
V I . Trunca ted Wigner approximation
a n d equivalence t o ordinary

dilterentialequatio--
VI.1.Generalapproad.ve

h a ve s e e n i n t h e l a s t section t h a t f o r a unitary
system w i t h interaction Ham i l t o n i a n s t h a t a r e
a t m o s t bi-quadratic t h e E O N o f t h e Wigner
function h a s n o s e c o n d derivatives b a t t h i r d -

o r d e r O n e s . Using a scal ing argument E s t )
f o r highly occupied m o d e s t h e higher-order
der i va t i ves c a n b e neglected.

Then starting f r o m t h e i n i t i a l condition

439) W ({43,E -to ) = Wo ( E ) )

o n e h a s t o s o l v e t h e partial differential equation

(240) 8¥ # -E#,A; + %;Ä)w
of first o r d e r . Here A ; = A ; [ de i ne ] a r e
t h e dr i f t coefficients
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• Observables c a n t h e n b e calculated

124N ( f s ( ä ; ,a f ) ) = T.ffdkjfsks.AE/WHi.t)

Solving eg . (240) i s equivalent t o solving ordinary
differential equations.T h i s c a n b e s e e n a s follows:

( i ) c o n s i d e r a c l a s s i c a l v a r i a b l e X H )
w i t h equation o f mo t i o n

(2421 d-fxttt-A.LT#
a n d random i n i t i a l condit ion

(2431 X.lt/=XuwithprobabilityWfXCiiI
introduce cond i t i ona l probahilfplx.tlXe.to)
w i t h

pcx.to/xo.toI=SlX--XD
s u c h t h a t t h e a ve r a g e o f a function
f -( KH ) c a n b e w r i t t e n a s

(2441 f t = fdxofdxflxtpcx.tk/oiLo)WolXo)

(ii i) Then t h e following E O N f o r plx.tlxo.to)
results

# f t = ¥Ä I
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= Saxofon ¥ A H ) plx.tk/oHo)Wolxo)
(2451

= fdxofaxfHC-%AAPCX.tlxo.to) Wo

!

part. I n t .

a n d us ing (244)

(246) # f t = fdxofdxfktplx.tk/qtdWlXo)

Comparing t h e t w o r e s u l t s yields

(2473 odzwlx.tn/=-#Alx)WlxF-

whe re

4481 WCx.tk/dXopCxtIxoHoIWoCXo)-
i.e.WCx,to)=Wolx)

Symmetrically o rde red expectation values
o f b o s o n i c operator c a n b e calculated
i n Tr u n c a t e d Wigner approximationby
solving t h e ordinary differential equations
%dddtz-A-
lke.de#)
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w i t h i n i t i a l condi t ion d j H o t = L o o a n d

averaging t h e g o o v e r t h e i n i t i a l Wigner
dist r ibut ion, i e .
Lfsgmnlääfd-
ffdkjofskittläudwks
1250)

V I . 2 A s imple example : T w o coupled

singk-modecondensa-te-
tasste-tasimpee-ftwoopl.am

o d e r o f b o s o n s w i t h high n u m b e r Of particles.
T h i s i s a n approximation t o a B E E i n a d o a b l e .
w e l l potential w h e r e higher o r d e r spatial modes
i n t h e t w o we l l s a r e ignored
Phys.Reu.AE/43l8CI9E7)jPhgs.Reu.A6sf 0 3 3 6 0 9 (20031.

0 0

"

⇒ ¥ >¥
Ö, ÖR

⇐nH=HäII

#

+ SEE.. E i n z e l



CAIMean-fiddapproachtetuss-
t.at f r o m f u l l Heisenberg equations:

E - i 3 a - i h l t l a t a . c i ,
②52 )

a)= - B ä r - i n n a t a p a ,
m e a n field approximation ä → < a ) = L

2 , = - i ] L R - i n k l K a i d u
€53)

JR = - I ] d e -ikltlld.at?dRparametevizahon:Nto-
taluambevofpavkde

[ = ¥ % = ¥ 1H=4

"

(254)
c - = I t

.

fasst
# % = -TÜR - I R A ) 12122 ,

⇐ I n = - i d c - i ZITIERTER

ansatz
z u , = # e i l t F i l o k(2556)

⇒ Cgs. (2535) become (Phgs.Reu.AE 053607/2002))

(2571 ¥72 + 4 h + 4 2 n F cool = 0



a n d

1258) #cos ¢ = ¥ 2 l o s$ + I f
w h i c h c a n b e reduced t o a single equation

459) dd¥, t 4 h + 4 i n (Costa + ¥?) = 0

Where N o ) = h o ¥+61= 2s in fo

Eg. (259) describes t h e mo t i o n o f a c lass ica l
particle a t pos i t ion n w i t h u n i t m a s s i n

a effective potential

(260) Veqlnt-2.nl/1-Rcosoo)-tln

stationary s o l u t i o n sswido-O.DE#=oTT=0o=T

v . NÖ " " ¥ 4 "

$ #

V .V

E - In
10=0 01=12
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fo r t h e dynamics starting e .g wi th n o= - 1

^ -

"

" t i f f .
- n -

#

-t-01--0/0=
1201=0/5-0

s tab le u n s t a b l e

v .

" $

i.

H U H U
10=0

!

=
R

o r

Se l f trapping
fo r 01--0/0=12
n e w s t a b l e points V . V

%) h s s = ±2¥Ü
-
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for t h e dynamics o n e w o u l d f i nd w i t h N o t = - 7

i mt.AN.n.MN

The m e a n field approximation yields unstable stationary
s o l u t i o n s . I f s u c h a s o l u t i o n i s chosen a s i n i t i a l
s t a t e the re w i l l b e n o dynamics. Clearly here i t
i s necessary t o t a ke quantum fluctuations i n t o
a c c o u n t .

Fixing t h e initial difference phase cou ld however be
cons ide red a particularly b a d choice. I f w e w o u l d
s t a r t f rom t w o independently prepared condensates
o n e shou ld r a t h e r t a k e a n average overall

!

o .

S o l e b cons ide r t h i s c a s e a n d c o n s i d e r t h e
first-ordercorrelation between t h e m o d e s

Re K ä t % ) ]
m e a n field

(2627 L d # d a t h ed ) = ¥ <RAD#
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I f o n e c ompa re t h e amplitudeo f t h e oscillations
(yellow l ine) w i t h a n exac tquantums imu la t ion o n e
f inds subs tan t i a l d ev i a t i o n s i n t h e long-time
beh a v i o u r i n par t i cu la r f o r s m a l l t i m e s .

Le t u s n o w c o n s i d e r t h e T W A
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CBITrancatedWignerapproximati-

Wigner amplitude equations (see S e o - E .3 )

②3 ,
oftd u = - i d e - i t Hd* R-e)d u

¥ d a = - id , - idea l?-1 ) X p

The terms " -1 " i n (Knall-n). lead t o
a t r i v i a l oscillatory te rm a n d c a n b e ignored.

i n i t i t i a l s ta tean-
A n importantparto f t h eT WA i s t h e averaging o v e r

t h e i n i t i a l Wigner distr ibution. Here t h e r e a r e different
approaches

( i )MonteCarlosampling-
I f t h e i n i t i a l Wigner function i s positivedefinite

(264) WCF.to/=Wo(d;) 2 0

t h a n Wo c a n be considered a s probability
dis t r ibut ion wh i c h c a n b e sampledby a
Mon te C a r l o technique. I

I
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( i i ) Integration

I f t h e i n i t i a l Wignerfunction i s not positive o n e
h a s t o integrate o v e r t h e d j • .

T h i s i s dearly
possible only i f t h e n u m b e r o f mode s i s very
S m a l l .

(iii)Adiebaticpreparati
ef t h e i n i t i a l s ta te w i t h non-positive Wigner
f u n c t i o n i s t h e pound s t a t e 14h) of a yapped
H a m i l t o n i a n H I N f o r , s a y , 2 = 1 a n d i t
t h i s H a m i l t o n i a n h a s a ground s t a t e wi th
a positive Wigner function f o r s o m e o t h e r
Va l u e o f 2 , s a g , 2=0, o n e c a n s i m u l a t e t h e

ad i a b a t i c preparation

(265) 14%4=01) F u ß 14hH A D

• I f w e c o n s i d e r a s i n i t i a lstate t h e productof
t w o i n - s t a t e w i t h N particles i n each well

(266) 140E - OD = I N ) , I N ) z

t h e n
Wo ( d ) = Wo( d ) = 252hLµ (4n )(267)

w h e r e n = Idiot? o r h = Idiot?
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Wo i s n o t positive a n d t h u s o n e has t o numerically
s o l ve eqs . (263) a n d subsequently numerically
integrate o v e r Wo .

G P corresponds t o t h e mean-field resu l t . O n e

recognizes a r a t h e r good agreement f o r a
n u m b e r of tunneling t i m e s .

V I . 3 Trunca ted Wigner approximation

totrapped.mu/ti-m-Bosegase-
We n o w w a n t t o discuss t h e application o f t h eTWA
t o mu l t i -mod e u l t ra-co ld bosegases a t f i n i te T .
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