
Wo i s n o t positive a n d t h u s o n e has t o numerically
s o l ve eqs . (263) a n d subsequently numerically
integrate o v e r Wo .

G P corresponds t o t h e mean-field resu l t . O n e

recognizes a r a t h e r good agreement f o r a
n u m b e r of tunneling t i m e s .

V I . 3 Trunca ted Wigner approximation

totrapped.mu/ti-m-Bosegase-
We n o w w a n t t o discuss t h e application o f t h eTWA
t o mu l t i -mod e u l t ra-co ld bosegases a t f i n i te T .
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W e fo l low h e r e Sinatra, Lobo, Cashin I . Phys.B 2 5
(2002) 3 5 9 9

CAIBasichotationaudassamptions
sina w e he re c o n s i d e r a continuous Bose field
4J( E ) symmetricordering f a c e s a problem. E .g .
a f fa i r ( x ' ) =

!

T H I

HD

!

um

12681 - {[zieh'), E t cxD
F Ü H L 4

i . e . for x ' = × w e h a v e 83401 = -

Physically t h i s stems from t h e wacnumflu-tions
i n - m o d e
⇒ discretization a n d truncation o f m o d e s

Cons ider d isc re te spatial grid i n b o x o f length
< µ µ = × , g . 2-

# o f grid points n
µ

a n d periodic B C

(269) V = ↳ Lylz N = n
+ G h z

decomposition i n t o p l ane w a v e s

- 9 5 -



E ta I I ) = E ¥ äeit
"

kµ=Ein
j µ = - ¥ , . . . . 7¥ ( nµ : event

r ema r k : fo r trapped gases ⇒ decomposition i n t o

trap mode s

4 ) anfdVIfe-ik.FI/FIdV=Vw
I n t h i s approximation

4721 [vier t , EHED = # ^
Wi t h t h i s w e h a v e

(27-3) (494×1451×1) = 4*1×141×1) - Zdf
W

a n d similarly for higher-order correlations.

T h e m u l t i - m o d e Wigner function c a n n o w
b e obtained f r o m t h e characterist ic function

(27-4)

Z w Gri l l = Trffexpfdvf.fr FIFTHJIMINY

where E. i s o v e r t h e discrete s p a c e po in ts

- 1 0 0 -



4751WHI-ndydj.gr#ygyedrE4*zr-rv
w i t h t h e normalization

(276) derTf

!#

4)

= 1

expectation v a l u e s o f operators

4771 (Q-'-On>w = #Ein.T r {SÖpai-Öpeng}
Wigner average operator ave rage

where t h e Wigner a ve r a g e i s

(2781 ( O )

$

d u
Tffährt W M 014)

Symmehe ordering a n d Bopp-operators

T h e eva lua t ion of operator averages i n te rms o f
Wigner averages Le-e) w c a n b e cumbersome.
F o r t h i s t h e following relat ion i s useful

u i ( E ) = 4 C E ) + {¥# ( F )(27-9)
BoppÜ

#

¥

operators

- 1 0 1 -



Holftp.HH#-EIiY-EE*)IF-o
(

E . g . Ä f f t
( 4 )H I E ß =

!

Erst-E#a )NÄHE#¥)
481)

=@*(E)VIE )-E 84 ' I

o r

<4%43,44444×4) =

(2821

! # ""

= (HEHE#*NÄHE#a)NÄHE#*g)14K¥!:))
T o i w

= 4*1×14#g)4%444×1Dw-Ich×-x') (4)
*
G)44g'Dw

-fax-g)④
* (g)41×4)-Early-x') (4*4144 'Dw

-Early-g) <4*4141x'D t#SH-x') dg-g)
+ ¥ OH-gnarly-x')
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Mode t r u n c a t i o n replaces t h e 5 - functions by
K ro n e c ke r 5

483) 8 4 ; ) → # 9 -

F o r t h e special c a s e o f × = × ' a n d g = y'
a n d using t h e m o d e t r u n c a t i o n yields f o r t h e
s e c o n d o r d e r cor re la t ion

484) ( 4 ) x ) 4%147×141x D =

= (HEAVEN47*44×2 -#244*4×2
+ E I e t c .

weakly interacting B E C

Hami l ton ian o f weakly interacting Bosegas
i n S - w a v e scattering approximation, e g . ( 4 6 ) :

E - für vital-ErnstVE I TH
(285)

+ Efd? Ä h 4 ) Firmiert

I n chapterI I w e haveden t h a t approximating
t h e ground s t a t e by a (multimode) coheren t
s t a t e l e a d s t o t h efronsoIPitaeuskiequatitort h e o h . amplitude



(286) f-2¥i s t VCA tagt

!

G )

R) 40E ) = µ 4%)

Where µ i s t h e chemical potential. Here w e
s e e t h a t w e c a n introduce a characteristic
l e n g t h s assoc ia ted w i t h t h e i n t e r a c t i o n s

2M¥92 = 912PMR E g h

(28A

# "

healing length

w i t h n being t h e characte r i s t i c density o f the
B E .

T h e c h o s e n spat ia l grids i ze D X ✓ i n ( 2 ) \

m u s t b e s m a l l compared t o t h e physical length
s c a l e s

(2881 d a < < 9 D X v
d Rtn

where I n =
INFEKT i s t h e

themaldeB.iq/ieWavekng-.

- 1 0 4 -



Using t h e mappings between opera to r products
a n d t h e Wigner function yields t h e following
eg-ofm e d i a s o f W

¥ es =-E [ H i s ] ⇒

ihfzw-ESI.it führ)
489) t 42,2 0%1,1*4%1 W

+ e . c . }
Where f u r def ines t h e d r i f t t e rm

(290)fytfffns-vcr-glwEIR-
IT-Thelrancakdwign.irapproximation consists i n
neglecting t h e th i rd-Order derivative i n e g . ( 2 89 )

( 2 ) ih#W= - [ E0 2 P a , f u h r
Th is i s t h e n equivalent t o a s to cha s i c f ie ld 4 1
obeying t h e t ime-dependent G P E

- 1 0 5 -



494 ih#49 = (¥21 t u n + gleich?-¥14

The t e rm - G - resulting f rom the symmetric
d u

Ordering has n o dynamical consequence a n d
c a n b e dropped. Differentf r o m t h e variational
approach i n S e e . I i f E ) i s t h e Wigner f i e ld
a n d w e have t o average i t s in i t ia l c o nd i t i o n s
o v e r t h e i n i t i a l Wignerd i s t r i b u t i o n . A s w e w i l l

s e e t h i s h e

includes l o w e s t o r d e r quantum fluctuations

CBIBosecondensedgasin-maeqi.ba
- particle n u m b e r conserving Bogolinbor

theor-gandwigne-F.ua
Bose gas b e l o w t h e condensationt e m p e r a t u -w e c a n a s s u m e a macroscopic occupation

o f a single condensa te mode ( F ) obeying the
stationary G P E 1105)

(293) f-EID + VIE) t GN

!

R )

10 = µ

!

- 1 0 6 -



where
gör lehrst = 1(294)

i .e . w e separated t h e t o t a l n u m b e r o f particlesN

Thus w e split t h e full quantum field i n t o a

c o n d e n s e d a n d a non-condensed p a r t

12951 ÜIr)=0Mäot2I

# #

r ema r k : t h e commonly u s e d Bogolinbau
approximation t r e a t s ä o a s a
c - n u m b e r

dg = TNO

wh i c h breaks t h e U k ) symmetry
o f t h e problem

Here w e keep t h e operator character, however!

(296) cio-eTINOY.AZ/NF-
whe re Nu i s t h e n u m b e r operatori n t h e
conden s a t e m o d e a n d

( z u Ito = ein ÄÄÄÄ IÄE I
i s t h e condensate phase operator. F o r a
fixed t o t a l n u m b e r N o f par t ic les w e have

- 1 0 7 -



(298) Üo=N-fd7w
##

I n t h e following i t i s convenient t o u s e t h e
mod i f i e d field ope ra to r f o r t h e non-condensed
a t o m s

(299) 4 ) E ) → I C H = ÄE 4 ) E)

Substituting t h e expansion495 ) i n t o t h e
Many-body H am i l t o n i a n (285) reproduces t h e
G P t e r m p l u s a t e m i n s e c o n d a n d higher
orders i n I . Te r m s l i n e a r i n Ü Nan i sh !

Neglecting te rms O f t 3) results i n a

quadratic Ham i l t o n i a n i n D

Bogolinboa approximation

Kool HBliktzfdsrliti-N.bz/I
Where

QgN

!!

*⇐a ) E-ftGP-QGNWPQ-
Hap.org/vIdRa*t-Q*gN0*Q

→
a n d Q projects t o functions orthogonal t o ¢

!

- 1 0 8 -



The t h e rma l s ta te o f t h e system i n Bogdiabor
approximation t h e n simply r e a d s

(302) 9 T = tz e x p {_IstHBV)}
T h e usua l wa y t o proceed wou ld

b e t o diagonale

HB I I ) . T o t h i s e n d o n e h a s t o s o l v e t h e

eigenvalue equation of h

③03) EGII.mg/YXBogdiubov-
deGenne equations

(BDG)
requiring orthogonality

604) für Ur i

"

Un i (F) -VEMUni E ) = % ,

Then
"the

decomposition o f t h e f ie ld Ä H

Ä H
⇐fünfeinlättbüfII
yieldst h e diagonal f o r m

(306) ftp.Eo-IEubtnbF
→

- 1 0 9 -



The n e w quasi-particles described by
c rea t i o n a n d a n n i h i l a t i o n operators btn.by
a r e c a l l e d

Bogolinbou phonons
DA I n t h e absence o f a trapping potential K F )
a n d f o r periodic boundary c o nd i t i o n s
t h e Bogdiuboo.de G e r n e equations c a n

b e s o l v e d by plane w a v e s a n d gives

U n (E) = frei

!

cash!

(307)
v u ( E ) = Er e -

i h r
s i n k E u

where

(3081

!

htt" }
=IEmntfsh-sl.fr

a n d

w a = ¥ = ffffntgnf-lg.nl)"
1309) W k = c k t

Bogolinbou spectrum

- 1 1 0 -



###" ####

k

(310)

# !

Speed of S o u n d

1 - I n t h e presence o f a trapping potential V I P )
t h e S o l u t i o n o f t h e B D G equations i s
numerically involved !

We w i l l n o w s h o w t h a t t h eWignerd i s t r i b u t i -o f t h e the rma l s t a t e S t h
c a n b e o b t a i n e d w i t h o u t solving
t h e B A G equations!

A s s u m e f o r a momen t t h a t w e h a v e s o l v e d

the B D G equations,t h a n t h e Wignerfunction
o f t h e Complex am

❤

de amplitudes
W ( { ße } , {Br i } )

- 1 1 1 -



i s t h e F - t r a f o o f t h e characteristic function

③i t Vw (audi) = Tr { & TfexplaubIian b)}
i . e .

(312)

WGuß#=.#Jfk) K wkn.tn/expfdnpu-dupn)Thedia-
gonatizcd Ham i l t on i an HB,e g . 1306),
i s a S u n o f uncoupled h a rmon i c o s c i l l a t o r s .
T h u s t h e density operatorS T corresponds t o
uncoupled h a rmon i c o s c i l l a t o r s a t thermalequilibrium
Th ies (compare S e c . I I )

KB) WG.AE/=TL2tanhfEI)expf-2lpnRtanhPE))
k

Wignerfunction of non-condensed a toms

• S ince w e w a n t t o a v o i d t h e diagonalization
bagsolving t h e B A G equations a r e n o w express
( 3 1 3 ) i n t e rm s o f fields 1 , 1 ¥ corresponding
t o t h e f i e l d operators i n , I t

1 (F) - UKE )

!

4 )

(

$!

)= ? Ruf,#) + ßE µ#F)4#HI)
Using t h e o r t h onormality of t h e a a l F ) a n d
V w l ) o n e finds

- 1 1 2 -



WHrit-Nexpf-sfdrkm.im)-5K¥!)}
(3151
=Nexpfavl¥ItME

#

Wigner f u n c t i o n o f h o n - c o n d e n s e d a t o m s

wh e r e

4 6 ) M = ( ! ! ) tankff)
a n d h i s t h e 2 N × 2 N matrix o f t h e
d isc red i ted B D G Ham i l t o n i a n (301).

example : I D condensate i n h a rmon i c trap

nun-condensed
t h e rma l c loud

V A
A .Sinatra
X .Cashin

I . Mod-Optics

2629 (20001
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conden sa te s

The condensa te i s described by t h e wavefunction

!

( E ) a n d t h e particle n u m b e r

③H Nu = N-Ja? 4¥I I = N-Jd?Ä h

T h e probability distribution o f t h e particle
n u m b e r i n t h e condensate c a n be obtained
f rom t h e distribution o f particlen u m b e r i n t h e
non-condensed field

P IN)

S ina t ra , Lobo,Cashin I . Phys.B I , 3599 (20oz)
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(C) Trunca ted Wigner method f o r
a-pendentbosecodsedgas-
consi-dmsioakappdBEC-attim.tt

$ # # ###

W = W o W = 0 . 8W

❤

breathing oscil lat ions

• Gross P i t aeusk i equation → andamped
o s c i l l a t i o n s

• Bogolinbovzfcx.tk TNT

!

H H

+47kt)
⇒ damped oscillations

• T W A ✓
Bogdinbou

✓
T WA

larger
damping
d - langer
t imes

backaction
t v condensate
Landau

damping
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