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Symmetry-protected creation of superposition states and entanglement
using circulant Hamiltonians
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We describe the use of a special interaction symmetry for the robust generation of the totally symmetric

superposition state or entangled state of an N-state system. The required symmetry of the Hamiltonian is that
of a circulant matrix. Such a matrix has the important property that its eigenstates are independent of the matrix
elements as long as the circulant symmetry is maintained. One of the eigenvectors is the target superposition.
By inducing a slow evolution of the Hamiltonian into the circulant form, adiabatic following will generate the
desired superposition out of a convenient initial state such as a product state. The creation process is robust: it
is insensitive to details of the interaction as long as the final Hamiltonian has the required symmetry. We
illustrate the procedure with a simple example: a ring of quantum wells that permit interwell tunneling, into
which a single atom is placed. By carrying out adiabatic evolution the state vector approaches an equal

distribution of probability amplitudes in each well.
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I. INTRODUCTION

The creation of coherent superpositions of discrete degen-
erate quantum states has become increasingly important for
applications in quantum information processing [1] and
quantum metrology [2]. Particularly interesting examples oc-
cur in N-state quantum systems when the state vector WV has
the simple form N

\P:_IFV - (1)

That is, each basis state i, appears in the superposition with
equal amplitude. Such a superposition forms the initial state
of various quantum algorithms, such as that of Shor or
Grover [1]. It is therefore desirable to produce such a state
with high fidelity.

For many applications the system comprises N distin-
guishable particles, or subsystems. We can express the joint
basis states ¢, as products of separate quantum states ¢, each
associated with a particular particle. For example, a set of N
qubits are representable as gog)") and 90(1") for n=1,...,N. An
important class of such situations occurs when we have a
total excitation number of unity in which case we deal with
product states such as

o, = (Pgl)(P(()Z) e (Pgn—l)(p(ln)¢§)n+1) e ‘PBN)- ()

When such product states appear as the basis states for the
superposition of Eq. (1) the resulting state vector is maxi-
mally entangled. It is the so-called W state [3].

The generation of superposition states composed of a
large number of basis states, such as Eq. (1) with Eq. (2),
constitutes a major challenge for practical quantum informa-
tion science and quantum engineering, particularly if many
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particles are involved, as occurs when entangled states are
considered. Many-particle entanglement is very fragile: fluc-
tuations of system parameters or noise tend to rapidly col-
lapse the wave function into a classical statistical mixture.
Thus there is a need for techniques which are insensitive to
parameter fluctuations and noise.

An intrinsic obstacle to identifying such a technique is
that a Hamiltonian which is capable of creating arbitrary
superposition states must, by construction, depend sensi-
tively on continuous parameters. Thus it is prone to decoher-
ence caused by fluctuations of these parameters.

By contrast, methods that are capable of generating only
specific superposition states do not have this principle prob-
lem. For example, when there is a sufficiently large gap be-
tween the energy of a nondegenerate ground state and that of
the lowest-energy excited state, then during adiabatic
changes the system will remain in the ground state even
though its construction from bare states alters. Choosing the
ground state is, of course, only necessary if spontaneous pro-
cesses act to produce transition; in general it suffices to have
a large energy gap between the target state and any other
state.

Using this property it is possible, with a slowly varying
time-dependent Hamiltonian, to alter the bare-state construc-
tion of the ground state to produce a specific superposition
state or many-particle entanglement. The procedure can be
made resistant to decoherence if the energy gap is suffi-
ciently large [4]. In such evolution the initial and final
asymptotic forms of the ground state should coincide, re-
spectively, with the desired initial and target states; for ro-
bustness, the asymptotic forms of these states should depend
only on the symmetry of the Hamiltonian, and not on the
specific values of its elements.

We here describe a scheme that meets these requirements.
To this end we employ a Hamiltonian with a special symme-
try, namely that of a circulant matrix [5]. We make use of an
important property of circulant matrices: although their ei-
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genvalues depend on the matrix elements of the Hamiltonian,
the eigenstates do not. These are entirely fixed by the circu-
lant symmetry.

II. CIRCULANT HAMILTONIANS

Let us consider a Hilbert space spanned by N eigenstates

Y1,...,y of some Hamiltonian I:IO. These basis states,
which will be referred to as bare states, could correspond, for
example, to different energy levels of a single system, such
as an atom or molecule, or they could be product states of a
noninteracting many-particle Hamiltonian. We assume that

the system can easily be prepared in the ground state of I:IO,
denoted by the Hilbert space vector W,. Our goal is to create
out of this initial state a totally symmetric superposition, as
specified in Eq. (1). For this purpose we consider a time-
dependent Hamiltonian of the form

H(r) = f(NHy + g(DH, . 3)

Here f(z) and g(¢) are real-valued functions of time #, chosen
such that [f(r)|>|g(r)| for t——-o and |f(¢)|<|g(z)| for

t— +o. We take the Hamiltonian H | to be represented by a
real matrix H; having the symmetry properties of a circulant
matrix [5].

An N-dimensional (real) matrix A is called circulant if it
has the form

ap 4y 4y a4z "'t dy-g
ay-1 Qo ap 4dp " Ay
A=lay, ayy ag a; * ays |, 4)
ag a) as dayg " ag

where each row is a shift of the row above it. This banded
structure is a special example of a Toeplitz matrix [5]. The
structure can also be characterized by noting that the (k,j)
entry of A is given by

(A)kj = d(j—k)mod N- (5)
It is quite easy to verify that any N-dimensional circulant
matrix has the eigenvectors

1
q)n=f__[17rn9r55 "'7'{1V_1]T9 (6)
VN

where r,=exp(2mni/N) is the nth root of the scalar equation
V=1 and the superscript T denotes matrix transpose. Of par-
ticular interest is the n=0 eigenvector,

1 1
o= —[11,....1]'=—=2 4, (7)
VN

which is an equal real superposition of the unit basis vectors
,. This is exactly the symmetry desired for the superposi-
tion construction of Eq. (1); it is the target state of our
process, W(t) — ®,, for r— .
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It is important to note that the eigenvectors of a circulant
matrix do not depend on the actual values of the matrix
elements a;. This means the eigenstates are resistant to
fluctuations of the parameters (or noise) as long as the circu-
lant form is maintained, the noise does not break this sym-
metry, and there are no nonadiabatic transitions between the
eigenstates.

Unlike the eigenvectors, the eigenvalues do depend on the
individual elements of the circulant matrix: they are phased
sums of the elements a;,

N-1
21k
)\n=2akexp<—' Wn). (8)
k=0 N

The eigenvalue A\, corresponding to the eigenvector @ is the
sum of all the N elements of the circulant matrix,

N-1
No= 2 . 9)
k=0

Other eigenvalues involve sums with complex-valued terms.
For our purposes, that of constructing a Hamiltonian with
circulant symmetry, we require additional constraints upon
the matrix: specifically, it must be Hermitian. Then all
complex-valued terms in the eigenvalues (8) sum to real
numbers. Thus if all the elements of the circulant matrix are
real and positive (or negative), then the eigenvalue \ is the
largest (smallest).

There is always a finite gap A\, between this eigenvalue
and all other eigenvalues. In the special case when all g are
equal, i.e., @qy=a, then all eigenvalues except A\, vanish:
Nez0=0 (k=1,2,...,N—1), and the gap is

ANy = Na. (10)

The assumption of equal matrix elements of the Hamiltonian
is not realistic for large N. A more physical assumption is a
polynomial dependence upon index, say a,=~ak™”. In this
case it can be shown that the gap approaches a constant value
as N— o0 when y<2; the gap diminishes as 1/N? if y=2 or
if the coupling decreases exponentially with k.

We will write the matrix representation of the
Hamiltonian I:II in Eq. (3) as _
0 Vi Vo, V3 === V, V)
Vi 0 Vp vV, -o V3 VW,
H=-|V, V{ 0 V - V, V3. (11)
[ Vi Vo V3 Vg e V0]

Without loss of generality we have set the diagonal elements
equal to zero; such elements will appear only in the Hamil-

tonian I:IO. We take the interactions V,, to be real valued. For
even-integer N there are N/2 distinct interactions, while for
odd-integer N there are (N—1)/2 distinct interactions. For
later convenience we assume that the interactions V), are all
positive [note the overall minus sign in Eq. (11)]. In this case

the lowest-energy (ground) state of H, is the target state P,
This follows immediately from the relations
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(N=2M+1), (12a)

4> Vksinz%m+[1—(— D"V, (N=2M), (12b)
k=1

which are easily obtained from Egs. (8), (9), and (11), and
which imply N\, >\, for any n# 0.

We choose the time dependences g(z) and f(f) such that
lf(t)|>|g(2)| for t——o0 and |f(r)|<|g(t)| for t— +co. With

this choice the ground state of I;V(t) corresponds, for 1 — —,
to the initial state W, and for r— +o° to the symmetric su-
perposition state ®,. Let AN(z) be the gap between the

ground state and the next-nearest eigenvalue of I:I(t). We
then require that g(¢) and f(¢z) change sufficiently slowly,
such that the energy gap obeys the inequality (A=1)

AN, > UT, (13)

where T is the interaction duration. Under these conditions
the state vector W () will adiabatically rotate from the initial
state W, to the target superposition @,

III. REALIZATION: A RING OF QUANTUM WELLS

As a possible realization of a circulant Hamiltonian we
consider a ring of N quantum wells, coupled by tunneling to
each other. To be specific we consider a ring of N=6 wells,
as shown in Fig. 1. Initially we place a single atom into one
of these wells, as illustrated on the left. Then we adiabati-
cally shrink the well structure, as shown on the right. Tun-
neling interactions occur between pairs of wells. These are of
three sorts, labeled V;, V,, and V3, and distinguished by the
separation between wells; V; is associated with the shortest
and V; with the largest separation. We assume that all V’s are
positive, and that V; >V, >V;. When all wells are identical
the interaction Hamiltonian matrix H; has the form of a
circulant,

0V, V, V3 V, V,
Vi 0V, V, Vy V,
Vo, Vi 0V, V, V;

H]=— . (14)
Vo V, Vi 0V, V,
V2 V3 Vz Vl 0 Vl
Vi Vo, Vi V, V, 0

The desired superposition state (1) is the eigenstate of H,(z)
with the lowest energy.

The initial Hamiltonian matrix H, describes a variable
well depth for well number 1, and uniform values for the
other wells. We take the latter to be zero, thereby defining the
zero point of the energy scale. Thus H, has only a single
element, in the upper left corner,

Hy=={0 0 - . (15)
S

We remark that, in practice, the depth of one well will
also affect the tunneling rates from this well. This alteration
is not relevant to the present discussion: we require only that,
asymptotically, the interactions have the circulant form and
that the energy of the initial state connect unambiguously
with that of the target state.

Initially, by construction, the wells are far apart, as indi-
cated in the left frame of Fig. 1; all the tunneling interactions
are therefore weak. We lower the potential of one well, with
respect to all others, and place an atom into it, as shown on
the left of the figure. We next force the ring of wells together,
adiabatically, until they reach the conditions, shown in the
right frame, where tunneling interactions dominate.

We describe the desired change in the Hamiltonian matrix
by introducing for Eq. (3) a time-dependent function g(z)
which changes from O to 1. During the same time interval we
change the depth of the first well until it becomes identical
with the other wells [i.e., until f(£)=0]. As the wells draw
closer together the interactions are all much stronger and
quantum tunneling steers the system adiabatically into the
target superposition state; the population becomes evenly
distributed among all the wells.

We demonstrate the proposed procedure by numerically
integrating the time-dependent Schrédinger equation for tanh
shapes of the time dependences,

(16a)

g = %[1 + tanh(#/T)],

FIG. 1. (Color online) Implementation of circulant Hamiltonian
with ring of quantum wells (small circles) evenly spaced around a
ring (large thin circle). Tunneling interactions appear as thick lines
(strongest interactions, V), thin lines (weaker interactions, V,) and
dashed lines (weakest interactions, V3). (a) Initially population is in
one well, shown as dark. (b) After adiabatic passage to a smaller
ring where tunneling becomes dominant, the population is evenly
distributed.
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FIG. 2. (Color online) Top: Time variations f(r) and g(z). Bot-
tom: Population evolution. After adiabatic passage to a smaller ring,
the population is evenly distributed. The fields are given by Egs.
(16a) and (16b) with V,T=10, V,T=10/v3, VsT=5, and AT=50.
The dashed line is the distance D(¢)=|W(t)—®,| between the state
vector W(¢) and the target superposition state @y,

fo) = %[1 — tanh(#/T)]. (16b)
Figure 2 shows the calculated evolution of the populations
for values of the parameters that ensure nearly adiabatic
evolution. We show also the distance D(t)=|¥(r)—®,| be-
tween the target state @, and the actual state vector W(z)
[with the unimportant global phase in W(¢) factored out], a
measure of the error in state construction. This vanishes as
time increases, showing that not only the populations, but
also the phases of the created superposition match the target
superposition @,,.

We have presented and analyzed a model in which the
circulant symmetry arises during the course of adiabatic evo-
lution. Though this is conceptually simple, physical realiza-

PHYSICAL REVIEW A 75, 022305 (2007)

tion poses fabrication difficulties. A more promising ap-
proach is to hold the geometry fixed but alter the individual
interactions—the well depths. Such a realization can, in prin-
ciple, be obtained with a two-dimensional optical lattice in
which the potential acting on each atom depends upon the
internal excitation state of the atom, as has been demon-
strated [6]. Adiabatic alteration of the internal state of a spe-
cific atom (say, by using the STIRAP technique [7]) will alter
the depth of a single well while preserving the overall spatial
symmetry.

IV. CONCLUSION

When the matrix representation of an N-state Hamiltonian
has the symmetry of a circulant matrix, its eigenvectors
are independent of its elements. We propose to use this sym-
metry to construct, via adiabatic passage, a specific superpo-
sition state, Eq. (1), in a way that is least affected by param-
eter fluctuations. The formation of such a state depends only
on the symmetry of the Hamiltonian, and is therefore robust
to variations of the matrix elements that maintain this
symmetry.

Furthermore, there is always a finite energy gap between
the adiabatic energy of the fully symmetric superposition
state (1) and that of the nearest neighboring state. This gap
allows us to maintain adiabatic evolution.

When the interaction originates with long-range forces,
such that the coupling falls off with distance » more slowly
than 1/7%, the gap approaches a constant as the number of
states increases. This scaling should allow application of this
method to the generation of multiparticle entanglement.

We have illustrated the formation of such a superposition
state in a system of linked quantum wells, into which
a single atom is placed. Our simulations illustrate the
successful formation of this superposition state.
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