
Vektoranalysis in krummlinigen Koordinaten

Koordinaten: (q1, q2, q3)

Linienelement: d~r =
∑
i dqi~ei

Einheitsvektoren:

~ei =
1

bi

∂~r

∂qi
, bi ≡

∣∣∣∣∣ ∂~r∂qi
∣∣∣∣∣

Im Allgemeinen gilt: ~ei = ~ei (q1, q2, q3) (Ausnahme: karthesische Koordinaten).

Orthogonalität:

~ei ·~ej = δij

Nabla-Operator:

~∇ =
∑
i

~ei
1

bi

∂

∂qi

Gradient:

gradf = ~∇ f =
∑
i

~ei
1

bi

∂f

∂qi

Divergenz:

div ~A = ~∇ · ~A =
1

b1b2b3

[
∂(A1b2b3)

∂q1
+
∂(b1A2b3)

∂q2
+
∂(b1b2A3)

∂q3

]

Rotation:

rot ~A = ~∇× ~A =
1

b2b3

[
∂(b3A3)

∂q2
− ∂(b2A2)

∂q3

]
~e1 + zykl. Vert.

Laplace-Operator:

∆ =
1

b1b2b3

[
∂

∂q1

(
b2b3
b1

∂

∂q1

)
+ zykl. Vert.

]



Zylinderkoordinaten
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x = ρ cosφ y = ρ sinφ z = z

ρ =
√
x2 + y2 φ = arctan

(
y

x

)

bρ = 1, bφ = ρ, bz = 1

~eρ = ~ex cosφ+~ey sinφ,

~eφ = −~ex sinφ+~ey cosφ,

~ez = ~ez.

Gradient:

gradf = ~eρ
∂f

∂ρ
+~eφ

1

ρ

∂f

∂φ
+~ez

∂f

∂z

Divergenz:

div ~A =
1

ρ

∂(ρAρ)

∂ρ
+

1

ρ

∂Aφ
∂φ

+
∂Az
∂z

Rotation:

rot ~A = ~eρ

(
1

ρ

∂Az
∂φ
− ∂Aφ

∂z

)
+~eφ

(
∂Aρ
∂z
− ∂Az

∂ρ

)
+~ez

1

ρ

(
∂(ρAφ)

∂ρ
− ∂Aρ

∂φ

)

Laplace:

∆Φ =
1

ρ

∂

∂ρ

(
ρ
∂Φ

∂ρ

)
+

1

ρ2
∂2Φ

∂φ2
+
∂2Φ

∂z2
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sphärische Polarkoordinaten
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x = r cosφ sin θ y = r sinφ sin θ z = r cos θ

r =
√
x2 + y2 + z2 φ = arctan

(
y

x

)
θ = arccos

(
z

r

)

br = 1, bθ = r, bφ = r sin θ

~er = ~ex cosφ sin θ +~ey sinφ sin θ +~ez cos θ,

~eθ = ~ex cosφ cos θ +~ey sinφ cos θ −~ez sin θ,

~eφ = −~ex sinφ+~ey cosφ

Gradient:

gradf = ~er
∂f

∂r
+~eθ

1

r

∂f

∂θ
+~eφ

1

r sin θ

∂f

∂φ

Divergenz:

div ~A =
1

r2
∂(r2Ar)

∂r
+

1

r sin θ

∂(sin θAθ)

∂θ
+

1

r sin θ

∂Aφ
∂φ

Rotation:

rot ~A = ~er
1

r sin θ

(
∂(sin θAφ)

∂θ
− ∂Aθ

∂φ

)
+~eθ

1

r

(
1

sin θ

∂Ar
∂φ
− ∂(rAφ)

∂r

)

+~eφ
1

r

(
∂(rAθ)

∂r
− ∂Ar

∂θ

)

Laplace:

∆Φ =
1

r2
∂

∂r

(
r2
∂Φ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂Φ

∂θ

)
+

1

r2 sin2 θ

∂2Φ

∂φ2
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