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Abstract

We investigate the dynamical and statistical effects of different input states of the electromagnetic field in the

travelling wave parametric processes of second harmonic generation and nondegenerate downconversion. Using the

phase space techniques of stochastic integration in the positive-P representation, equivalent to a fully quantum me-

chanical analysis, we consider different input states and show that the effects on the mean field solutions can be quite

drastic. We also investigate the effects of the input statistics on the quantum properties of the output fields, finding that

a thermal input can actually cause the value of some quantum correlations to increase. � 2002 Elsevier Science B.V.

All rights reserved.

PACS: 42.50.Ct; 42.50.Ar; 42.65.-k; 42.65.Ky
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1. Introduction

Among the simplest possible quantum optical
systems which exhibit nonclassical behaviour are
travelling wave second harmonic generation and
parametric downconversion. These processes cou-
ple modes of the electromagnetic field with different
frequencies via a nonlinear medium and are well
known for the production of nonclassical states of
the electromagnetic field. Both systems have been

treated theoretically using various levels of ap-
proximation, from a classical analysis of the inter-
acting fields [1], linearisation of the operator
equations of motion for the fields [2–4] and linear-
isation of the operator equations for the intensities
[5,6]. A common approximation for the optical
parametric oscillator is to treat the pump field as
remaining undepleted as it traverses the crystal [7–
9], which leads to solutions for the fields which
clearly violate energy conservation as well as over
optimistic predictions for the quantum features of
the fields [6,10], predicting, for example, that the
violation of quantities such as Bell’s inequalities
will increase with the conversion parameter.
Another approach is to diagonalise the interaction
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Hamiltonian [11], which results in equations which
can be solved numerically for small photon num-
bers. A series expansion of the time evolution
operator has also been used to evolve the initial
state vector [12], as well as a perturbation expan-
sion of solutions for the Heisenberg equations of
motion, valid for smallish times and arbitrary
photon numbers [13], but with numerical results for
small photon numbers. The distribution of the
Q-function in phase space has been investigated
analytically for arbitrary field intensities [14], the
applicability of the nondepleted pump approxi-
mation has been analysed [15] and the Wigner
function and the maximum of the pump depletion
have been calculated [16], using the classical
solutions of [1], with results that should in princi-
ple become more valid as the photon number
increases.
In this paper we treat the interacting fields

using phase space methods, focussing on the ef-
fects of different input states on both the dy-
namics and the output statistics. Although we
must proceed numerically, we are not in principle
limited as to the field intensities and interaction
lengths that we may consider. A great advantage
of this method is that the resulting stochastic
equations are fully equivalent to the master
equation, so that we are not making any ap-
proximations to find the time development of the
system. For input states which have well behaved
Glauber P-functions [17,18], we may use the
positive-P representation [19]. It is of interest to
mention here that in this case the choice of rep-
resentation is a matter of taste, as all the operator
products we calculate can equally well be calcu-
lated in the truncated Wigner representation, with
the same results being found. This is an indica-
tion that the Wigner function for these processes
may remain positive, starting with input states
with a positive Wigner distribution.
Although the effects of pump fluctuations have

previously been calculated for the nondegenerate
optical parametric amplifier (NOPA) [9], this was
done in the nondepleted pump approximation,
using a classical type distribution for the pumping
parameter and taking averages over the resulting
semi-classical solutions. What we do here is rep-
resent fluctuations in the inputs by their pseudo-

probability functions, ensuring that we are calcu-
lating the correct quantum properties. In the
stimulated nondegenerate optical parametric am-
plifier (SNOPA), we consider different states of the
auxiliary input which stimulates the process. In
travelling wave second harmonic generation, we
consider different states of the input at the fun-
damental frequency. In both cases we find that a
thermal input can drastically affect the dynamics
as well as the statistics of the converted modes.

2. Nondegenerate optical parametric amplifier

Parametric downconversion, achieved via an
optical parametric amplifier (OPA), is of special
interest because it allows for experiments con-
cerned with the fundamentals of quantum me-
chanics. Among these are violations of Bell’s
inequalities [20,21] and preparation of Einstein–
Podolsky–Rosen states [4,10,22]. We will consider
two cases here: one where two vacuum fields are
amplified, and one where there is a nonvacuum
input field at one of the downconverted frequen-
cies.
The system of interest couples three electro-

magnetic fields via a nonlinear medium (normally
a crystal), with a second-order susceptibility rep-
resented by j. The three fields are represented at
position z inside the crystal by the bosonic an-
nihilation operators âaðzÞ, b̂bðzÞ and ĉcðzÞ, with re-
spective frequencies xa, xb and xc, such that
xa þ xb ¼ xc. Generally the fields at z ¼ 0 may
take on a range of values, corresponding to dif-
ferent physical processes. In this paper we con-
sider only the case of perfect phase matching and
colinear propagation without dispersion, so that
we may write the effective interaction Hamilto-
nian as

H ¼ i�hj
2

âayb̂byĉc
h

� âab̂bĉcy
i
; ð1Þ

from which, following the usual methods and us-
ing Itôo calculus [23], we find the following set of
coupled stochastic differential equations in the
positive-P representation, where there is a corre-
spondence between the variables ða; aþ; b; bþ;c; cþÞ
and the operators (âa, âay, b̂b, b̂by, b̂b, b̂by):
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da
dz

¼ j
2

bþc þ 1
2

ffiffiffiffiffi
jc

p
g1ðzÞð þ ig2ðzÞÞ;

daþ

dz
¼ j
2

bcþ þ 1
2

ffiffiffiffiffiffiffiffi
jcþ

p
g3ðzÞð þ ig4ðzÞÞ;

db
dz

¼ j
2

aþc þ 1
2

ffiffiffiffiffi
jc

p
g1ðzÞð � ig2ðzÞÞ;

dbþ

dz
¼ j
2

acþ þ 1
2

ffiffiffiffiffiffiffiffi
jcþ

p
g3ðzÞð � ig4ðzÞÞ;

dc
dz

¼ � j
2

ab;

dcþ

dz
¼ � j

2
aþbþ:

ð2Þ

In the above, the gi are real noise terms with the
correlations giðzÞgjðz0Þ ¼ dijdðz� z0Þ. As always
with the positive-P, the pairs of field variables (a
and aþ for example) are not complex conjugate
except in the mean of a large number of integrated
trajectories. We are particularly interested here in
a system where cð0Þ 6¼ 0 and að0Þ ¼ 0, but
bð0Þ 6¼ 0, and in which we consider the effects of
different quantum states for bð0Þ, the auxiliary
signal field. Unlike the treatment of [9], the fluc-
tuations in the pump field as it traverses the
crystal are automatically taken into account in
our treatment. In what follows, we will always use

the values j ¼ 0:01 and jcð0Þj2 ¼ 106, and the
scaled dimensionless interaction parameter n ¼
jjcð0Þjz.

2.1. Coherent pump fluctuations

Before we consider the effects of different input
states of the signal, let us examine the fluctuations
in intensity of the pump field as it traverses the
crystal, as well as the correlation in intensity be-
tween the two downconverted modes. In [9], the
pump is treated as being a fluctuating quantity
with a constant mean value, and a standard devi-
ation which grows linearly in time. In contrast to
this, we treat the pump field as being initially in a
coherent state and investigate the change in its
statistics due to the interaction with the nonlinear
medium.
To this end we have calculated the Fano factor:

F ðNcÞ ¼
h: ðĉcyĉcÞ2 :i � hĉcyĉci2

hĉcyĉci ð3Þ

of this field as it traverses the crystal. A coherent
state, being an example of a field which obeys a
Poissonian intensity distribution, has a value of 1
for this factor. What we can see from Fig. 1 is that
the pump field remains Poissonian over an ap-
preciable interaction length. As can be seen by
comparison with [6], this field begins to exhibit
super-Poissonian statistics at around the value of n
that it begins to be noticeably depleted. There is an
initial plateau where the Fano factor does not
change at all, which actually extends past the range
of experimentally reasonable interaction strength.
The statistics only change when upconversion be-
gins to play a role. What is obvious from this
graph is that the increased fluctuations do not
follow the form supposed in [9]. Also shown in
Fig. 1 is the correlation coefficient of the intensities
of the two downconverted modes:

qðNa;NbÞ ¼
hâayâab̂byb̂bi � hâayâaihb̂byb̂bi

V ðNaÞV ðNbÞ
; ð4Þ

which we have used rather than the normalised
correlation of [9], as a value of 1 demonstrates a
perfect correlation between the two intensities [24].

Fig. 1. The Fano factor ðF ðNcÞÞ of the pump field and the in-
tensity correlation coefficient ðqðNa;NbÞÞ of the two downcon-
verted modes as they traverse the crystal in the spontaneous

case. The pump field has the value jcð0Þj2 ¼ 106. The horizontal
axis is in units of the normalised interaction strength,

n ¼ jjcð0Þjz. This plot is the result of 3:5 105 stochastic tra-
jectories. All values plotted in this and subsequent graphics are

dimensionless.
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What we immediately see is that these two fields
are perfectly correlated in intensity over the in-
teraction range considered, which is to be expected
as the downconverted photons can only be created
in pairs.

2.2. Thermal signal input

One method of increasing the conversion effi-
ciency of the NOPA is to inject a signal field at one
of the lower frequencies, resulting in a process of
stimulated photon pair production. We have
shown in an earlier paper [6] that with a coherent
signal there is necessarily some loss of the quan-
tum properties of the output fields as the signal
intensity is increased. To this end we calculated the
degree of violation of a coefficient based on the
Cauchy–Schwarz inequality:

hâay 2âa2ihb̂by 2b̂b2iP hâayâab̂byb̂bi2; ð5Þ
which may not be violated by fields with a positive
P-function, and hence any violation may be
thought of as a measure of the quantum nature of
the two fields. Rewriting this as a correlation
function, we have

hâay 2âa2ihb̂by 2b̂b2i
hâayâab̂byb̂bi2

P 1; ð6Þ

so that any value of less than one indicates non-
classical behaviour. Other properties of interest are
the cross-mode correlations

gð2Þðâa; b̂b; 0Þ ¼ hâayâab̂byb̂bi
hâayâaihb̂byb̂bi

; ð7Þ

which gives a measure of coincidence counts in the
two lower frequency modes, and

gð4Þðâa; b̂b; 0Þ ¼ hâay 2âa2b̂by 2b̂b2i
hâayâai2hb̂byb̂bi2

; ð8Þ

which measures the probability of simultaneously
detecting two photons in each mode.
To model a thermal input signal with the same

mean intensity as the coherent signal, we choose
the initial condition for each stochastic trajectory
according to the P-distribution for a thermal state:

P ðbÞ ¼ 1

pn
expð�jbj2=nÞ; ð9Þ

where n corresponds to the mean photon number
and each b so chosen has a random phase, as a
thermal state has no phase information. This
means that the initial condition for each trajectory
of the stochastic integration becomes bð0Þ ¼
½byð0Þ��, distributed in accord with the probability
of Eq. (9).
In Fig. 2 we show the mean values of the idler

field for coherent pumping ðjcð0Þj2 ¼ 106Þ, and
coherent and thermal signal fields with a mean
value of jbð0Þj2 ¼ 100. What is immediately obvi-
ous is that the thermal signal results in less peak
conversion efficiency on average, but we also need
to consider fluctuations in the idler output. Ex-
amining Fig. 3, we see that, although in both cases
the intensity fluctuations are huge (remember that
the Fano factor for a coherent state is 1), with a
thermal signal the variance is noticeably larger.
This suggests that the idler field will be fluctuating
wildly in intensity, with statistics which are essen-
tially those of a thermal state, in which the Fano
factor is equal to the mean photon number. When
we examine the Cauchy–Schwarz correlation of
Eq. (6) for these two cases, as shown in Fig. 4, we
see that the violation is minimal, even with a co-
herent signal 104 times weaker than the pump, and

Fig. 2. The mean photon number in the idler. The coherent

result is for an injected coherent signal with jbð0Þj2 ¼ 102 while
the thermal result has the same mean intensity in the signal.

Both use a coherent pump with jcð0Þj2 ¼ 106. The coherent
result used 7 104 stochastic trajectories and the thermal result
used 3:3 105.
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is even smaller with the thermal input. This is to be
expected as the thermal input is more classical
than a coherent state and therefore less able to
help generate fields which violate classical in-
equalities. We note here that calculations using the
truncated Wigner representation give essentially
the same results for the violation of this inequality,
demonstrating that it may also be explained using
the semiclassical theory of stochastic electro-
dynamics.

However, when we examine the coincidence
coefficients of Eqs. (7) and (8), as shown in Fig. 5,
we see that a thermal signal generates much higher
likelihoods of simultaneously detecting either one
or two photons in each lower frequency field. This
is to be expected, as the increase in generation of
photons in the idler with an added signal is a
stimulated process, depending on the intensity,
and there is a much higher likelihood of finding
high intensity fluctuations (photon bunching) with
a thermal signal than with a coherent one. It is
precisely these fluctuations which can generate
production of pairs and double pairs. This phe-
nomenon could conceivably be useful for the
production of GHZ states [25–27], although the
signal field would probably need to be of the same
frequency as the idler so as to enable indistin-
guishability of the paths. In [26,27], spontaneous
double pairs are created by passing a pulsed laser
two times through a crystal. Detection of one of
the photons leaves the other three in a GHZ state,
although there are some problems with the visi-
bility of the resulting measurements. Whether an
injected thermal, or even semi-thermal signal could
result in higher efficiency production and detection
of these states is a subject for further investigation,
outside the scope of this paper.

Fig. 4. The values for the Cauchy–Schwarz coefficient, for co-

herent and thermal signals, as in Fig. 2.

Fig. 5. The values for the coefficients gð2Þðâa; b̂b; 0Þ (solid lines)
and gð4Þðâa; b̂b; 0Þ (dash–dotted lines), for coherent and thermal
signals, as in Fig. 2. Note that the coefficients are plotted on a

logarithmic scale.

Fig. 3. The Fano factors of the idler, with coherent and thermal

signals as in Fig. 2. Note that the factors are plotted on a

logarithmic scale.
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3. Travelling wave second harmonic generation

We consider a nonlinear, phase-matched vð2Þ

crystal, in which a plane-wave field at the funda-
mental frequency x produces an harmonic field at
frequency 2x. In the travelling wave regime we can
write an interaction Hamiltonian, with the trivial
x dependence of the fields removed, as

H ¼ i�hj
2

âay 2b̂b
h

� âa2b̂by
i
; ð10Þ

where âa and b̂b are the annihilation operators for
photons at frequencies x and 2x, respectively, at
position z inside the nonlinear crystal, and j rep-
resents the effective strength of the nonlinear in-
teraction between the two modes. Again using the
usual methods [23], this system can be mapped
exactly onto stochastic partial differential positive-
P equations (note that we are using Itôo calculus),
via the master and Fokker–Planck equations, re-
sulting in

da
dz

¼ jaþb þ
ffiffiffiffiffiffi
jb

p
g1ðzÞ;

daþ

dz
¼ jabþ þ

ffiffiffiffiffiffiffiffi
jbþ

q
g2ðzÞ;

db
dz

¼ � j
2

a2;

dbþ

dz
¼ � j

2
aþ 2;

ð11Þ

where the noise terms gjðzÞ are real and Gaussian
such that

gjðzÞgkðz0Þ ¼ djkdðz� z0Þ: ð12Þ

As in the previous section, there is the obvious
correspondence between the c-number variables
and the operators.
It has been shown previously that, with coher-

ent input at the lower frequency, we would expect
to see an almost total conversion of the funda-
mental into the second harmonic, followed by a
partial revival of the fundamental [5,28]. As well as
this effect not being predicted by an analysis using
linearisation of the operator equations of motion,
the quantum statistical properties of the fields were
found to be quite different from earlier predictions,
at least for large effective interaction strengths.
Here we wish to examine the effects of a thermal

input on the output fields, which we would not
expect to be amenable to a linearised analysis as
the necessary condition of small fluctuations is not
valid for thermal fields.
In Fig. 6 we show the mean values of the two

fields for both coherent and thermal inputs at the
fundamental. The normalised interaction strength
used to plot the figures for SHG is defined as
n ¼ jjað0Þjz=

ffiffiffi
2

p
. What is immediately visible is

that a thermal input with the same mean photon
number gives much greater mean conversion effi-
ciency for shortish interaction lengths. We inter-
pret this as being due to the fact that two photons
must combine to produce one at the higher fre-
quency and, in a thermal field, we find a high de-
gree of photon bunching. Therefore, on average,
the process proceeds more efficiently. What we
also find, however, at an interaction length a little
longer than that shown here, is that the revival of
the fundamental is less complete than that found
in [5], due to a lack of coherence between the fields
traversing the crystal. It is also instructive to ex-
amine the intensity fluctuations in the two fields.
As is known, and demonstrated in Fig. 7, with a
coherent input the two fields exhibit sub-Poisso-

Fig. 6. The mean fields for travelling wave SHG, with coherent

(solid lines) and thermal pumping (dashed lines), both with a

mean value of jað0Þj2 ¼ 106 and a value of j ¼ 0:01. The hor-
izontal axis is in units of the normalised interaction strength,

n ¼ jjað0Þjz=
ffiffiffi
2

p
. The results for coherent and thermal inputs

used 7:6 105 and 1:8 105 stochastic trajectories, respec-
tively.
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nian photon statistics for some interaction lengths.
This is seen as negative values of the logarithms of
the Fano factors shown in the plot. In the thermal
input case, although the fundamental exhibits less
fluctuations than the input for some interaction
lengths, it is always far from being Poissonian. The
second harmonic also exhibits huge fluctuations.
This indicates that, while a thermal input may give
greater conversion efficiency, the outputs will ex-
hibit huge intensity fluctuations. However, if we
are interested in only the intensities rather than the
quantum properties of the output fields, this would
not be a problem.

4. Conclusion

We have shown how to treat optical parametric
processes with different input states in a fully
quantum mechanical manner and without serious
restrictions as to maximum photon number, using
as examples travelling wave second harmonic
generation and the nondegenerate optical para-
metric amplifier in both stimulated and spontane-
ous modes of operation. Use of stochastic
differential equations in the positive-P representa-
tion allows for the exact treatment of the coherent
and thermal input states we have considered here.

We find noticeable differences in the predictions
for both the mean fields and the statistical be-
haviour, depending on the particular input states.
In travelling-wave SHG, use of a thermal input
allows for a greater average conversion efficiency,
although at the expense of greater intensity fluc-
tuations. In the NOPA, a thermal signal allows for
greater two and four photon coincidence rates,
which may prove useful for tests of the nonlocal
properties of quantum mechanics, especially via
the production of GHZ states. A thermal pump of
high average intensity may be mimicked by pass-
ing an intense laser beam through a rotating disk
of random index material before it enters the
nonlinear crystal, so that our predictions should be
easily amenable to experimental verification.
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