
I.Quantumstatesofbosons.-
veh a v e s e e n t h a t bosonic quantum f i e lds c a n
b e decomposed i n t o s u i t a b l e complete a n d
o r t h o n o r m a l se ts o f eigenm o d e s whe re the
pre-coefficients a r e bo s on i c annihilation a n d
creat ion operators w h i c h a r e formally identical
t o t h o s e Wh i c h w e k n o w f rom t h e h a rmon i c
o s c i l l a t o r i n elementary quantum mechan ics :

Schröder I T E N - E änetton E )
(63) 4 ) E H N E ä thone r )

E t r i t t = E t E . t lE D I
164) n [ a u f n F ) töntHATE)

- -
= E A )( FA ) = E H

positive/negative frequency components

651 [oin.am] = u [cin.am]= a m
I t i s useful t o detonsider particular setso f basis
s t a t e s f o r a given m o d e " m "
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II.1Fockstates.co/serentstates,sque--
s t a t e s

Hter-namberstaten
= G t a 5 h ) = n l n t u - 0 . I R , - . .

ä h > = F m l n - D annihilation
" "

ä h m T u n k t ) creation

(6 ) n= tä t
s i n c e Insiseigenstate o f Ü

< n i n t h - n au sü l l n> = o

Howeve r

68) L u l u I n ) = 0 G I E

!

I n ) =

❤

since .

< m ä n d n l ä t t u n o

I n aneigenstaheofthenamberofparteidestphdous
t h e expectation v a l u e o f t h e (frequency component
o f the) f i e l d van ishes9.
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CBICoherentstate
stetasd e i n e a n important d a s s o fstates,b a t i n a

differentway a s yo u may have d o n e t h i s i n quantum
mech a n i c s .

Coherent displacement operator

(69) DHIEexpszxcit.si#-ao-¢
properties:

(701 I C H = 1

D ) K e x p { H ä - a ) = B f a )

Baker-Hausdorff

(7) ifEA.LAIBD-EBIA.BIZ
e # B = elteBEEEAB] = <BettetEEAIB]

i . e . D K ) = ed

#

- *

ä
= EHRKE - *äexä t

= e - Hitzetäte-Hä

⇒ ⑤ ( a )§

!

=

excited •
ßät-ß*ä

=

$###$

cieEkat-aapa t.si]
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⑦ 5HIDfst-DH-p.IE#P*-d*B=DpdDa)

⇒ 5cal Öl-a) = # ⇒ I r a ) = D )
(73) 5tµ=D

$

unitary

N o w w e define t h e unitary shift oft h e v a c u u m state

(groundstate o f harmonic oscillator)

€41 J t s coherent
s t a t e

F r om Bake-Hausdorff ( 7 ) o n e f inds (CHARDEBIABI
⇒ )

( 7 ) e -
D A B d B = B - d [AB]-1¥ LALA,BDK

w i t h t h i s o n e f i nds f o r t h e I T
unitary t rans fo rmat ion o f annihilation
a n d c rea t ion operators

B IN ä I CH = Ä t n a Dk ) = ä x d
⑦ ftp.jq-pfaatD/a)=at-
TTshiftbgdassia1
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F r o m these relations w e c a n n o w s e e t h a t k )

i s a right eigenstate o f ä (and letteigenstaheo f F)
ä I N = L I d )

# µät=x*

$

P r o f ä h ) = ä D a l o s = D i k t a t a ) b )

= I K K I o ) = L k ) A

properties o f coheren t s t a t e s

• Whi te fe r Foch states w e h a d L u l u I n s = o LU E 4 -
a r e h o w h a v e i n a mul t i -mode coherent state

441 ICE) 1{ D ) = [ 9 n F ) <{x3 l än / {xD
(7-8)

= [ 4 n F ) a n # 0

W e w i l l s e e t h a t a quantum f i e l d i n a coherent

s t a t e b e h a ve s essentially a s t h e c lass ica l f i e l d

• furthermore

127=5 ( a ) 10) = e -
" % excite-Hä,o )

= e - KRKedät,o ) I T
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= e -
H i " EI#anä

$

= p i n s

7 8 ) I d ) = e -
" "EI E I I n >

(
⇒ coherent s t a t e d o e s not have w e l l defined

n u m b e r o f particles/photons, b u t

(7) Ld l ü ks - k l ä t a l a s - k l
n u m b e r distribution

Ho lPalnt-lansR-e-
KRKJ.no

+
Poisson d is t r ibu t ion w i t h i n = <ü> = 1212

•

0 .6 -

-

0 , 2
I \ 1212=1

#$#$$$$$#$$$$



O n e finds

<alsül ld>= da l l i - Lu ) KK ) = Glück)-Hit

= hat

$###

äh-

HH

= 1214+1212-1214 = 1212 = G l ü h )

( 8 ) ↳ D ) = < D a Po i s s o n

• coherent s t a t e s a r e only "a lmost" orthogonal

<L I ß ) = e -
" " I I .IILY-jmse-PK-dnm-

e-EHAPMEG.IN
= e - EHRTPR) ea*ß

(9) hdlß)=exp{-E4aRßR-2d*ß-✓

h o w e v e r

KLIß))? expflaßR) - o
fo rk-ß) → •
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• coherent s ta tes a r e over-complete

(8D ¥ f

$

N= I

d complex!

X = r e i g

P ro f
#gabn u n , =#faz Im e -

H R Ä H M

€ .
" X m l

=#Im YYfm.ojdre-rzrntmtnjaqe-
iln.mg

÷ .
= FEE 'I

$

S Ä

e - P r " " = Ein>a u f

D -
• coheren t s t a t e s a r e states o f m i n imum uncertainty

i n analogy t o t h e harmonic oscillator w e introduce

t w o hermit ian operators

(a) § ⇐ ä . = ätzät ß ← ä⇐ä÷
5 ) [ ä , a ) =

$
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Heisenberg uncertainty

66) < s ä ? ) < s ä t ) 2 !
h o w fo r coherent state

K l ä r k ) = Ek l ä tä t I N = E Y = Re

Kläden) =#Loki-äh) =

$$

=

I m k ]

O n e f inds aftersimple calculation

(8) t.ae?k)=Lxsa2Ix--
aaikKxlsaEk)=fz m i n i m um

uncertainty

* What i s t h e act ion o f

ä t I N = ? h a t ä = ?

fo r t h i s i t i s conven ien t t o introduce t h e n o n n o nalice

Borgmann s ta tes
(881 Hd) = I N e .

HR K

ätna) = ä t EI ¥ , d " I n ) = EIFEI < " H D
= Ä I E , a n t u n =

%

End "

I m >
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= #II . Fm, M m s = #IN
⇒
491 ä t n a = # " a ) =# (e-

'" " n )
= e -

" '% f - < * +%) k )
th is t h e n yields
(go) ä t I d ) = f- d * + f f ) k )<aä=fa+¥

$

w h i c h w i l l become important l a t e r a n .

HSqueezedcohereutstate
stttthoug.tnthey w i l l b e o f l e ss importance f o r t h e
purpose o f t h i s leckere l e t u s introduce a n o t h e r
interesting d a s s o f s t a t e s

.

.

Squeezing operator

I s t ask.exptzgxaz-g.TV
§ i s againUnita

⇒ -



194 5 -Tg) = 54g) = Stg )
a unitary transformation o f a n n i h i l a t i o n a n d
c r e a t i o n operators i s a Bogolinbou transformation

Stg)ä 5cg) = cicoshr-ateiosu.hr

!

sitglätsgl-äfahr-
äösi 9 = r e i n

Squeezed coheren t s t a t e s

( a ) 12,93=51915611021

squeezed v a c u u m 10, g ) = § (G) 10)

properties

(95) <d .gta I d ,g ) = L a c h e r - < *sinkreit

Squeezed v a c u u m L E O

< a )S E O <ata)

!

=

s ü h r hä?)

!

=-eifahrsüh r
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rotated quadrature components

äro-Elää

#

täte! )

(961

a ) =#hier!-äte¥)

( g )
49112? 12 ,9 ) = #e -

E r sma l l e r than

$

ä g

v a c u u m

l a rge rthan
v a c u u m

"squeezed"fluctuations

(981 K a i ! ) C s u ) =# m i n i m u m uncertainty

1 d i e
5

+

d coherent

920
g Squeezed* DH) A coherent/Squeezed

×

-

#$

a.

v a c u u m /
×
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I I . 2 Classical approximation t o
quantamfie-wewiln-
ethatthedussicalequatioasofmoh.ae
f o r t h e Schrödinger f ie ld o f e . g . a n u l t r a - a d dDose

g a s o r t h e e lm-f ie ld a r e obta ined assuming t h a t
t h e many-body s t a t e i s c lose t o a m u l t i - m o d e
coherent s t a t e .

f e t u s a s s u m e t h a t t h e many-bodystate o f
e -g . a n ultra-cold quantum g a s i s approximately
a mul t i -mode coherent s ta te

(9) I V H D = IT DINH) 10)
w i t h time dependent amplitudes a n H )

(AISchrcidingerf.ie/dofultra-edd,neulatoms-

fe t u s f i r s t c o n s i d e r u l t r a t o l d a t oms w i t h s - w a v e
interaction, e g . (46) . T h e Hami l ton ian, e g . 146)
c o n s e r v e s t h e t o t a l p a r - e r

Kool N = Sat z i t i e r t [N, Ä] = o

Ü i s a N o e t h e r charge re la ted t o t h e global
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s y o t H . i e t h e i n va r i a n ce a n d e r

Ma l 4 - A ) → 4%,Heidi

This symmetry i s explicitly broken with the
a n s a t z f o r 1 4 1 f t ) i n e g . 655), s t i l l number
f l u c t u a t i o n s i n a coherent s t a t e a r e Poisson, 'an
i .e .

i s n .

!

2 N
~ Im → 0 .

o h

ground-state var ia t iona l approach

I f particle n umbe r i s n o t conserved w e should
no t m i n im i ze t h e expectation v a l u e o f # b a t
o f t h egrandlanonicalltamittonialos)
Ä -

where µ i s t h e chemical potential t h a t f ixes

< N ) . This i s equivalent t o minimization wi th
a c o n s t r a i n t <N> = f i x e d w h e r e µ i s a

Lagrange Pa r am e t e r . T h e n t h e minimization

Goal <v l l t -µ Ü K r ) = m i n

yields
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IEstmtefj.LY?Kkm4
Kay time-independent Gross-Pitaeushi

time-dependent var ia t iona l approach Dahin)

(106) L E L a u t i .Gz-Ä I W H )
Euler-Lagrange equations

KAH ¥+87. - ELEO
compact f o r m : c - n u m b e r f i e l d { d r i t t }

kost 44Mt) = Educktlour)
p

Eigenmudes
E n t e r Lagrange ⇒

itoz4cr.tk/zhImb-VlrI-gI44ritHY4frTt-

① 9)
G r o s s - P i t a e u s k i equat ion
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CBJNonlinearQuantumoph.IN
a very s im i l a rway o n e c a n t r e a t problems f rom

n o n l i n e a r quantum optics. F o r e x a m p l e s e c o n d
h a r m o n i c generation o f monoch roma t i c light
a - b e d b g a q u a n t um Ham i l t o n i a n
o f t w o m o d e s

Ö, frequency w Öz frequency 2 W

a nd Ä = twätärttwätättgäää!
+ k¥442

T h e va r i a t i o na l a n s a t z

( a ) I P A D = ⑦( d )D u 103
9 ) 9 2

t h e n yields t h e classical equations

i n = - i w d . - i g n a z11121
22 = - 2 ;Waz-ist?
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