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The topological classification of fermion systems in mixed states is a long-standing quest. For Gaussian states,
reminiscent of noninteracting unitary fermions, some progress has been made. While the topological quantization
of certain observables such as the Hall conductivity is lost for mixed states, directly observable many-body
correlators exist which preserve the quantized nature and naturally connect to known topological invariants in the
ground state. For systems that break time-reversal (TR) symmetry, the ensemble geometric phase was identified
as such an observable which can be used to define a Chern number in (1 + 1) and two dimensions. Here we
propose a corresponding Z2 topological invariant for systems with TR symmetry. We show that this mixed-state
invariant is identical to well-known Z2 invariants for the ground state of the so-called fictitious Hamiltonian,
which for thermal states is just the ground state of the system Hamiltonian itself. We illustrate our findings for
finite-temperature states of a paradigmatic Z2 topological insulator, the Kane-Mele model.

DOI: 10.1103/PhysRevB.104.214107

I. INTRODUCTION

Since the discovery of the quantum Hall effect [1–4], the
topology of ground states of many-body systems has become a
key paradigm to classify phases of quantum matter [5]. Topo-
logical systems are characterized by integer-valued invariants
[6,7] that are responsible for characteristic features, such as
quantized bulk transport or protected edge modes and their ro-
bustness to perturbations or deformations of the Hamiltonian.
For systems of noninteracting fermions, possible topologi-
cal invariants can be fully classified by symmetries of the
Hamiltonian under unitary and antiunitary transformations in
Fock space [8–11].

An important question is whether the concept of topology,
developed for quantum systems in the ground state, can be
extended to finite temperatures or more general to nonequilib-
rium steady states of open systems, which both are described
by density matrices [12–18]. While a general solution to
this problem is still open, some progress has been made for
Gaussian states, which are fully characterized by the matrix
of single-particle correlations. The symmetries of this matrix
provide a topological classification according to the ten fun-
damental symmetry classes [19]. For finite-temperature states
of fermions with Hamiltonians that break time-reversal (TR)
symmetry, a consistent generalization that holds in 1+1 and
two dimensions was given in Refs. [20,21]. The same holds
for nonequilibrium steady states that are Gaussian [22].

In the present paper, we propose a topological invariant
for Gaussian mixed states of spinful fermions in (1 + 1)- and
two-dimensional band structures with TR symmetry. This in-
cludes finite-temperature states of topological insulators such
as the Kane-Mele (KM) model [23], as well as nonequilib-
rium steady states with TR symmetric covariance matrix. We
show that the mixed-state topological invariant is identical
to the known Z2 invariant of the insulating ground state of

the system Hamiltonian in the case of equilibrium states at
any finite temperature or, respectively, of the ground state of
the so-called fictitious Hamiltonian [13] directly related to
the covariance matrix, in the case of nonequilibrium steady
states. We illustrate our findings with numerical simulations
of the hallmark model system of a TR symmetric topological
insulator, the KM model, at finite temperatures. We note,
however, that our findings are valid for general TR invariant
band structures.

Insulators with TR breaking band structure, called Chern
insulators which include quantum Hall systems, have been
the first for which the concept of topology was developed
more than 35 years ago. In two or (1 + 1) spatial dimensions,
they are characterized by a topological invariant, the Chern
number. It can be written as an integral of the Berry curva-
ture of occupied Bloch eigenstates |un(k)⟩ over the two- or
(1 + 1)-dimensional Brillouin zone [7]

C = i
∑

n occup.

∫∫

BZ
dkx dky

(〈
∂kx un(k)

∣∣∂ky un(k)
〉
− c.c.

)
,

or equivalently as the winding of the geometric Zak phase [24]

C = 1
2π

∫

BZ
dky

∂φZak
x (ky)
∂ky

= − 1
2π

∫

BZ
dkx

∂φZak
y (kx )

∂kx
,

where

φZak
x (ky) = i

∫

BZ
dkx ⟨un(k)|∂kx un(k)⟩, k = (kx, ky),

in x (or alternatively in y) direction. Using the relation
between Zak phase and many-body polarization, $φZak

µ =
2π$Pµ, derived by King-Smith and Vanderbildt [25], C can
alternatively be expressed as the winding of Resta’s many-
body polarization [26] in x (or y) direction in the many-body
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ground state |%0⟩

Px(ky) = 1
2π

Im ln
〈
%0

∣∣T̂x
∣∣%0

〉
. (1)

Here, T̂x = eiδkxX̂ (ky ) is the momentum shift operator. X̂ (ky) =
'̂ky X̂'̂ky is the projection of the position operator X̂ on all
single-particle states with momentum ky in y direction and
δkx = 2π/Lx is the unit of lattice momentum in a system of
Lx × Ly unit cells and periodic boundary conditions.

The formulation of the Chern number in terms of ex-
pectation values via Eq. (1) allows for a straight-forward
generalization to mixed states ρ. This leads to the ensemble
geometric phase (EGP):

φEGP
x,y = Im ln Tr

{
ρ T̂x,y

}
. (2)

In Refs. [20,21], we have shown that the winding of the EGP
is a proper generalization of the Chern number to Gaussian
mixed states, which is directly observable. It preserves the
integrity of the topological invariant for equilibrium states
and agrees with the ground state Chern number for any finite
temperatures. It can change its value only if the energy gap
of the Hamiltonian closes or for infinite temperatures. It also
provides a valid invariant to topologically classify Gaussian
nonequilibrium states, provided that certain generalized gap
conditions are fulfilled [13]. In this case, it agrees with the
Chern number of the ground state of the fictitious Hamilto-
nian, which has the same eigenstates as the covariance matrix.

In the early 2000’s, it was realized that also 2D (or 3D)
band structures with TR symmetry can lead to topologically
nontrivial insulating states for spinful fermions in systems
with spin-orbit coupling [23,27–32]. These topological insu-
lators have a bulk energy gap as any insulator but give rise to
a quantized spin Hall effect and posses gapless edge modes
protected by TR symmetry [23,27,29,30]. Due to TR symme-
try the Chern number of quantum spin Hall systems vanishes
and eigenstates come in pairs, called Kramers partners. As
first shown by Kane and Mele [23], there is a Z2 invariant
characterizing the topological properties of these systems.
Several formulations for this invariant have been proposed. In
Ref. [23], Kane and Mele suggested the Pfaffian of the overlap
matrix of Bloch wave functions and their Kramers partners,
which was later shown to be equivalent to an expression based
on the TR polarization by Fu and Kane [28]. An alterna-
tive, based on the winding of eigenvalues of the non-Abelian
Wilson loop, was suggested by Yu et al. in Ref. [33]. A
general classification of TR symmetric topological insulators
in terms of dimensional reductions of a (4 + 1)-dimensional
Chern-Simons field theory was given in Ref. [34].

All of the above formulations of the Z2 invariant have in
common that they require the knowledge of the single-particle
Bloch functions of the Hamiltonian. This is in contrast to
the TR-breaking case, for which the Chern number can be
defined through an expectation value of a system-independent
unitary operator T̂ , which is the basis of the generalization
to density matrices via Eq. (2). This makes the generaliza-
tion of Z2 invariants to mixed states more complicated. A
notable exception to the above mentioned Z2 indices is the
difference of spin Chern numbers introduced in Ref. [35]: for
TR invariant systems where spin is conserved one can define

separate Chern numbers for the individual spin components
C↑,↓, which can be defined through expectation values of
unitary operators. While their sum must vanish, their differ-
ence is a Z2 topological integer. It was shown in Ref. [35]
for the KM model that although the individual spin Chern
numbers loose their meaning in the presence of spin-orbit
coupling (SOC), their difference, called total spin Chern num-
ber, remains a suitable invariant. This number is however only
a good topological index if the Hamiltonian with SOC can
be adiabatically connected to a spin conserving Hamiltonian
without closing the energy gap [28].

Starting from the rather straightforward generalization
of spin polarization and spin Chern numbers to finite-
temperature states, applicable to Hamiltonians smoothly
deformable to a spin-conserving limit, we introduce a gen-
eralization of the more general TR polarization to Gaussian
mixed states of fermions for one- and two-dimensional band
structures from which a mixed-state Z2 invariant can be
constructed.

The paper is organized as follows. In Sec. II, we briefly
discuss the hallmark model of a TR invariant topological insu-
lator, the Kane-Mele model [23] and discuss the formulations
of Z2 topological invariants, relevant for our approach. In
Sec. III, we then present generalizations to mixed states both
for the special case of thermal states of Hamiltonians that can
be smoothly connected to a spin conserving limit and for the
general case. A summary of our findings is given in Sec. IV.

II. Z2 TOPOLOGICAL INSULATORS

A. Kane-Mele model

A hallmark Z2 topological insulator is the Kane-Mele
model [23]. It describes spin-full fermions on a 2D honey-
comb lattice with nearest-neighbor (NN) and next-nearest-
neighbor (NNN) hopping and in the presence of Rashba
spin-orbit coupling, see Fig. 1. Its Hamiltonian

ĤKM = ĤH + ĤR + Ĥv (3)

contains three terms, where

ĤH = t
∑

⟨i, j⟩,σ

(
ĉ†

i,σ ĉ j,σ + H.c.
)
+ iλSO

∑

⟨⟨i, j⟩⟩,σ
νi j ĉ†

i,σ ŝz
σ,σ ĉ j,σ

(4)

describes the graphene model. It contains spin-independent
nearest-neighbor ⟨i, j⟩ hopping and next-nearest-neighbor
⟨⟨i, j⟩⟩ hopping with spin-dependent sign, representing a spin-
conserving SOC with strength λSO. νi j = ±1 depending on
whether the hopping makes a clockwise (+) or anticlockwise
(−) transition. The model has a unit cell of two sites and con-
sists of two sublattices A and B. ĤH conserves TR symmetry
and spin and opens a gap at the Dirac points of graphene such
that a true insulator emerges. If a Rashba spin-orbit coupling

ĤR = iλR

∑

⟨i, j⟩

∑

σ,σ ′

ĉ†
i,σ

[
(s × d i j )z

]
σ,σ ′ ĉ j,σ ′ (5)

is included, spin is no longer conserved. Here d i j is the basis
vector connecting site i and j. ĤR by itself still conserves
TR symmetry and does not open the gap so that λSO ̸= 0 is
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FIG. 1. (a) Kane-Mele model on Honeycomb lattice and all cou-
plings between sites. (b) k-space representation with its TR points
(black dots) and rotated unit cell (blue box). The blue line gives
the path of the TR EGP and the blue crosses symbolize the band
switching points. (c) Schematic path of TR EGP in the upper unit
cell of Kane-Mele model [red box in (b)], adapted from Ref. [39].
Note that in κy direction, only half of the Brillouin zone is shown,
i.e., κy = [−π , 0]. The spectrum is repeated for κy ∈ {0, +π},
however with exchange of the color code that indicates Kramers
bands I and II.

necessary to get an insulator. The last term

Ĥv = λv

∑

j,σ

ϵ j ĉ†
j,σ ĉ j,σ (6)

is added tobreak inversion symmetry, where ϵ j = ±1 for site
A or B, respectively.

It should be noted at this point that while Kane and Mele
proposed graphene as a possible candidate for the QSHE,
the actual spin-orbit coupling in graphene is too small. The
QSHE has been observed however in other systems such as
semiconductors with inverted band structure [30,36–38]. The
Kane-Mele Hamiltonian is used here only as prototype model
for a topological insulator with time-reversal symmetry.

As shown in Ref. [23], the Hamiltonian can be expressed
in momentum space as

ĤKM =
∑

k

c̃†(k)T hKM(k) c̃(k), (7)

where we defined the vector of fermion annihilation
and creation operators in momentum space as c̃(k) =
(c̃A,↑, c̃B,↑, c̃A,↓, c̃B,↓)

T
and the single-particle Hamiltonian

reads

hKM(k) =

⎛

⎜⎜⎝

dSO,↑ dt 0 d̃R
d⋆

t −dSO,↑ dR 0
0 d⋆

R dSO,↓ dt

d̃⋆
R 0 d⋆

t −dSO,↓

⎞

⎟⎟⎠. (8)

The coefficients entering this matrix

dSO,↑ = d2 + d15,

dSO,↓ = d2 − d15,

TABLE I. Coefficients dα and dα,β of the matrix elements of the
KM model (7) in k space with k̃x = kxa/2 and k̃y =

√
3kya/2, a being

the lattice constant. In the rotated coordinate system, see Fig. 1(b),
one has kx = 1

2 (κx − κy ) and ky = 1
2 (κx + κy ).

d1 t (1 + 2 cos k̃x cos k̃y ) d12 −2t cos k̃x sin k̃y

d2 λv d15 λSO(2 sin 2k̃x − 4 sin k̃x cos k̃y )
d3 λR(1 − cos k̃x cos k̃y ) d23 −λR cos k̃x sin k̃y

d4 −
√

3λR sin k̃x sin k̃y d24

√
3λR sin k̃x cos k̃y

dt = d1 + id12,

d̃R = −(d4 + d23) − i(d3 − d24),

dR = (d4 − d23) + i(d3 + d24)

are listed in Table I.
Without Rashba coupling λR = 0 there are in total four

energy bands where each spin degree of freedom is gapped
by $gap = |6

√
3λSO − 2λv| which separates the system in

a spin quantum Hall (SQH) phase for λv < 3
√

3λSO and a
trivial insulating phase for λv > 3

√
3λSO. The SQH phase

is characterized by helical edge currents protected by TR
symmetry, i.e., by opposite, clockwise respectively coun-
terclockwise flowing currents of the two spin components.
We note that although the Rashba term violates the spin
conservation, there is a finite region λR < 2

√
3λSO for

which the system can be smoothly connected to the SQH
phase at λR = 0 without closing of a gap. In the rotated
Brillouin zone, κx × κy = [−π ,π ] × [−π ,π], see Fig. 1(b),
where κ = (κx, κy) = (kx + ky, ky − kx ), there are nine TR
points for κx, κy ∈ {−π , 0,π}. Six of which are indicated in
Fig. 1(c). The KM model is TR symmetric,

σyhKM(k)σy = h∗
KM(−k), (9)

where σy acts in spin space and, as for all TR-invariant
Hamiltonians, has a vanishing Chern number C = 0.

An important property of Chern insulators with broken TR
symmetry is that all single-particle Bloch states |un(k)⟩ with
energy below the Fermi level enter in exactly the same way in
the expression of the topological invariant. No further knowl-
edge about the Hamiltonian is needed to define the invariant.
This is no longer the case for systems with TR symmetry. Here
according to Kramers theorem every Bloch state at lattice
momentum k is degenerate with a time-reversed Bloch state at
−k, called the Kramers partner. Energy bands come in pairs
and the definition of topological invariants requires to keep
track of the Kramers partners separately.

B. Spin polarization and spin Chern number

For a two-dimensional lattice model of spinful fermions,
such as the KM Hamiltonian (27), one can define separate Zak
phases or polarizations in x (or y) direction for the two spin
components in the many-body ground state

Pσ
x (ky) = 1

2π
Im ln

〈
%0

∣∣T̂ σ
x

∣∣%0
〉
, σ ∈ {↑,↓}. (10)
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The momentum shift operator T̂ σ
x = eiδkxX̂σ (ky ) now contains

the position operator X̂σ (ky) projected on both, a given value
of ky and spin projection σ .

Without Rashba SOC, λR = 0, the KM Hamiltonian con-
serves the spin projection in z direction. In an insulating
state with equal spin populations, the windings of both spin
polarizations, i.e., the spin Chern numbers C↑ and C↓ are then
individually quantized. Time-reversal symmetry dictates that
their sum vanishes

C = C↑ + C↓ =
∫

BZ
dky

∂P↑
x (ky)
∂ky

+ ∂P↓
x (ky)
∂ky

= 0. (11)

The difference modulo 2 is however a Z2 topological index

Csc = 1
2

∣∣C↑ − C↓
∣∣. (12)

If it is nonzero, the system possesses conducting helical edge
modes protected by TR symmetry.

In the presence of Rashba SOC, both spin components
mix and the polarization windings of the individual spin
components C↑ and C↓ are no longer quantized. To define a
topological invariant for (1 + 1) or two-dimensional lattice
systems without spin conservation Sheng et al. [35] intro-
duced the Chern number matrix by considering Hamiltonians
with twisted boundary conditions and twist angles θσ

x and θσ
y

in x and y directions and for each spin component σ . Then the
2 × 2 Chern matrix

Cα,β = i
4π

∫∫
dθα

x dθβ
y

(〈
∂%0

∂θα
x

∣∣∣∣
∂%0

∂θ
β
y

〉
− c.c.

)
(13)

is a gauge-invariant quantity, which has the advantage that
its definition does not require any knowledge about the
eigenstates of the Hamiltonian. The authors then argued
that the spin related Chern number (here with an additional
factor of 1/2)

Csc = 1
2

∑

α,β

αCα,β (14)

generalizes the Z2 topological invariant of Fu, Kane and Mele
to one with three values 0,±1. It was shown later, however,
that the two cases ±1 characterize the same topological phase.
The spin Chern number (14) is however only a good topologi-
cal index if the Hamiltonian can be adiabatically connected to
one with conserved spin components [28].

C. TR polarization

A more general definition of a topological invariant for
TR symmetric band structures is based on the so-called TR
polarization. Due to TR symmetry every band splits into two
subbands of Kramers pairs labeled I and II whose Bloch wave
functions are related by time reversal

|uII(−k)⟩ = eiχ (k)T |uI(k)⟩ . (15)

Here T = iσyK is the antiunitary TR operator, where K is
complex conjugation and σy acts in spin space. Fu and Kane
introduced the TR polarization (e.g., in x direction) as the
difference of the polarizations or Zak phases of Kramers pairs
for TR lattice momenta in y direction κy = 0,π , for which the

subbands cross at κx = 0,±π

Pθ (κy) = PI(κy) − PII(κy) for κy = 0 and π , (16)

where

PI(κy) = i
2π

∫

BZ
dκx ⟨uI(κ)|∂κx u

I(κ)⟩ (17)

and similarly for PII. For the following discussion, it is useful
to consider the discretized version of Eq. (17), also used
in numerical implementations. Using κx = mδκx, with δκx =
2π/Lx, N = Lx × Ly being the number of unit cells in a sys-
tem with periodic boundary conditions

PI = arg exp
{
− i

2π

∫
dκx

〈
∂κx u

I(κ)
∣∣∣uI(κ)

〉}∣∣∣∣
κy=0,π

= 1
2π

arg
L−1∏

m=0

〈
uI(κx + δκx, κy)

∣∣uI(κx, κy)
〉∣∣∣∣

κy=0,π

, (18)

where |uI(2π , κy)⟩ = |uI(0, κy)⟩. The difference of Pθ at the
two TR momenta κy = 0,π then defines a Z2 topological
invariant, provided the same continuous gauge has been used
for the TR polarizations

ν2 = Pθ (π ) − Pθ (0) mod 2. (19)

The same continuous gauge is necessary since otherwise
Pθ (π ) and Pθ (0) could independently be changed by gauge
transformations and ν2 would no longer unambiguously be
defined.

D. Continuous TR (cTR) polarization

The requirement of a continuous gauge, needed for the def-
inition of ν2 in (19), poses a challenge for the generalization
to mixed states. For this, it would be much more convenient
to define the Z2 invariant as a winding number along a con-
tinuous path κy = 0 → π . The problem here is that Pθ (κy) is
discontinuous at the TR lattice momenta κy = 0,±π . This is
because for κy = 0,π the Kramers partners |uI,II(κ)⟩ exchange
their energetic order when crossing the degeneracy point at
κx = 0, i.e., when going from the first half of the Billouin
zone, κx = [−π , 0), to the second, κx = (0,π ]. As indicated
in Fig. 1(c), the degeneracy is in general lifted when going
away from κy = 0,±π .

A continuous version of the TR polarization has been in-
troduced in Ref. [39]. Here in the definition of the polarization
or Zak phase, subbands are switched in the integral over κx at
κx = 0. This is indicated by the black arrows in Fig. 1(c). This
leads to the modified partner polarizations

Pi (κy) = 1
2π

arg
−δκx∏

κx=−π+δκx

〈
uu(κx + δκx )

∣∣uu(κx )
〉

×⟨ul (δκx )|uu(0)⟩

×
π−δκx∏

κx=δκx

〈
ul (κx + δκx )

∣∣ul (κx )
〉

×⟨uu(−π + δκx )|ul (π )⟩ (20)
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where we suppressed the dependence on κy, and |uu,l (κ)⟩
refers to the energetically upper (u) and lower (l) subband, see
Fig. 1(c). The second partial polarization Pii is defined analo-
gously. The corresponding continuous TR (cTR) polarization
is denoted as

P̃θ (κy) = Pi (κy) − Pii (κy). (21)

Since Pi,ii (κy) are now smooth in κy the Z2 invariant can be
defined as a winding number over half the Brillouin zone in y
direction

ν2 =
∫ π

0
dκy

∂

∂κy
P̃θ (κy). (22)

III. Z2 INVARIANTS FOR GAUSSIAN MIXED STATES

A. Gaussian states

We here want to consider Gaussian density matrices of
fermions, which are the mixed-state analog of ground states of
noninteracting particles. Furthermore we restrict ourselves to
states that commute with the total number operator. The latter
is not necessary but it makes the discussion more transparent
and includes the most interesting cases. Gaussian density ma-
trices have the form

ρ̂ ∼ exp
(
−

∑

i, j

ĉ†
i Gi j ĉ j

)
(23)

and are fully determined by the matrix Gi j , which defines a
fictitious Hamiltonian [13]

Ĥfict =
∑

i, j

ĉ†
i Gi j ĉ j (24)

and whose elements are given by single-particle correlations

⟨ĉ†
i ĉ j⟩ = [ f (G)] ji = 1

2

[
1 − tanh

(
G
2

)]

ji
. (25)

Gaussian mixed states result, e.g., as steady states of sys-
tems coupled to Markovian reservoirs that are described by
Lindblad master equations with quadratic Hamiltonians and
Linblad generators linear in particle creation and annihilation
operators. Also thermal states of noninteracting (and particle
number conserving) fermion Hamiltonians in a canonical en-
semble are Gaussian. Here

ρ̂ = 1
Z

e−β Ĥ (26)

with partition function Z = ⟨exp(βĤ)⟩ and the real-space
Hamiltonian

Ĥ =
∑

i, j

ĉ†
i hi j ĉ j . (27)

Gaussian states have the advantage that they allow for largely
analytic evaluations of expectation values. In the Grassmann
representation, the expectation value of normal-ordered oper-
ators Ô can be written as

〈
Ô

(
ĉ†, ĉ

)〉
= det ( f (G))

∫
d
(
ψ,ψ

)
eψ f (G)−1 ψ O

(
ψ,ψ

)
.

(28)

Here O(ψ,ψ) is obtained by replacing operators in Ô(ĉ†, ĉ)
by Grassmann numbers, ĉ†

i → ψ i and ĉi → ψi. The function
f (G) = (eG + 1)−1 is directly linked to the fictitious Hamil-
tonian, Eq. (24).

B. Spin polarization for mixed states

The spin polarization, defined in Eq. (10), can straightfor-
wardly be generalized to density matrices in full analogy to
Refs. [20,22] leading to spin version of the EGP

φEGP
σ (κy) = Im ln Tr

{
ρ T̂ σ

x

}
. (29)

Following exactly the same reasoning as in Ref. [20], we
realize that in a finite-temperature state, ρ the TR spin EGP

φEGP
θ (κy) = φEGP

↑ (κy) − φEGP
↓ (κy) (30)

approaches its value at T = 0 in the thermodynamic limit of
infinite system size. In Fig. 2, we have plotted φEGP

θ as well as
the individual spin EGPs φEGP

↑ and φEGP
↓ as a function of κy

for the KM model. Shown are the curves for the ground state
(T = 0) and for a thermal state at a high temperature, much
above the single-particle energy gap (T = 30$gap) for two
different system sizes. One clearly recognizes that all EGPs
approach the corresponding T = 0 values. Since the phase
is 2π periodic the curves make jumps if there is a nontrivial
winding. The location of these jumps depends on the chosen
gauge and have no further significance. Furthermore irrespec-
tive of the system size the windings over half the Brillouin
zone, which define the Z2 topological invariant, are always
the same, i.e., the topological index is independent of system
size identical to the ground state value.

C. cTR polarization for mixed states

While the generalization of a Z2 topological invariant to
thermal states of Hamiltonians that can adiabatically be de-
formed to spin conserving Hamiltonians is straight forward,
the general case is much more involved. This is because the
TR polarization, Eq. (16), cannot directly be expressed in
terms of an expectation value of a unitary operator. Instead
one has to keep track of Kramers partners, which requires
knowledge of the eigenstates of the fictitious Hamiltonian
G(k). In order to construct a mixed-state Z2 topological in-
variant, we thus employ the cTR polarization introduced in
Sec.II D and make use of its Grassmann representation.

1. Grassmann representation of EGP and gauge reduction

Let us begin by recapitulating the Grassmann representa-
tion of the single-species ensemble geometric phase, Eq. (2).
For the EGP, we have to determine the expectation value
of the momentum shift operator ⟨T̂ ⟩ in a Gaussian state. A
normal-ordered form of the momentum shift operator T̂ (ĉ†, ĉ)
in real space can be obtained noting

T̂ = T̂ (ĉ†, ĉ) = eiδk
∑

j x j n̂ j

=
∏

j

(
1 +

(
eiδkx j − 1

)
n̂ j

)
. (31)
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FIG. 2. TR spin EGP φEGP
θ̃

(κy ) = φEGP
↑ (κy ) − φEGP

↓ (κy ) (top) and
Kramer’s pair EGP φEGP

α (κy ) for α =↑, ↓ (bottom) of the Kane-Mele
model. Parameter of the model are λSO = 0.06t , λR = 0.05t , and
λv = 0.1t . Note that the appearance of jumps is just due to the 2π

ambiguity of the phase. Such jumps have to be present if there is a
nontrivial winding of the phase. Their location depends on the chosen
gauge and has no particular relevance. If no jumps are visible, the
phase does not wind.

Replacing ĉ†
j → ψ j and ĉ j → ψ j , where j = (r, s) ∈

[1, L] × [1, M] is a real-space multi-index for L unit cells and
M subbands corresponding to M lattice sites per unit cell,
results in the Grassmann representation

T
(
ψ,ψ

)
=

∏

j

(
1 + (t j − 1)ψ jψ j

)

= exp

{
∑

j

ψ j (t j − 1)ψ j

}

= exp
{
ψ(T − 1)ψ

}
. (32)

T = diag(t j ) is the diagonal matrix of the single momentum
shifts t j = eiδkx j .

In order to evaluate the expectation value of T̂ in a trans-
lation invariant Gaussian state (23), we first go to momentum
space ψ j → ψ̃ (k), where the fictitious Hamiltonian G factor-
izes into M × M matrices G̃(k). In k space, the momentum
shift matrix becomes block diagonal in the first lower minor
diagonal

T̃ =

⎛

⎜⎜⎝

0 1M
1M 0

. . . . . .

1M 0

⎞

⎟⎟⎠. (33)

We then transform into an eigenbasis of G̃(k) by a
unitary transformation B̃(k) = U†G̃(k)U such that B̃(k) =
diag(k,s)(β̃k,s) = diag(k,s)(βεk,s) being the eigenvalue spec-
trum of the fictitious Hamiltonian (called purity spectrum).
Here we used the notation βεk,s as the fictitious Hamiltonian
of a thermal state is just the true Hamiltonian multiplied by
the inverse temperature β = 1/kBT . The unitary matrix U is
block-diagonal in k space

U = diagkUk (34)

with Uk being an M × M matrix. This then yields with
ψ̃ (k) = Uφ(k)

⟨T̂ ⟩ = det
(

f (B̃)
) ∫

d
(
φ,φ

)
eφ( f (B)−1−1+U†T̃U)φ

= det
(
1 − f (B̃) + f (B̃) U†T̃U

)

= det
(
1 − f (B̃)

)
det

(
1 + e−B̃ U†T̃U

)
. (35)

The argument of this expression then gives the EGP φEGP =
arg(⟨T̂ ⟩). It is straight forward to show that at zero tem-
perature f (B̃) = (eB̃ + 1)

−1
is unity for all occupied bands

and vanishes otherwise. If there is only one occupied band
this gives

φEGP = arg det
([

U†T̃U
]

(k,0),(k′,0)

)

= arg
∏

k

⟨u0(k + δk)|u0(k)⟩ = φZak
0 . (36)

In Ref. [20], we have shown that the EGP approaches the
ground state Zak phase in the thermodynamic limit L → ∞.
This can be seen from (35) using det(· · · ) = exp Tr ln(· · · )
and the series expansion of ln(1 + A), where A = e−B̃ U†T̃U
and AL = (

∏
k Ak ) ⊗ 1 to obtain

φEGP = arg det

(

1 + (−1)L+1
∏

k

Ak

)

= arg det

(

1 + (−1)L+1
∏

k

e−B̃k U†
k+δkUk

)

= arg det
(
1 + M̃T

)
, (37)

where in the last line we introduced the abbreviation M̃T
for the path-ordered matrix product. In the thermodynamic
limit the latter is a product of M × M link matrices U†

k+δkUk

and weighting factors e−B̃k . The matrix elements of the link
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matrices

⟨q, s|U†
k+δkUk|q′, s′⟩ = ⟨k + δk, s|k, s′⟩δq,k+δkδq′,k (38)

≈ 1 − δk⟨k, s|∂k|k, s′⟩ ≈ exp {iδkAs,s′ (k)}

are just phase factors containing the non-Abelian Berry con-
nection As,s′ (k). For mixed states with a purity gap the real
weighting factors e−B̃k will select the purity bands with the
lowest eigenvalue corresponding to the many-body ground
state of the fictitious Hamiltonian in the thermodynamic limit,
where the number of terms in the product becomes infinite
[20]. As a consequence the EGP approaches the Zak phase of
the ground state of the fictitious Hamiltonian and its winding
is quantized at any finite temperature. Note that the EGP is the
argument of a complex number, φEGP = arg(z), and therefore
|z| → 0 for T → ∞, i.e., there is a phase transition at infinite
temperature, see Ref. [20]. This behavior is identical to that in
the TR-broken case, discussed in detail in Ref. [20].

2. Grassmann representation of cTR polarization

We now want to extend the above discussion to fermions
with two spin components and find an expression for the
cTR polarization. In this case, each orbital band splits into
two. The total momentum shift operator that shifts both spin
components then reads in generalization of Eq. (32) in the
Grassmann representation

T̃
(
φ,φ

)
= exp

{
φ
(
U†T̃U − 1

)
φ
}

= exp
{
φ(X − 1)φ

}
, (39)

where we used the basis φ = (φu,φl ) and the link matrices
Xkx,k′

x
= Xkx (ky) δkx+δkx,k′

x
, where

Xkx (ky) =
(

Uu
kx+δkx

(ky)Uu
kx

(ky) Uu
kx+δkx

(ky)Ul
kx

(ky)
Ul

kx+δkx
(ky)Uu

kx
(ky) Ul

kx+δkx
(ky)Ul

kx
(ky)

)

=
(

eiAu,u (k) eiAu,l (k)

eiAl,u (k) eiAl,l (k)

)
, (40)

where we used the non-Abelian Berry connection

As,s′

α,α′ (k) = i⟨us
α (k)|∂kx u

s′

α′ (k)⟩. (41)

From the above expressions we can see which modifica-
tions are needed to obtain the cTR polarization of Sec. II D.
The link matrices Xkx (ky) should be projected to one subband
(i) or (ii), which should be (say) the upper band for kx in one
half of the Brillouin zone and the lower band in the second
half of the Brillouin zone, so

Xkx (ky) −→ X̃i
kx

(ky), (42)

where

X̃i
kx

(ky) =

⎧
⎪⎪⎨

⎪⎪⎩

Uu
kx+δkx

(ky)Uu
kx

(ky) for kx ∈ (−π , 0)
Ul

kx+δkx
(ky)Uu

kx
(ky) for kx = 0

Ul
kx+δkx

(ky)Ul
kx

(ky) for kx ∈ (0,π )
Uu

kx+δkx
(ky)Ul

kx
(ky) for kx = π

. (43)

Similarly we can define the link matrices for the momen-
tum shift operators of band (ii). With this we arrive at the
Grassmann representation of the momentum shift operators

for s = i, ii

T̃s
(
φ,φ

)
= exp

{
φ
(
X̃s − 1

)
φ
}

(44)

such that the partial EGPs for both partners read

φEGP
s (ky) = arg

〈
T̃s

(
φs,φs

)〉
. (45)

With this we can finally define the time-reversal EGP

φEGP
θ (ky) = φEGP

i (ky) − φEGP
ii (ky). (46)

The winding of φEGP
θ (ky) over half the Brillouin zone then

defines a general Z2 topological invariant

νEGP
2 = 1

2π

∫ π

0
dky

∂

∂ky
φEGP

θ (ky). (47)

Due to the gauge reduction mechanism outlined above for the
TR broken case, one can show that the time-reversal EGP
approaches the value in the ground state of the Hamiltonian,
respectively the fictitious Hamiltonian, in the thermody-
namic limit. The topological invariant is the same for all
system sizes.

3. Z2 topological invariant for Kane-Mele model at finite
temperature

To illustrate our results we finally calculate the time-
reversal EGP for a finite-temperature state of the KM model
at half filling. In Fig. 3, we have plotted the partial EGPs
φEGP

i,ii (κy) as well as their difference at a temperature much
larger than the single-particle energy gap and compare them
to the ground state values. One recognizes that the differ-
ent EGPs approach the corresponding values at the ground
state for increasing system size. Furthermore while there is
no quantized winding of the partial EGPs, the time-reversal
EGP has a quantized winding of 2π corresponding to the
topologically nontrivial phase of the KM model.

D. Measurement

While the TR and the cTR-EGP are well-defined quantities
an important issue is their measurement in an experiment.
The spin polarization and spin Chern number discussed in
Sec. III B can be detected for finite temperature states using
a straight-forward generalization of the measurement scheme
outlined in Ref. [20]. Modifying this experimental setup,
which was initially proposed by Sjöqvist et al. [40], one
can measure the momentum shift operator T̂σ for each spin
component σ =↑,↓ separately and thus eventually the spin
TR polarization.

Alternatively if one is able to measure the full counting
statistics of occupation numbers, i.e., the joint probabilities
pσ (n1, n2, . . . , nL ) in the spin state σ , with n j ∈ {0, 1} denot-
ing an empty or occupied lattice site j, one can directly infer
the expectation value of the momentum shift operator for both
spin components

⟨T̂σ ⟩ =
〈

exp

{
2π i
L

∑

j

jn̂ j,σ

}〉

=
∑

n1...nL

pσ (n1, . . . , nL ) exp

{
2π i
L

∑

j

jn j

}

. (48)
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FIG. 3. TR EGP φEGP
θ (κy ) = φEGP

i (κy ) − φEGP
ii (κy ) (top) and sub-

band EGP φEGP
α (κy ) for α = i, ii (bottom) of the Kane-Mele model.

Parameter of the model are λSO = 0.06t , λR = 0.05t , and λv = 0.1t .

The full counting statistics can be measured, e.g., in small-
sized cold atom systems.

The measurement of the Z2 invariant in the more general
case, requiring the detection of the TR polarization is even
at zero temperature (T = 0) a nontrivial task. There exists
proposals using interferometric schemes, see [39], which are
however rather involved. For finite temperatures (T > 0), cor-

responding measurement schemes of the cTR EGP still need
to be developed in future work.

IV. SUMMARY AND CONCLUSION

In the present paper, we have discussed the topological
classification of Gaussian mixed states of TR symmetric band
structures in 1 + 1 and two dimensions in terms of a gen-
eralized Z2 topological invariant. Gaussian mixed states are
fully characterized by the single-particle correlation matrix,
which defines a fictitious Hamiltonian. For the important class
of thermal equilibrium states of noninteracting fermions, the
latter is given by the system Hamiltonian itself multiplied
by the inverse temperature. The generalized symmetries of
this fictitious Hamiltonian under unitary and antiunitary trans-
formations provide a full topological classification according
to the ten fundamental classes. For systems with broken TR
symmetry the topological invariant, the Chern number, can
be expressed in terms of an expectation value of a unitary
operator. This formulation can straight-forwardly be extended
to mixed states leading to the concept of the ensemble
geometric phase [20–22]. For TR symmetric Hamiltonians
that can be smoothly deformed into a spin-conserving Hamil-
tonian without closing an energy gap, the difference of the
Chern numbers of the two spin components is a suitable Z2
topological invariant which can be directly generalized to
mixed states following the concept of Ref. [20]. We have
shown that such a extension is also possible for general
TR invariant band structures. To this end, we generalized
the formulation of the Z2 invariant in terms of the winding
of the cTR polarization [39] to Gaussian mixed states. We
showed that the same mechanisms as discussed in Ref. [20]
applies and leads to a reduction of the mixed-state Z2 index
to the corresponding value in the ground state of the fictitious
Hamiltonian. As a consequence a topological insulator with
TR symmetric band structure has for all finite temperatures
the same topological classification. We illustrated our findings
for thermal states of the Kane-Mele model. Our numerical
simulations verified that the mixed-state topological index
agrees with that in the ground state even for temperatures
much above the single-particle energy gap.
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