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Chern number and Berry curvature for Gaussian mixed states of fermions
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We generalize the concept of topological invariants for mixed states based on the ensemble geometric phase
(EGP) to two-dimensional band structures. In contrast to the geometric Uhlmann phase for density matrices, the
EGP leads to a proper Chern number for Gaussian, finite-temperature, or nonequilibrium steady states. The Chern
number can be expressed as an integral of the ground-state Berry curvature of a fictitious lattice Hamiltonian,
constructed from single-particle correlations. For the Chern number to be nonzero the fictitious Hamiltonian has
to break time-reversal symmetry.
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I. INTRODUCTION

Transitions between different phases of quantum matter are
characterized either by a spontaneous breaking of symmetries
or by changes in the topology of the many-body ground state
[1–3]. Topologically different phases can be distinguished by
invariants, which identify global properties of the system.
The existence of these integer quantum numbers is also the
origin of the robustness of characteristic features such as edge
states and currents or quantized bulk transport [4–8]. Typical
topological invariants are based on geometric phases such as
the Berry or Zak phase [1] which characterize the parallel
transport of the many-body ground state upon cyclic changes
in system parameters. They are thus applicable only to pure
states. Several attempts have been made over the last years to
extend the concept of topological invariants to mixed states
of noninteracting fermions [9–20] with the aim of classifying
finite-temperature or nonequilibrium steady states. Although
some aspects of topology in open quantum systems can be
captured by non-Hermitian Hamiltonians [21–23], a proper
classification must account for both dissipation and fluctua-
tions and requires the discussion of density matrices.

A possible generalization of the Berry phase to density
matrices was given by Uhlmann [24]. Based on Uhlmann’s
construction a mixed-state topological invariant for one-
dimensional (1D) systems was defined in Ref. [12] as the
winding number of the Uhlmann phase upon cyclic parameter
changes. For 1D lattice systems in a gapped ground state, the
Uhlmann phase is identical to the Zak phase. In this limit
its winding can thus be expressed as an integral of a Berry
curvature over a 2D torus (lattice momentum and time), which
is the well-known first Chern number. For mixed states the
existence of a proper Berry connection is in general, however,
not guaranteed. As shown in Ref. [16] the approach based
on the Uhlmann phase fails when applied to two dimensions
[13,14]. The windings of the Uhlmann phases in the x and y
directions,

∫
dkx∂kx φ

U
y (kx ) and

∫
dky∂kyφ

U
x (ky), are for some

parameters not the same, demonstrating that no proper Berry
connection exists.

Recently, we have shown that a generalization of Resta’s
many-body polarization [25] to mixed states, termed the
ensemble geometric phase (EGP) [17,18], is an alternative
way to define a topological invariant for Gaussian states of
fermions in one dimension. In the thermodynamic limit the
EGP approaches the Zak phase of the lowest band of a single-
particle Bloch Hamiltonian, termed a fictitious Hamiltonian,
which is defined by single-particle correlations and thus con-
tains all properties of the Gaussian mixed state. The winding
number of the EGP is a topological invariant characterizing
this fictitious Hamiltonian. The EGP can be detected, and
a nontrivial topology has direct physical consequences such
as quantized particle transport in an auxiliary system weakly
coupled to the fermion chain [26]. It can also be extended to
1D models with interactions including systems with fractional
topological charges [27].

As is the case for the Uhlmann phase, the EGP depends on
the choice of the momentum direction, when considering two-
dimensional lattice models. However, as will be shown here,
and in contrast to the Uhlmann case, the EGP in any spatial
direction can be expressed as a closed-loop integral over the
corresponding component of a single Berry connection. The
latter describes the ground-state wave function of the fictitious
Bloch Hamiltonian. Thus based on the EGP one can define
a unique Chern number for mixed states in two dimensions.
To illustrate this, we discuss the asymmetric Qi-Wu-Zhang
model, which is a two-dimensional, topologically nontrivial
lattice model with two bands. Due to the asymmetry of the
band structure the winding of the Uhlmann phase is different
in the x and y directions in a certain range of temperatures
[16]. The EGP winding, on the other hand, is always the same
in all directions.

II. BERRY CURVATURE AND ZAK PHASE

To set the stage, we start by shortly summarizing the
topological classification of fermions in terms of the Berry
curvature of Bloch states. To this end, we consider insu-
lating many-body states of noninteracting fermions on a
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two-dimensional lattice described by a number-conserving
Hamiltonian. We set the lattice constant a = 1, consider a total
number of N2 unit cells with periodic boundary conditions in
the x and y directions, and use h̄ = 1. The operators ĉ j,λ, ĉ†

j,λ
describe the annihilation and creation of a fermion in the jth
unit cell. j = ( jx, jy) denotes the x and y coordinates of the
unit cell, respectively, and the index λ ∈ {1, . . . , p} labels a
possible internal degree of freedom within a unit cell. Assum-
ing translational invariance for simplicity, the Hamiltonian
can be written in second quantization as

H =
∑

k

p∑

µ,ν=1

c̃†
λ(k) hµν (k) c̃ν (k). (1)

Here, k = (kx, ky) is the lattice momentum, and h is the p × p
single-particle Hamiltonian matrix in momentum space. We
assume that h has multiple bands, separated by finite gaps,
and we consider an insulator, i.e., assume that the chemical
potential µ lies within a band gap.

If h breaks time-reversal symmetry, the topological proper-
ties of a gapped many-body state can be characterized by the
Berry curvature F (n)(k) of all occupied Bloch bands n:

F (n)(k) = (∇k × A(n)(k))z

= i
(〈
∂kx un(k)

∣∣∂ky un(k)
〉
−

〈
∂ky un(k)

∣∣∂kx un(k)
〉)
. (2)

Here, |un(k)⟩ is the Bloch function of the nth band, and A(n)(k)
is the Berry connection A(n)

j (k) = i⟨un(k)|∂k j un(k)⟩. While
the Berry curvature is not gauge invariant, its integral over
the two-dimensional torus of the Brillouin zone is. It further-
more defines an integer-valued topological invariant of the
band, the first Chern number

C = 1
2π

∫∫
⃝

BZ
dk F (n)(k). (3)

The Chern number can also be related to the geometric
phase picked up by a Bloch state |un(k)⟩ upon parallel trans-
port in momentum space through the Brillouin zone in either
the kx or ky direction. It can be written in terms of the winding
of the Zak phases, defined as

φZak
x (ky) = i

∮

BZ
dkx

〈
u(k)

∣∣∂kx u(k)
〉
=

∮

BZ
dkx Ax(k) (4)

or φZak
y (kx ), respectively. Note that we have dropped the band

index for simplicity. Most importantly, the two Zak phases
in the x and y directions can be expressed as integrals of
the components of a single vector, the Berry connection A =
i⟨u(k)|∇ku(k)⟩. As a consequence the windings of the two
phases

Cx = 1
2π

∮

BZ
dky

∂

∂ky
φZak

x (ky),

Cy = − 1
2π

∮

BZ
dkx

∂

∂kx
φZak

y (kx )

must be identical and equal to the Chern number

Cx = Cy = C. (5)

III. GEOMETRIC PHASE FOR DENSITY MATRICES:
UHLMANN CONSTRUCTION

Topological invariants for pure states, such as the Chern
number, characterize how a gapped many-body state |ψ⟩
changes upon parallel transport along a closed loop in param-
eter space. The parallel-transport requirement leads directly
to the definition of the Berry phase, or for lattice systems
to the Zak phase, Eq. (4). The corresponding Berry connec-
tion transforms as a U(1) gauge field according to |u(k)⟩ →
eiχ (k)|u(k)⟩: A → A − ∇kχ (k).

A generalization of geometric phases to density matrices ρ
was introduced by Uhlmann [24], who pointed out that the
decomposition ρ = w · w† of an n × n density matrix into
matrices w contains a gauge freedom w → w U, where U is
a U(n) unitary matrix. Since ρ is positive semidefinite, w can
always be represented as

w = √
ρ U. (6)

Let ρ = ρ(λ) be a uniquely defined mixed state, and let
λ ∈ {0,)} parametrize a closed loop in parameter space such
that ρ(0) = ρ()). Requiring parallel transport of the density
matrix in the generalization of Berry’s construction, one can
then define a U(n) Uhlmann holonomy

HU = U())U†(0) = Pe−i
∫ )

0 dλAU . (7)

Here, P denotes path ordering, and AU = i∂λU(λ)U†(λ) is
the U(n) Uhlmann connection. The U(n) gauge freedom can
be reduced to U(1) by performing a trace which leads to the
Uhlmann phase

φU = Im ln Tr[ρ(0)HU]. (8)

For (pure) ground states of gapped fermionic models, Eq. (8)
reduces to the well-known Zak phase, if λ is identified with
the lattice momentum k.

In Ref. [12], the winding of the Uhlmann phase (8) upon
a cyclic change in an external parameter t was proposed as a
topological invariant to classify one-dimensional lattice mod-
els in a mixed state ρ:

νU = 1
2π

∫ T

0
dt

∂

∂t
φU(t ). (9)

Here, the variable λ entering the definition of the Uhlmann
phase is the quasimomentum k along the chain, and the
loop integral extends over the first Brillouin zone {λ → k ∈
[−π ,π )}. While this defines a consistent invariant in one di-
mension, its extension to two spatial dimensions as proposed
in Refs. [13,14] is problematic. As shown by Budich and
Diehl [16], the windings of the Uhlmann phase in the x or
y direction are in general not the same, i.e.,

CU
x = 1

2π

∮

BZ
dky

∂

∂ky
φU

x (ky)

̸= − 1
2π

∮

BZ
dkx

∂

∂kx
φU

y (kx ) = CU
y . (10)
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FIG. 1. Spectrum of asymmetric Qi-Wu-Zhang model.

As an example they considered a finite-temperature state of
a simple topological two-band model with asymmetric band
structure

Ĥ(k) = d(k) · σ =
3∑

j=1

d j (k) σ j, (11)

d(k) =

⎛

⎝
sin(kx )

3 sin(ky)
1 − cos(kx ) − cos(ky)

⎞

⎠, (12)

which is a modification of the Qi-Wu-Zhang model [28].
Here, σ is the vector of the Pauli matrices. Its band spectrum
is shown in Fig. 1. While at temperatures T = 0 or T = ∞
the windings of the Uhlmann phase in both directions are the
same, i.e., CU

y (T = 0) = CU
x (T = 0) = 1 and CU

y (T = ∞) =
CU

x (T = ∞) = 0, there is a range of temperatures where
CU

y (T ) ̸= CU
x (T ). This shows that in contrast to the full U(n)

Uhlmann holonomy, there is no proper U(1) gauge structure
underlying the Uhlmann phase.

IV. MANY-BODY POLARIZATION AND ENSEMBLE
GEOMETRIC PHASE

In the following we want to show that in contrast to the
Uhlmann phase, the ensemble geometric phase, introduced
for one-dimensional lattice models in Refs. [17,18], can be
used to define a proper Berry curvature and Chern number for
mixed states of 2D band structures.

A. Ground-state Zak phase and many-body polarization

A physical interpretation of the Zak phase can be picked up
from its relation to the many-body polarization of insulating
states, which in the form introduced by Resta [25] reads

P = 1
2π

Im ln
〈
e

2π i
N X̂ 〉

. (13)

Here, X̂ =
∑N

j=1

∑p
λ=1 jn̂ j;λ is the position operator of all

particles, and the average is performed with respect to the
insulating many-body ground state |+0⟩. Here, n̂ j;λ = ĉ†

j;λĉ j;λ
is the number operator of fermions in the λth site of the jth

FIG. 2. The Chern number of a two-dimensional, translational
invariant lattice model (a) can be represented as the winding of Zak
phases of one-dimensional chains. This can be done in two different
ways, either by the winding of the Zak phase φy = φx (kx ) upon cyclic
changes in the lattice momentum kx (b) or by the (negative) winding
of the Zak phase φx = φx (ky ) upon cyclic changes in ky (c).

unit cell in a periodic system of size L = pN . We have dis-
regarded the relative position of sites within the unit cell. The
latter can straightforwardly be incorporated but does not affect
the key properties of P. One immediately recognizes that the
many-body polarization is the phase of a complex number,
given by the expectation value of the collective momentum
shift operator e

2π i
N X̂ divided by 2π . In fact, as shown by King-

Smith and Vanderbilt [29], differences in P are strictly related
to differences in the Zak phase via

,P = 1
2π

,φZak. (14)

If the system Hamiltonian is time dependent with period T ,
the polarization becomes time dependent as well and its wind-
ing upon adiabatic changes in a period (0, T ) is the Chern
number of a Berry connection on a 2D torus (k, t ) of lattice
momentum and time

C = i
2π

∫ T

0
dt

∮

BZ
dk ⟨∂t u(k)|∂ku(k)⟩. (15)

For translationally invariant 2D models, one can introduce
a polarization vector by mapping the 2D system to a set of
independent 1D chains in either the x or y direction; see Fig. 2:

Px(ky) = 1
2π

Im ln
〈
e

2π i
N X̂ (ky )〉, (16)

Py(kx ) = 1
2π

Im ln
〈
e

2π i
N Ŷ (kx )〉, (17)

with X̂ (ky) =
∑N

jx=1

∑p
λ=1 jxĉ†

jx,λ
(ky)ĉ jx,λ(ky), where

ĉ jx,λ(ky) is the fermion annihilation operator in
mixed position-momentum space. Similarly, Ŷ (kx ) =∑N

jy=1

∑p
λ=1 jyĉ†

jy,λ
(kx )ĉ jy,λ(kx ). Applying the King-Smith–

Vanderbilt relations to the individual components of the
polarization vector

,Px(ky) = 1
2π

,φZak
x (ky), ,Py(kx ) = 1

2π
,φZak

y (kx )

and taking into account Eq. (5) shows that there are two
equivalent representations of the lattice Chern number in the
gapped ground state in terms of polarization components

C0 =
∮

BZ
dky

∂

∂ky
Px(ky)

∣∣∣
+0

= −
∮

BZ
dkx

∂

∂kx
Py(kx )

∣∣∣
+0

.

(18)
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B. Ensemble geometric phase

In contrast to the Zak phase, which has a meaning only for
pure states, the many-body polarization can also be evaluated
if the system is in a mixed state ρ. This then defines the
ensemble geometric phase (EGP):

φEGP = Im ln Tr
{
ρ e

2π i
N X̂ }

. (19)

The EGP was introduced in Refs. [17,18] as an alternative
to the Uhlmann phase for the definition of topological in-
variants in 1D lattices. Considering the change in the EGP
upon an adiabatic, closed loop in parameter space leads to
an integer-valued winding number, which is a topological
invariant as long as certain generalized gap conditions are
fulfilled [18]. Note that while the EGP is equally applicable to
boson systems, mixed states of noninteracting bosons always
lead to trivial winding numbers due to the lack of Pauli exclu-
sion [30]. The EGP can be measured [18], and its nontrivial
winding has direct physical implications such as quantized
transport in a weakly coupled auxiliary system [26].

C. Berry curvature and Chern number
for Gaussian mixed states

We here consider a special class of mixed states, Gaussian
states, which are the analog of pure many-body eigenstates
of noninteracting fermions. Gaussian states of translationally
invariant systems can always be written in the form

ρ = 1
Z

exp

{

−
∑

k

c̃†(k)g(k)c̃(k)

}

(20)

and are fully determined by a p × p Hermitian matrix g(k).
Note that we have restricted ourselves for simplicity to sys-
tems with particle number conservation. Here, k = (kx, ky) is
the lattice momentum vector, and we used the abbreviation
c̃(k) = (c̃1(k), . . . , c̃p(k)). g is directly related to the covari-
ance matrix of single-particle correlations

hfict
µν (k) = ⟨c̃†

µ(k)c̃ν (k)⟩ = 1
2

[
1 − tanh

(
g(k)

2

)]

ν,µ

, (21)

which was termed a fictitious Hamiltonian in Ref. [11]. Equa-
tion (20) has the form of a grand-canonical density matrix,
and indeed for a finite-temperature state one finds

g(k) = β(h(k) − µ), (22)

where h(k) is the (original) single-particle Hamiltonian, β =
1/(kBT ), and µ is the chemical potential.

While all results can be applied to genuine nonequilibrium,
Gaussian steady states, we will focus in the following on
finite-temperature states. In this context it is important to note
that all single-particle Bloch states of the original Hamiltonian
h(k) and those of hfict(k) are the same and thus all topological
properties carry over. Viewing the fictitious Hamiltonian as
the central quantity of Gaussian mixed states also implies
that it determines their topological classification following the
Altland-Zirnbauer scheme [31–33] with ten distinct symmetry
classes. One further concludes that a topological phase tran-
sition can take place when the gap of hfict closes. For thermal
states this can happen either if the gap of the original Hamil-
tonian h closes or if β → 0. Thus the critical temperature of

a topological phase transition of the fictitious Hamiltonian is
always Tc = ∞ irrespective of the details of h as long as it
remains gapped. This is a crucial difference compared with
the Uhlmann phase, where for several examples a finite critical
temperature was found [12,14].

If we consider an equilibrium state where the chemical
potential is within a band gap of h, also hfict has an energy
gap which is centered around zero “energy.” It was shown in
Ref. [18] that for 1D band structures the EGP then reduces in
the thermodynamic limit to the Zak phase of the many-body
ground state |+0⟩ of the fictitious Hamiltonian via a mecha-
nism termed gauge reduction:

φEGP(ρ) = φZak(|+0⟩⟨+0|) + O(N−α ), (23)

with some α > 0. Furthermore, since the winding of φEGP as
well as that of φZak upon an adiabatic parameter loop must be
a multiple of 2π , the winding numbers for any system size N
are equal, νZak|+0 = νEGP|ρ , and

νEGP|ρ = 1
2π

∫ )

0
dλ

∂

∂λ
φEGP

= i
2π

∫ )

0
dλ

∮

BZ
dk (⟨∂λu f (k)|∂ku f (k)⟩ − c.c.), (24)

where |u f (k)⟩ are the Bloch states of the negative energy
bands of the fictitious Hamiltonian.

hfict(k) |u(n)
f (k)⟩ = εn(k) |u(n)

f (k)⟩. (25)

We note that while for thermal states the Bloch wave
functions of hfict are just those of the original Hamiltonian
h, the |u f (k)⟩’s have a meaning of their own in the case of
a nonequilibrium steady state.

We now argue that the same is true for a finite-temperature
state in two spatial dimensions, if the system is transla-
tionally invariant, i.e., if a decomposition in independent
one-dimensional systems such as those shown in Fig. 2 is pos-
sible. In such a case the density matrix at nonzero temperature
can be decomposed in two different ways:

ρ = 1
Z

∏

kx

exp

{

−
∑

q

ĉ†(kx, q) g(kx, q) ĉ(kx, q)

}

= 1
Z

∏

ky

exp

{

−
∑

q

ĉ†(q, ky) g(q, ky ) ĉ(q, ky )

}

. (26)

Then, along the lines of Ref. [18] the winding of the ensemble
geometric phase in the x or y direction upon moving ky or kx
through the Brillouin zone is the same as that of the Zak phase
in the ground state of the fictitious Hamiltonian

CEGP
x = 1

2π

∮

BZ
dky

∂

∂ky
φEGP

x (ky)

= i
2π

∫∫
⃝

BZ
dkx dky

(〈
∂kx u f (k)

∣∣∂ky u f (k)
〉
− c.c.

)
, (27)

CEGP
y = − 1

2π

∮

BZ
dkx

∂

∂kx
φEGP

y (kx )

= − i
2π

∫∫
⃝

BZ
dkx dky

(〈
∂ky u f (k)

∣∣∂kx u f (k)
〉
− c.c.

)
. (28)
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Obviously, both expressions are the same and can be written
as an integral of a Berry curvature FEGP(k) over the two-
dimensional Brillouin zone

CEGP = CEGP
x = CEGP

y = 1
2π

∫∫
⃝

BZ
dk FEGP(k). (29)

FEGP(k) is the Berry curvature of the ground state of the
fictitious Hamiltonian

FEGP(k) = (∇k × AEGP(k))z

= i(⟨∂kx u f (k)|∂ky u f (k)⟩ − ⟨∂ky u f (k)|∂kx u f (k)⟩).

(30)

We conclude that for the two-dimensional generalization of
the ensemble geometric phase there exists always a proper
Berry curvature. The corresponding Chern number can be
nonzero only if the fictitious Hamiltonian hfict(k) breaks time-
reversal symmetry. For thermal states this is the case if the
original Hamiltonian h(k) breaks time-reversal symmetry.

The reduction of topological properties of Gaussian mixed
states of fermions in two dimensions to the ground state of
the fictitious Hamiltonian is fully consistent with the general
finding that there are only 10 symmetry classes to classify
steady states of open systems rather than 28 as expected, for
example, for non-Hermitian Hamiltonians [34,35].

To illustrate our findings, we calculated the EGP compo-
nents of the asymmetric Qi-Wu-Zhang model, Eq. (3), for a
finite-temperature state for a finite system of N × N unit cells.
The results are shown in Fig. 3 for T = 0 and a temperature
much above the single-particle energy gap T = 20,gap. For
the higher temperature we have also shown the results for dif-
ferent system sizes N = 10, 50, 100. One clearly recognizes
the gauge reduction discussed in Ref. [18]: Even at a temper-
ature much above the single-particle gap the EGP approaches
the ground-state value for increasing N . Its winding, which
determines the topological invariant, is furthermore indepen-
dent of system size. Moreover, in contrast to the Uhlmann
phase, the winding of both components φEGP

x and −φEGP
y is

always the same for all finite temperatures T < ∞.

V. SUMMARY

We have shown that the ensemble geometric phase which
has been used to define topological winding numbers for
mixed states of one-dimensional, Gaussian fermion systems
can straightforwardly be extended to two spatial dimen-
sions and defines a Chern number if there is translational
invariance. Different from approaches based on other geo-
metric phases for mixed states, such as the Uhlmann phase,
this number is a true topological invariant as it is a two-
dimensional integral over a proper Berry curvature. The latter
is defined by the Bloch states of the fictitious Hamiltonian
formed by the matrix of single-particle correlations in the
Gaussian mixed state. Finite-temperature states of nonin-
teracting fermion models, which are fully characterized by
single-particle correlations, are Gaussian, but Gaussian states
can also emerge as nonequilibrium steady states of systems

FIG. 3. EGP of the Qi-Wu-Zhang model in the x direction as
a function of ky (top) and in the y direction as a function of kx

(bottom) for different temperatures. One recognizes that in contrast
to the Uhlmann case, the windings of both are exactly the same (with
the proper sign convention) for all temperatures even much above the
single-particle gap.

coupled to specific Markovian reservoirs. In the first case the
mixed-state Berry curvature is identical to that of the original
Bloch Hamiltonian counting all bands below the chemical po-
tential as long as T < ∞. For genuine nonequilibrium states,
no such correspondence exists, and the fictitious Hamiltonian
has a meaning of its own. While the discussion in this paper
relies on the assumption of translational invariance, allowing
a mapping to decoupled one-dimensional chains (see Fig. 2),
we anticipate the results to hold also in the presence of disor-
der and with interactions. Further studies are needed on this
subject.
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