cdwtxffftdu.dk"

using t h e I t o r u l e s

d t = 0

(352) DW? d t

d w d t = 0
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w e a r r i v e a t I t o ' s formula

"

dfn-GE-EIfzydt-
fwdwf-ICBIItoSDEWe-
t.ae

s e e n i n s e e . A ) t h a t t h e physical interpretation
o f a Langevin equat ion

454) I I = A H , H + B A H } A )

i s i n t e rm s o f a n I t o integralequation

455) × H I - H d = SÄ' A HH I ,t') t SÄH') BGH ' t ,t'))
0 t o

I f w e c o n s i d e r a function o f X CH w e findsimilart o
I t o ' s f o r m u l a (353)

dflxatt-ffxaxdxt.tt) - f (Htl)
= 0¥dxttt-EEfzdxa.tl?-----
fIfAdtxBaWJtIzEfzB2dW?
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i .e

(sst)
9¥ = AHHH]¥ +{BYHH.tt#fz-
BKHhtIfIa
(C) R e l a t i o n be tween I t o a n d

stratonooi-Jnstratonoo.tk
formalism t h e usua l ca lcu lus holds,

i . e . i t i s helpful t o h a v e a re l a t i on between I t o
a n d S t r a t o n ov i c h .

DIE = A k t ] + B ) SH I I t o

? Es
day = L K A ] + 0 4 3 9 4

St ra tonoäch

O n e c a n s how t h a t t h e equivalence requires

L Exit] = A H , t ] -E Blut]#BEx D(357)

ß Ext] = B K A )



i .e

DX = A A ) d t + B E I D W I t o

④(3)
dxt-LAH-
EBHIIIdtstraton.ae+ B E I D W

CD/
Sonneimportantexampte

coefficients without × dependence

459 A H H = A l t d t - 1 BH )DWA )
deterministic /

T h i s i s a purely a d d i t i v e n o i s e
solution

t

+ H E X # I t SÄ A k t + f a nd B a l
t o t o

13601 XHT = X I ) +
Sdi A l d

E -
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CXHI-XHTIHHt-x-
SXHOR-f.at

t v

(361)
= • ×

"

+JÄGÄBEB

"

9Gt

t v t u = N z z ' )
minlt.tl/=bXHoRtJdzBCzR

-

• oscillator w i t h fluctuating frequency

13621 GI = i l w - E J . SN ) z Z E I G '
Insoisy

frequency

which i s physically justified i f interpreted

"

a

S t r a t o n ov i c h S D E . Translating t h i s i n t o a n

I n to equation yields

963) d¥ = ( i w - j t z t i k j g . AZ

t h i s gives adampingotthe amplitude
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(364) ZHT = HOT e x p ((Iw-g)t )
a -

(365) H t t = I o T e x p (Kw-g)t )
-

• O r n s t e i n - U h l e n b e c k process

A n important stochastic process i s t h e O r n s t e i n -
Uh lenbeck process , d e s c r i b e d by

(366) ¥ = - K x + F D GH )

T h i s c a n b e s o l v e d easily w i t h t h e s u b s t i t u t i o n

Y = Xe k t

DIE ¥ e k t t k x e k t = Be t t a g A )

Solution

yttt-yltd-farekg.cz,
t u

i .e .

(367)
XHKXlole-kt-TDfte-klt-thdwqyt.co



W i t h t h i s w e f i nd

(368) XHT =

#

e -

K t

(369) sÄ=sö
!

+ ¥ ( 1 - e - 2kt)

I . e - t h e m e a n v a l u e decays t o Z e r o a n d
t h e fluctuations approach t h e steadystate
value

13701 bÄ↳→=E

!

V I I . 2 R e l a t i o n be tween Fokker-Planck

equationandI-s-he.tt
I H a s tochas t i c v a r i a b l e w i t h i n i t i a l condition

H H : X I t u ) = X o

Then t h e average o f a n y funct ion o f H H c a n

b e wr i t ten a s
•

(371) f t = fd x fA I PH . t l xo.to)
- D
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