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There a r e very many good reasons t o look a t quantum
mechan ics i n phasespace:

( i ) a t h i r d way o f quantization
( i i ) understandingquantum phenomena i n

terms o f classical concepts
l i i i ) approximation methods t o so lvequantum
many-body problems close t o t h e classical l i m i t
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quantum mechan ics ← c lass ica l mechanics

? w i t h u n c e r t a i n t i e s
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⇒ equations o fmotion c l a s s i c a l !

b u t t o fu l f i l l ( 2 ) ⇒ uncertainty
s i m i l a r t o Liouville

dynamics
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i n Xandp

$"

.

#"

%⑧ s p

D X

I . 2 T h e Wigner-Weyl distribution o f a

singlequantam--
Asoneexampleforafg.ua)probability distribution
w e w i l l n o w d i s c u s s t h e Wignerdistribution o f
a single quantum particle.

dassi-hage-spaadisflioan.lk)
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( q , P ) q . P E / R

expected values

(4) LAI-fdqfdppalq.pl Atop)
Liouv i l le equation

(5 ) ftp.lqp) = - { Pa . H}
Where { . ; ] i s t h e Poisson bracket
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(6 ) { A B } = ¥5 ! _0¥Iq
quantamphasespacedishi
butitt P (q , p ) f . p E R

f lq .p l shou ld have t h e following property

<A l f , p l ) = T r { A G A I S }
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Jwedraussomquasi-probability
t o construct I c q . p l l e t s cons ide r t h ema rg i n

Ipos (G) = fdp PCG.pl = T r {Schaf-g)}
(9)

IwanLpt = fdq.PG.io) = T r {Schaf-pl}
The position a n d mom e n t u m distributions c a n

easily b e constructed

5cg-§) = Iq)Left U p - f ) = 1Dkp)
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µ ) Pesos ( g ) = Lofts I f ) = S G , g )

Pmom (p) = L p t E I N =

4 ) = folgfolg' < p l g ) Cgt § I q ) G-' IP)

= zfzfdgfdqlgfq.gl/eiPGf
alternatively o n e c a n u s e Cp 1 5 I p '> . F r o m
t h i s o n e c o u l d def ine t h e fu l l distr ibution
a s
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431 P d f , p l = T r {Shp-F) kg-§)}
We s e e : The definition of a quantum mechanical
phase space d i s t r i b u t i o n i s n o t unique d u e

t o t h e ambiguity i n operator ordering
Depending O n t h e c ho s e n o r d e r , t h e

c o r r e s -
# Iq , f ) ← > A HIP)1/41

w i l l b e different!

Nei the r Pr Iq,p ) n o r E l g , p ) a r e su i tab le

a s they a r e i n general



We s e e : The definition of a quantum mechanical
phase space d i s t r i b u t i o n i s n o t unique d u e

t o t h e ambiguity i n operator ordering
Depending O n t h e c ho s e n o r d e r , t h ec o r r e s -
(16)

-

Ä G i f t ⇒ A Iq ,p)

w i l l b e different!

• Nei the r Pr Iq,p ) n o r Dz Ig,p ) a r e su i tab le

a s they a r e i n general n o t real

W i g n e r
,

WHIP) = I n Jay 81g-#qtze
"ÄH

#t-fzfdghq-gfstftfeh-
notethat-
wlq.pt#=Wcqp)real!
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c o r r e s p o n d i n g
.

48) ctlq.gs/=fdzeiPZHhq-IzzIA/q-tzz

s u c h that f o r expectation va lues w e f i nd

kstLACE.pD-TESA3-fdqfdpwlqplctlq.pl#

A n interesting property o f W becomes visible i f w e
c o n s i d e r

Ku lak = T r {matt

"

Kot }

④
= z ieh fdgfdpwvff.plWolf,P)

6 ) s h ows t h a t Wtf,p ) cannot be positive f o r
a l l s tates a s f o r orthogonal states < 4 1 0 7 = 0

Da C a n w e give a simpler recipe f o r obtaining
t h e Weyl transform a n d t h u s expectation values?

⇒ ye s

Wigneroperaterorden-
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c o n s i d e r ( t = )
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t h e n
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Ö (q-tz-(q-[+f ) = S I Z E )

④ AIq.pl = Sdbfde < ( G E ) e i l t + T P )

⇒ I f w e c a n represent a n operator i n t h e form
K H w e immediately know its Weyl transform

W e notice t h a t t h e r.h.ee. o f K H i s symmetrically
o rd e re d e in § i p
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S O

A H N = 9hpm ⇐ÄH.pt#Eo/Y)qn-rpmjr-
(23Ie.g.qp⇐ EHF + FF)

Ep ← ¥ ftp.zgpg-FIY
i .e . v i c e v e r s a

äp → ER = E t appe + 4 ) )
= EHF-trail -¥
F ü r

⇒ recipe ordered

( i ) write ÄH,f ) into symmetrically ordered formliilreplaceq-qandp-
FUNowwhd.isthe dynamicalequation ofmotion of W ?

ida= - IHR ] → dat = ?
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¥W = Äh Jay hat-El daf Iq + E ) e in#

=-Äh ! Lg-El Ag - SH Iq+⇒ e i t l t
f o r
K H Ä=¥+v

"

o n e f inds Wigner E O N

I f =-EEG
(25)
+÷¥HÄ%¥%¥

"

compare t h i s t o t h e classical Lioaille equation.

-8¥= - H H } =-o¥¥pt¥¥
(25)=-E¥gt¥o

"

this i s eq.cz) truncated a t n = 0

o r i n t h e l i m i t

4- → o !
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The E o n o f t h e Wigner distribution becomes
identical t o t h e c l a s s i c a l L i o u v i l l e equation i n
t h e c lass ica l l imit t s → 0 .

I t i s a lso ident ica l i f V I E ) i s a t mos t
quadratic; i .e

freeparticle, l inear potential, harmonic
o s c i l l a t o r

PIPO
^

scotcho ft i m e
evolutiono f
Wignerfunction
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different
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