
I . Equations o fmo t i o n o f phase

spacequasidishibsthe
question w e wa n t t o address i n t h e following

h o w t o translate t h e Lindblad-Liouvi l le equation
f o r es

so =

!

His ]TEEküüüüüüs-sinti)
t

E. o f f o r 8¥
Before w e d o t h i s lets r em i n d ourselves h ows u c h equations

l o o k l i k e i n c l ass i ca l phase space

VI.Dynamicsindassi.ca/phase-sp-
Class ica l dynamics i n phasespace spanned by
generalized coordinates G j a n d momenta P j
(without dissipation) i s governedby canonical
equations

Kon I I = { E H } DIE = { P i t t }
=

¥
° P i

⇒ , .

= -8¥.



where
{ a .D=.EE#Ipi-858¥(203)

i s t h e Poisson bracket

Any func t i on f lat , p ) evo lves accordingt o

(204) #flap) = 0¥ + { f . H}

wh i c h follows from

{AH} = 0¥Ftp-¥p¥q

= ¥ : Fpö
Conservation o f probability requires t h a t t h e
t o t a l derivative o f t h e phase-space densityS h p )
v a n i s h e s

②5 ) ¥ = 0 Gf=-{hH3=ft

!

Which c a n b e wr i t ten i n t h e fo rm

a n ftp.E-t#Ef
I Y

first-order partialderivatives
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So w e expect t o obta in partial differentialequations
fo r t h e quasi-probability distr ibutions Q , P, w . . .

T.IE#ationofm0HonforRQ,-
To obta in a n equationo f motion f o r t h e phase-space
quasi distr ibutions w e s t a r t f r om t h e Livoi l le-Lindblad
equation i n t h e Schrödinger picture

⇐ so =-

!

His ]TEEKinski-IIs-sä)

CAIGlaubev-sadarshanpfunc.b-
g/H=fd2tPldetllDLxI

O n t h e r . h . s . a t K o t ) w e w i l l h a v e t o evaluate
expressions l i ke

c i s , ä t s o r s ä , s ä t e t c .

Making u s e o f t h e property otroherentstates
e q . ( 9 0 ) o r Borgmann states , e q . 189)

② 8 ) Öttld ) = #Hd) |d ) = Hd) e -
" "%
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dtg-fdLPH.tl e -
" "ätna>c a l l

② g) = fdh P la t t e -HR#IHN
parfa, Sdk H o l d " e -

" " ( * £ ) Play)
in

!

µ m a l fit_G) P l a t t

Similarly

gci-fdZPH.tl e -" I n l a n d
(210) =fdklkkalle.HR/d-fz*)PH.t)--

fd2INlaIla-fz*)PH.tI
Th i s yields t h e following replacement r u l e s

ö s - D P K )

a n ,
äts - 4 £ ) Ma l
s ä - l a - f ) PH Igät-a*

!
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Expressions w i t h multiple operators h a v e t o
be-treated successively

ätze = ätläts)
= ätfak " N a " e-"%*-ff) Rat

④d = Sdk (G)a ) a n e -
" " (Afa) Hat

= fold I n c a n e -
" " ( d* f ) P H )

past.
I n t .

= Sdk I N c a l ( a * - f ) M a l

similarly
cited = Gab l a u t k¥2)(d-f ) P

②B )
= Sdk l o k a l (a-f ) I N

!

p

O n e recognizes t h a t t h e o r d e r Of t h e operations
does n o t m a t t e r s ince

(a*

!

A -

f ) = HR-Hof* -fad f ) *
= HR-e-Aff * - % ¥8 ,

a n d



( a -#*Katja) = HR-#*d *-aff + Ich*
= H R - s - a¥ + 4 + Ich*

S O

④ 4 ) [2*-82, d -#* ] = o

To s e e h o w equations o f mot ion f o r P t t ) f o l l o w
l e t u s c o n s i d e r a s a specific example t h e damped
ha rmon i c o s c i l l a t o r ( t = )

§ = - i w l a t a . S I

+ ¥ ( u n ) (zagat- a t a g - gata )2451

+ E in ( 2 ) a - oats-saat)
⇒

fdkkkalP.cat = Sdk K K H {(Etwas
laut + (E-ich#* * + 85%2*3Pla t t

whe r e w e h a v e t o r emembe r t h a t a n d* a r e treated a s
independent v a r i a b l e s (equivalent t o treat r e a l a n d
imaginarypart o fd )
D u e t o t h e completeness o f coherent states i t
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fol lows (217)

GEHEHWIERLEINGÄNIFF

¥ 5 5 5 -

diffusion dennm i n i s t i c mechan ics

t h i s i s a Fok ke r - P l a n c k equation

rema r ks

( i ) t h e r e a r e only derivatives O f P

( i i ) interaction t e rm s i n Ä which a r e a t mo s t
bi-quadratic e .g . a t ? a 2 i . e correspond
t o two-particle interactions give a t m o s t
s e c o n d der i va t i ves o f P

( i i i ) t h e E O N f o r P i s only a Fokker-Planck

equation i f t h e diffusion t e n n i s posit ive
Cohere t h i s i s s imp le a t j m 7 0 )

Eg. ( 2 7 7 ) c a n b eso lved by separation

②8 1 P l a t t =XKHYG.tn/-
X=ReCd)y--3mCa)
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The s o l u t i o n i s f o r a n i n i t i a l coherent s ta te

④ 9 ) P H . t o ) = d ' " ( d - do)

PHH=*ü÷)e×P{

!!

Ä

!

② o)

P l a t t

t¥

!

ü

I n

Gaußi a n w i t h w i d t hh-H-e-rtf -
average amplitude * =doe-iwt.tt/B)Q-fuuch-

JnordevtudaiaeauEOM
fo r QH . t l w e u s e

(2211 Q K . t k K I S C H K )

He re w e c a n proceed analogously t o P

- 7 8 -



( 2 ) < a l ä t s I d ) = < * Q m )

L a t a S l a ) = < a l l ägyne-HR
(223) = #*Kalt) g Hd) e -

" R

= (dt#*) Q l d )
a n d f o r multiple operators

< N ä } I N = <Nä?g u n e - "
' ?

= #*f ) ä s I l a ) e -
" "

(224)

= (dt#* | Q I N e t c .

f o r expressions o f t h e f o r m

< H ä s ä t I N = k¥+1k¥91 Q I N
(225)

= (At f ) (atf ) KH )
S O again t h e o r d e r of Operations i s n o t re levan t

Th is t h e n gives t h e translation rates fo r
t h e Aus im i o r a- func t ion
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÷
! " !!

äts - * Q I N
(226)

s ä t - ( * f ) Q I N

L e t u s c o n s i d e r again t h e damped harmonic
osc i l la tor, eq .CH. F o r t h i s w e f i n d

* %fEtiwtfzd-H-iwofdx-
gln-nfdj-faw.catt h e s a m e F P E a s t e r P w i t h 5 → i s t s

Q H . i t 1
I n k l#¥¥←##¥

!

ÄÄ€.
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remarhi.
ci) again only der i va t ion o f Q

( i i ) interaction t e m s in#which a r e a t most
bi-quadratic ( 2 -particle interactions) give
a t most 2 n d - o r d e r derivatives o f Q

KIWignev-weyldishibut.me
E O N s f o r t h e Wignerdistr ibution c a n b e

ob t a i n e d f r om K H ) a n d t h e re l a t i on (167)

| Q I N = ¥

#

e -

2k-PRWfp)

% → (dt#*)Qk) =#fäß (a f )e -
" P "

was,

w i t h

1226) #*
e - " → "=#* e - 2 k ¥

#

K a p ,

-

a n d
= - 2 ( d -ß ) e-24*-9*1

H D ) =

$

*

e -2k-PR

(227) de-2KDM = (ß+}#*)e -
2 K- P R

⇒
(dt#*IQ = ¥

#

fest}#*

⑤*)e -" P RWP) 3)
(

= ¥ (ß-{§ß*)e -2K-

#

Wfp )

- 8 1 -

equation i f t h e diffusion t e n n i s posit ive
Asere t h i s i s s imp le a s j m 7 0 )



partial integration

428) =#Ja?ß e -
2k- (ßtE§ß*)WP)

T h i s t h e n gives t h e t rans la t ion r u l e s fo r t h e
Wigner function

ö s - HE# * ) w a )
E g - ( * E fa ) WH )(229)

se i a - l a-E#*) WH )
sät-k*¥f)w

!

S o here a l l operator expressions yieldderivatives b u t
only w i t h a prefacter 1 1 2

F o r t h e example o f t h e damped harmonic oscillate
e g . ( 2 ) O n e f inds

4 ) ow-flftiwoGHE-iwtfz-Hn-EGI.IT#z

again t h e s a m e F P E w i t h 5 ¥ , s o

P : 5 ; WEITE ; Q : 5 + 1



remarks

( i ) again only derivatives Of W

( i i ) i n contrast t o Pand Q e v e n interaction
Ham i l t o n i a n , t h a t a r e a t most bi-quadratic
l eadt o higher-order derivatives!

IBInteractions-
I n t h e previous section w e h a ve discussed a n example
o f a non-interactingsystem,which c a n b esolved
i n many different wa y s . N o w l e t sd i s c u s s w h a t
happens i f w e a d d interactions.. A s generic
examp le o f a two-particle i n t e r a c t i o n l e t u s
c o n s i d e r t h e K e r r o s c i l l a t o r

(231) H = k w a i t o + t z ätza?

>
2 ä t

$

¥ 3 #

Genericf o r
two-partitele
scattering

E .g . S - W a v e
interaction o f homogeneous Bodegas

tint = ¥ fair 4THItar) 4TFRÜH) =

434 = §,

$ $

at ,§ ätzt§ ääää'



i s a generalizationo f eg-(231)

W i t h t h e transformation r u l e s f o r t h e P function
( 2 ) w e f ind

oft = {#(iwt-izkildjffiwt.in/a*-
(233)-izGEzd-oE*za*
so.werecogni
z.EC:)the re i s a non l inear- tem i n the dr i f t

~ 21212
I i i ) t h e diffusion ma t r i x i s n o t positiv

D= f-E.¥;A +EEI.org?
is-)PiyL20

434) D= = ( o . µ) imaginary
eigenvalues!

Interactions l e a d i n general t o E O N o f t h e P
funct ion wh i ch a r e n o t Fo k ke r Rande e q s I t
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⇒ Interacting bosons c a n n o t b e described by
a non l inear, c lass ica l stochastic p ro c e s s i n
P representation

I n a s i m i l a r way a s above w e c a n derive t h e
E -0 M fo r t h e Q funct ion . Using t h e ru les (226)
w e f ind

0¥= [#(iwxizlKR-zyd-
ffdiwtiylkkzyvtizGEa-E.at435)

I .e . t h e diffusion matrix h a s the opposites i gn b u t i s
s t i l l imaginary. Fur the rmore H R i n t h e non l inea r

P a r t o f t h e drift t e m fo r P i s replaced by H R - 2
i n t h a t fo r Q

Interactions l e a d i n general t o E O N o f t h e Q
funct ion wh i ch a r e n o t Fo k ke r Rande eqs.PH

Since t h e Wignerfunction i s ' in between"P a n d Q
which b o t h h a d diffusion terms of opposite sign,
w e c a n m a k e t h e guess t h a t t h e diffusion t e rm

may v a n i s h altogether i n t h e W equation?

A n d i n d e e d w e f indf o r W

- 8 5 -



Gz =ffzliwtizdaR.nl/a-ff*(iwtizdaR-
nYa*-iIoI.*oEa-fz*

(236) t h e re a r e n o 2 n d derivatives
d u e t o i n te rac t i ons !

I f w e a d d decay t h e r e w i l l b e secondderivatives b u t
w i t h positive d i f f u s i o n .
s o apar t f rom higherderivatives t h i s i s a F P E !
b u t : t h e r e a r e n o w 3 r d o r d e r derivatives

We w i l l n o w argue t h a t t h e 3 r d derivatives c a n

often b e neglected,w h i c h l e a d s t o a power fu l
approximation, t h e t runca ted Wigner approximation

I f t h e m o d e ä i s highly occupied,w e c a n make
t h e scaling a n s a t z

(237) d = T N T #= IN#
+ he "

oft = |# (iwxzizlNHR.DE-cc.
4381 - i?⑦¥# (¥ä-#*^)] W

- *
E °


