
I . 3 F r o m o n e t o many: Many-body

quantamsg-s--
Oavgodistoapp.lyphases p a c e methods t o develop

approximate descriptions o f interacting mang-body
systems which a l l o w f o r efficient n ume r i c a l simulations.
I t i s d e a r t h a t t h i s w i l l only w o r k i n l i m i t e d c a s e s
b u t f o r t h o s e phase-spaceme t h od s c a n b e useful.

1 - particle
Quantum mechanics

→ N-Particle
quantum mechanics

VCE,t ) 4 T E . 3 , - -E . t )

Hilberts p ace .

J e → ÄH ;
E r

ba t identical quantum particles a r e indistinguishable!

⇒ 2 types o f particles

!

F e r m i

wavefunction totally wavefunction totally
symmetric u n d e r antisymmetricunder
P-eexcha.ge P - e x c h a r . s e

n o simple phasespace formalism
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(A) Eff ic ient way t o guarantee exchange
sgmmehiesssecond-zacomp.tk

ba s i s i n EINH ;

(26) dn.CE.IO/ndEI---.lOn,vCEu)
whe re

10nF) orthonormal single-particle
wavefunction

e .g . particle i n harmonic trap
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due t o symmetry requirement: many body
s t a t e fully determined by numbers o f
particles indi f ferent s t a t e s , _ e .g .

(271 141 ) ⇐ I h n , n a , . . . . > Eni--N
t o

⇒ F o c k s p a c e

Ho ⑦ H r ④ H z ⑦ X 3
h

❤

particle o n e particle . . . e t c
Z v a c u u m 10) - 1 3 -



B ET e r m i -0 , 1 ,2,3,- . _ . D ; = 0 , 1

introduce Fock-space operators t o "walk"a ro u n d
i n F o c k s p a c e i n analogy t o non-hermit ian ladder
operators (angular momentum, harmon ic oscillator...)

I n + 1 ) = ¥, b t I n )(28)
I n > = #bin-43

t h e n a t a i s a n um b e r operator (see H-Osc)

Many-body state w i t h h . particle i n d . (F ) i n ,
particle i n 01DM, e t c .

49) 14 ) v B I " bäh.... 1 0 )Eni--Ni-oN-bodywaoefunction-
@I4CrIFzi.FN)

= <E . 5 . . . F I 4 )

How c a n w e e n s u r e t h a t wavefunction i s
totally symmetric o r totally antisymmetric?

simple solution !
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(3) J i b s ⇒ symmetric

notation: b ; → a i Laib].-ab-ba

64 f b i . b g ⇒ antisymmetric
anti-commutator

n o t a t i o n : b i → ( ; {ab}-abeba

Pauli principle

(33) K I L O
f ie ld operator (Schrödingerfield)
(341 4 ) F ) = E)

$

( E ) a) b o s o n

④Mitter'#EHEMÄNNER]
j.e-o-EIof.ci/oj*cry'Te

= [
' "
( E . F ' )

( 5 ) ftp.4otlrl/J=f'3Yr--boson
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simarty fo r fermion

136) 4T F )

##$

-
(F)

I .

(37) fzilrlifFEB-dkr.it#emion
1 -body wavefunction

③8)

$

( F ) = Lol ( F ) 14 )

s a y 1 4 7 = [ L j ä t t o ) [H i t - 4
j j

$

E ) =holEdelrtaefdjaTID-2
-djcfelrkmaefhe.IO/
CrT=Idj0f-(E)=

$

a s

expected

N-body wavefunction

( 3 )OCF.ir:2/oIElrizIlEI-.-4rii--I-
Jnthisfonnoueeasily s e e s t h e totally symmetric

- 1 6 -



o r totally antisymmetric f o r m

O l l i . _E.. . Fe...F . ) EGI.IE;)-LIED...

$

- Fängeexchange

Single- a n d n-particle Hamiltonian

Schrödinger e q . f o . s i # a h d e wavefunction

(40) ih#

$

( E H = h

$

E H

④ with

$

E H

= L o l 491Mt) 1 4 )
Heisenberg picture

itdofwlr.tt = L I E H . Ä]
where

④ Ä = ß r 4 ¥
Single-particle Hamiltonian

⇒ ih-gfz.io = fair' [ICH.it/r'Vh2FlrB
= H I H i ,

Substituting i n t o ( 4 )

i t !

$

=
hadzicr.t t /4o--hcfV
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F o r interactingsystems w e have t o cons ide r
Huang-particle wavefunctions . F o r t h e typical
two-body interactions w e have t o l ook a t t h e

two-particle wavefunction a t t h e l east :

ihdgdlrrz.tl = hin, E ) ¢ E s ,E t )
i n s e c o n d quantization t h i s c a n b e reproduced
by

ÄförfdrufunternhörtÜÜÜÜF
(43) two-particle Hamiltonian (interaction)

(B) Ul t ra co ld a t om s w i t h contact
i n t e r a c t s

Systems othaltra-cold, neut ra l atoms a r e described
i n s e c o n d quantization by a complex (non-hemitian)

Schrödinger field IKEA#VIEH
w i t h point interaction

# = Soir I t i l [-Ems + Vci)] VIE)
(44)

+ färbe? 47444E ) V i r i l i o

$

i n
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• " d VCE.r-iy-g.cl?Yr-.r-i- Pseudo-
(4) potential

approximation

F t e microscopic a t o m - a t o m interaction i s
replaced by a n effective pseudo-potential which
h a s t h e s a m e scattering properties a t l o w
temperatures (k inet ic energies)

E - für w i th f-EnsureB I N
④)
tgsdrütertüterzfern

mang-body Hamiltonian o f ultra-cold gases

KIQuantizedeledromagneticfi
e.la/tsecondfipeldi n wh i c h w e a r e interested i n

quantum effects i s

quantum n o n l i n e a r optics

Here t h e electromagnetic f ie ld E l andB ) i s
c o n s i d e r e d a s a q u a n t um f ie ld
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Maxwell equations C S I units)

5 . 5 = 0
④

#

E t ¥

} homogeneous M W E

* D I E = §ÄÄ

##

Eµj}

inhomogeneous MW E

❤

= ¥ ,
only consistent i f

¥

#

Ä

continuity
4 ) equation

Homogeneous equations c a n be so lved introducing
potentials

Eto) BIÄxÄEDOz¥Ä

#

Ä : vec to rpotential;

$

i .

s c a l a r potential

⇒ eg s . (071 automatically s o l v e d



then o n e finds a w a v e equation f o r Ä

EE-SJATEF
The solutions o fth i s equation a r e plane w a v e s
which a r e t ransve rsa l

A ) H - E g g e i l t F -wt )

w i t h

w= E ä . k
transversale'G D-Ä = o

F o r a given wave-vector I the re a r e only t w o
independent polarizations

e ) (E) . E s (E) = 0 E I N E ⇒

E)

"

§

e .g . l i n e a rpolarizations



(56) jilb.tltwnqzlb.HN
Ä = Ä* GEHT = Gat t )

c lass ica l harmonic oscillators

d
quantum harmonic oscillators

c a n o n i c a (mass = 1 )

P.VE/=q9zlti)qz-
qzPz-Fz

,
( 5 ) [ f r ü h , F i lbry]- i tch ier
introduce l a d d e r operators

(58) ä = F ¥ [Ärztin]

⑤ live.ailbTJ-ch.is#f
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w i t h t h i s w e eventually amheatllleisenbergpid.)

AIEH-IE.IE?E.EiEI(6o).färlätteiärtärchtleib

(frattamiltonian)

④ ÄItwälätääät
T t divergent

n u m b e r operator v a c u u m term

o f photons i n → ignored
moaeCE . r u

so lu t i on oftimeeudako.az/b,tI=a.lIIe-ihkt
⇒

④ Ä r ¥=.EE?EiEeINfaiaiIeiiEaiaieiiJ

I i
negative frequency positive

P a r t frequency par t
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