
I I I . Coherent-state representation

ofstatesand-e--
IT.1Generalremarks.be
haves e e n t h a t classical fields describing t h e condensed

a t o m s i n a Bo s e - E i n s t e i n c o n d e n s a t e o r the e l m .

f i e l d Of a L a s e r a r e w e l l approximatedby (multi-mode)
c o h e r e n ts t a t e s . S o c a n w e makeu s e o f t h e m t o a l s o
t a ke i n t o a c c o u n t(quantum) f luctuations o n topo f
t h e c o n d e n s a t e o r n o n c lass ica l quantum s t ra ta o f
light s u c h a s squeezed light?
t e a s d i s c u s s n o w a single mode loscillator. T h e
generalization i s straightforward

# GDL l a > < a l = I
i . e f o r arbitrary s t a t e

K B ) R P ) = ¥ Sdk I N L a k e )

t h e r e i s a o n e - t o - o n e correspondence

(1141 1 4 7 A L A 4 )
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H I 4 ) = e -
H R K £ < * n

n = u ←
< n / 4 )

(1153

I E T
Ge l d* ) = G k v ) i s a n analytic function
i n < * ! N o w w e c a n m a k e u s e o f t h e P o w e r
o f Complex analyticity
f u H H i s completely determined by its
behav i o u r i n a n E - neighborhood of o n e
v a l u e d # d ' ' n

!"

ff)

⇐ k i d "

Similarly w e c a n argue f o r a n operator

4163 Ä =#Sdkfdk' K K H Ä K ' ) C d ' /

< N Ä I N = e -

!

e -EINE difficult
= e - ¥ e - ¥?fz .cat , a )

f f l a # a ) = A H Ä H ' ) i s analytic i n both
d # a n d a ' .
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Consequence o f analyticity

A n operatorÄ i s completely characterized

by i t s diagonal representationÄ←f4d)=aÄ
Pr o f a s s u m e K Ä M = h a tBild)

h a l tÄ - 5 Hd ) = f#⇒ ( d* ,d ) = 0 H d

s i n c e f C L*,d ) i s analytic i n leg . ) s e c o n d
argument i t also h o l d s t h a t

f # -B (LT d ' ) E O

⇒ Ä = 5 A

This m e a n s every operator (herefo rsingleoscillator)
c a n b e represented a s superposition o f coherent-
s t a t e projectors

KAI Ä- fdkok l l a f
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I I I . 2 G lauber-Sudarshan represen-

ta-ofthedensityope-dsingeq.kz
7 ) a n d following RogG l a u b e n l e s s ) a n d

George S u d a r s h a n (EEG3) w e c a n represent t h e
density operator ( o f a single mode l i n terms o f
coherent-state projectors

11183 Ö=fd2Pk)kX

!

Glauben-Sudarshan P-representation

s ome obvious properties

• I t s liest P a t t i
• T r {33=1

T r

#

⇒

= T r {SdkPlattakal}
= [Sdk P l o ) G l d ) K h )
= fdh P H I [hat D e n I d ) Jd?Ra)

= I

1120) fd2PG

!

→
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(118/-1120) maket h e impression t h a t every quantum
sta te c a n b e written a s proßability distribution
o f c o h e re n t sta tes . However P l o ) i s i n general
h o t pos i t ive !

D e f a s t a t e s i s c a l l e d classical state

i f f Pg a 2 0 f d

J f Pg

#

< 0 fo r s o m e d o , § i s called non-classical

• H o w t o obta in P K ) f rom s ? 1ps) coherentstate

← Blei 1ps) = fo lk P H I L - ß I N G I ß )
A N =#pale-PRE-Kiet* ß - x ß *
S O

11221 C -ß I S I ß ) e '

#

=fdkphe-HRe.sn#fs-ap*-
2dim.Foun'er-traf0-
sinced=utivps=x-iyfdk-
fdufdvdp-dfs-2iay-2ivx-
sofdke.tn#f3-xps*=fdae?"tja✓ e - 2 i n

¥ 5 2 i f f
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Th e i nve rse 2 - d i m . Fouriertrafoof ( a ) yields

( 1 ) PKIe-HR-fzzfdfselak-p.IS/p)edP*-tF-

examples

( i ) coherentstate § = p > ( p l
@4) _

!

= Ö H ß

classicalstate

(iilthermalstakkzsts-fze-hEETZ-
Trfe.AE

w i t h × EIG
§ = e - x ä ä µ - e -×) i s diagonal in I n )

11261 Sun = < H I S I n ) = e -
" × ( 1 - e -×)

i .e . 5=27s a n n = 3 n e - " G - e -×)
n > 0

( E ) =-#Efe-"=-#E. ×
=

$ $
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S O

11275 5 =
!

=

¥ 1
a n d Sun = u ¥

$ $

5 - Ihn INCH(128)

2 - ß I S I ß>= [8mL-ßINGIß)
= EEEIEEE.my

429)
|

= ¥ , e - P iep { - 3¥ }
"Hat!

$

ftp.e#*Pexpf-e!E}

- 5 5
430) ßhHI=¥e_HÄ

!

zu

Gaussian
classical

!!%%$!$

:



liiiltockstatell
31) g = I n k a I

← B IS Ip )= <-ßInsen ,

❤

= ÖP!

!

"

pn ( a )=

!!

Saß

! #

" e p # *

5 5 5
T h e powers ofß c a n be represented a s derivatives
o f t h e exponential

Pn I N = en

!"!

n

!

fäßeaß-ßx*

5 5
S O

① d RH=9

!

!Äo

!

¥0

n o n -

classical

highly singular!

Cirtsqueezedstate
lven wo r s e !
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expectakonvalue
st evaluate observables from t h e D -d is t r ibu t ion o f t h e
densitymatrix w e h a v e t o calculate

< Ä ) = T r { s Ä } = Earlµ ? Ma l K K H Ä In )
= SdkPlatz h a tÄ I n s L u k )

④3) LAY-nfdk.PH/ndlAFf
Theevaluation o f h a l t k ) i s particularly simple i f
Ä i s n om a l ordered

Älät, ä ] = EuAnmäth ä " = A . Kita]

<NÄ I N = [ A n n a * " a m = AN [ a *,d ]
h i n

(isch"- LAI-
nfdLPHAa.CL#-P( a ) ← n o rma l o r d e r o f operators

Every operator c a n b e written i n normalo rd e r .The

n o rma l ordering o f a n operator function may however
b e r a t h e r i nvo lved .

e .g .Cons ide r the specialc a s e
- 4 8 -



11353 f l a t , a ) = f (ata) = e
d a t a

ha t e i a tan = [Kannst?e i n

= [ ¥ KR" e in e -
H R

436) = E I ! (K ie l ) "
e -
" R

= e x p { la t te r-D}
Eg.11343 a l l ows fo r t h e following interpretation: J f P a k o
(c lass ica l ) Than quantum averages c a n b e interpreted
a s c lass i ca l averages.

Normal-ordered correlation functions c a n be obta ined

from t h e (normal-ordered) quantum characterist ic

function

K w [9,



I t i s n e a r a t h a n d t h a t × µ Ig ,9*3 a n d P lo ) mus t
b e related. I n fact i t i s easy t o s e e f r om eq . l t37)

④g )
% ES, 9* ] = Sdk P l o ) e 9 L

*

e - g
* ×

Idkpklegaxt.gr
t h i s i s a 2 - d im. F o u r i e r transformation.

Eq.

#

g )
a l l ows f o r a n interesting inversion

(140) PKkfzfdgzwlg.ge#Je-gx*tg*

To associate operatorexpectation values t o classical

(quasi-)expectation v a l u e s [ "quasi" because classical
d i s t r i b u t i o n s s u c h a s P lo ) mag n o t b e positiv] requires
t h e f i x i n g o f a n opera to r ordering. Above w e have
u s e d n o r m a l orderingb u t t h i s i s only o n e o f many
possible orderings.

Can w e f ind a n analogue t o t h e P-function f o r
o t h e r orderings?
⇒ l o o k a t different characteristic functions!

- 5 0 -



I I I . 3 T h e Q-representation

CHusimi-rep-n-S.mil
arty t o 11371 w e c a n define a n an t i -no rma l

ordered quantum characteristic function

HEY, 9 *3 = { e - 9 * 1 gät)
Karl =Tr{gES*äega

!

wh i c h i s t h e generatoro f a n t i - n o rma l orde red
correlations

had <änätm)=§g

!

gXG9If*

!!

Z A a n d Z µ c a n easily b e related by
Baker-Hausdorf f

e - g
* ä e Sät= e .

gäte-es* ä
e - ISR

t h u s

MB) 7*[9/5]=219,9*3519-1-1

We have s e e n t h a t t h e P-function w a s t h e
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Fouriertransfern Of Z u . I n a s i m i l a r way
w e introduce t h e Hus im i o r Q-function

HH 4GSj-fdkQHIEKES-2d-
Foun.eu trafo

NOW

<amotms-f.FI#g=o-
=fdkQkljfgIjmg-eS*S*/
⇒ * ⇒(1451

= 5dL Q I N a n d * m

i .e . any operator expressed i n terms o f anti-nomal
ordered products of ö a n d ä t

H H ÄIät, ä ] = 2 - AImcinatm-AG.at)
h i m

4471 LIVE.ME/
dkQklA*ldd-Qld,t*)-anti-normal ordered operators

So i f Q I N > 0 D quantum averages of anti-normal
O rd e r e d operator expressions

= classical averages
- 5 2 -



How t o obtain t h e Q function f r om a quantum states?

a-
shatiuterkaei.IT{Ö} = ICHÖ In> = ESd)/In < N a c a Öl

#

<p lus

= fd¥J! [

#

I n >

C N N Ca tÖlß)

=t.ES?osmTii5--
sF5t-
K48lTrfO3=ffILpIOF

• I n v e r s e Fourier-transform o f t e n )

Q Q =#Säg #Ig.gg@das
* -2*9

=#Sang T r { j ä g ä t } eng
* . *

*
g

⇒ ↳ Hinein:*:*:
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Q I N = ¥} fdp µ } e s
#

*

*)-9*0-<{p,

#

T E E
therefore

(1491Qkt-flals.FI-e.
t h e Q-function i s j u s t t h e expectation

V a l u e O f § i n c o h e r e n t s t a t e s !

propertiesofhusimi-
orQdishibulieu)€ t Q L 0EQHE

!

f rom T r { 8 3 = 1 follows

4 )Trfei3-fdILNEIN-fdkQKI--
Eqs.GS/tksTIs e e m t o suggest t h a t Q I N i s a true

probability distribution i n phases p a c e spannedby

D e l a ) = L ' ~ ×

I n k l = L " ~ p
?

O n e finds however t h a t t h e marginal distributions

µ F ( x ) = Gdp Q ( xp ) fo ld" Q l d )
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453) Fdp) = fdxQlx.pl erfdat Q I N

doe s n t f u l f i l l properties of a probability distribution

example-
d')c o h e r e n t § = I M

#

1

#

N = ¥ L a t e i n =#KAß>R
nahe

454 Qpcdt-fexpf-H-B-f-PPHFSEL.pl

= 2-dimensional Gau s s i a n centered a t ß

liilthennalstate
j.ee-×" (e-e - ×) × = IST

Qala) =#G-e -×)

#

e -

xätala,
Making u s e of eq . l i36) (normal ordering o f <^^)
w e f ind

#

Qm I N =#G-e -×) e
HRK-×-n)
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using furthermorethatferathermalstahen
!!

=

$ !

or

E - ⇐ ¥
\

↳ = ¥+1 e - ± I F 1 - e -¥ Jz
2

gives

456) QtNN=¥je-Ä

!

Compare t o Pd i s h i b u h d y l e q . u a )

P u l t = 1¥ e - ER Q i s broader!

Ciiinockstate-

S = I n >C u t

t h e "

#

( a )= # <ansch t a ) =#Cathy?

4571QH-tFKIe-ff-
ringinphasespao-
civlsqueezedva.name

= l a g > Lag) g > r e i t
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Qsq.ir ( d ) =#Klo,g) L a s k )

= ¥#ISTg ) 1031?

HQsq.ir/H=.-HIEdhr-expf-E/
eioz*Ie-iEYtaue

$!!$!"!"!!!"$

!"""

i "

$$$! !"!$

ÄÄÄÄ.v a c u u m & Squeezedv a c u u m
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The Hu s im i (oh distr ibution i s wel l suited f o r visualization

o f quantum states i n phasespace . We recognize t h a t
i t i s a " smoo t h e ne d " distr ibution

PlanEFX.ve#=xwe-BREEQcaI-
Jtiseasytoseethat-
QkkfzLdlsId) = ¥ SÜß Pcp) Ld p ) CAD

= H I

#

1 2

11591 QKI-efffdpe-k-okpg.TT

Smoothen ing team

F o r practical calculations (see a lso later) t h e Q function
i s n o t very u s e f u l , b a t t h e r e i s a t h i r d representation
wh i c h i s s o r t o f " i n between" P a n d Q

HI.4wigner-weylrep-tahwe.name
s e e n

P I N ← + µ
= < e .

Gate-es* a )
Q I N ← + *

= < e - 9*29)
h o w about symmetric ordering?
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l e d Xwlg.es#J=Trfge-g*oitga
Wigner c h a r a c t e r i s t i c funct ion

The Wigner charac te r i s t i c function i s t h e generating
function o f

symmetrically ordered operateproducts

Kh) <(citmanlsgmmt-
ogmIIFXwlg.es
e -9 - (ätätsgum = } (ätzitääättaatz)

Using t h e B a k e r Hausdorff relation o n e easilysees
t h a t t h e Wigner characterist ic function i s i n

between norma l -and anti-normal orde red o n e s :

④ % = 2 µ g , 9*3 e - E I S " = #[g . STEEB?
The 2-dimensional F o u r i e rtransform o f Z w [g.9)
d e i n e s t h e Wigner-Weyl d i s t r i b u t i o n

#

3) Xwlg.es#J=fd2WcxIe9t*-9H-*

- 5 9 -



S ince every operator c a n be expanded i n t o symmetrically
ordered products

A k i t a ] = Im Afm (äthämtsgum
4641

= A s Sät, ä ]

o n e finds f o r expectation v a l u e s

lebst LIVE.DE/
d2Wx)Ask*-WGi⇐ symmetrically-ordered

operator expressions

F r o m t h e relation between t h e characteristic functions
l e a d follows a re l a t i on between Mal,Q INa n d WA)

4661 W H ) = ff fdp e -2K-PR Pcp)
Wigner i s a smoothene d P-distribution

(16N Q I N = Gefäß e -2k-PRWfp)
= ¥ Saß e -

* P R Pcp)

Q-function i s a smoothened Wignerdistribution
- G o -



n o t e s antinorm
aloP N W H ) Q I N

verysingular weakly singular regular

v a c u u m > trivial v a c u u m > "f-photon" v a c u um> "sphold

Doktor"'d Wohl=#E""? Quak#e-
"
?

example o fWigner

( i l c o - s t a r 9=107431

4681 Wpltl-fe-ZK-U-
GaussiaubutnanowerthatQp.la
)

(i i) t ← I n k l

what#Saß e - " "¥ "

$$#

nö)

partial integration...
4691 wnltl-IHYLNL4klye--
lv.CH Laguerre polynomials
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W e s e e tha t WmI N i s i n general no t positive

I n general o n e finds

(170)nfzEWKIEI-
Ciiilsqueezed-ar.cl0 = 0

A H WorlakfexpftfeIg-t

107

I n= D

Squeezedv a c u u m

I n = 5 )

② Wikipedia
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