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One of the hallmarks of topological systems is the robust quantization of particle transport. It is the origin
of the integer-valued quantum Hall conductivity and a potential tool for quantum information technology.
Recent experiments on topological pumps constructed by using arrays of photonic waveguides and
described by the (lattice-translational invariant) Aubry-André-Harper model, have demonstrated both
integer and fractional transport of lattice solitons. In these systems, a background medium mediates
interactions between photons via a Kerr nonlinearity and leads to the formation of self-bound multiphoton
states. Upon increasing the interaction strength, a sequence of transitions was observed from a phase with
integer transport in a pump cycle through different phases of fractional transport to a phase with no
transport. We here present a quantum description of topological pumps of self-bound many-particle states
in terms of an effective Hamiltonian of their center-of-mass (c.m.) motion, which allows one to introduce an
effective band structure EμðKÞwithK being the c.m. momentum and to classify topological phases in terms
of generalized symmetries. We provide an explicit analytic expression of the effective Hamiltonian for few
particles in the strong interaction limit and present numerical results in the more general case. We identify a
topological invariant, an effective single-particle Chern number, which fully governs the soliton transport.
Increasing the interaction strength in the Aubry-André-Harper model leads to a successive merging of c.m.
bands, which is the origin of the observed sequence of topological phase transitions and also the potential
breakdown of topological quantization for some interaction strength.
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I. INTRODUCTION

Topological quantum systems have been intensively
studied since the discovery of the quantum Hall effect [1].
One of the simplest examples for such systems is a
Thouless pump [2], which displays a quantized particle
transport in an insulating bulk state of a 1D translationally
invariant lattice upon cyclic adiabatic changes of system
parameters. The transport is governed by an integer
topological invariant, equivalent to a Chern number. The
quantization of transport not only applies to a fully filled
fermion band, it is also observable in the center-of-mass
motion of a single particle equally distributed over all
momentum states (see, e.g., Ref. [3] for a detailed over-
view.) A major problem in the single-particle case is the fast
dispersion of the wave function. A possible solution for this

has been utilized in Refs. [4–6] using bound many-particle
objects: lattice solitons. They show quantized transport in a
topological pump while being almost nondispersive due to
their large mass. The notion solitons is used here collo-
quially, as the self-bound many-particle states may not
fulfill all properties of true solitons [7–9]. In the experi-
ments of Ref. [6], laser pulses have been injected into
spatially modulated waveguide arrays simulating a time-
dependent Aubry-André-Harper (AAH) Hamiltonian with
a Kerr nonlinearity mediating interactions [10–12].
Increasing the light intensity, solitons form, for which
integer transport in a full pump cycle was observed. Above
a certain power threshold, all transport is halted. In
subsequent work [13], an interaction controlled transition
between phases with integer and fractional transport was
demonstrated (see Fig. 1).
These observations triggered an extended body of

theoretical work [14–20] based on the discrete nonlinear
Schrödinger equation (DNLSE) [21]. While the DNLSE
accurately reproduces the observed shift in the c.m. and
relates the transition points between phases of different
fractional transport to bifurcation points of soliton
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solutions, the underlying mean-field description fails to
provide an explanation for the quantized transport in terms
of a topological invariant and of the origin of the topo-
logical phase transitions.
Using perturbation theory, it has been argued in

Refs. [14,16] that for weak interactions the position of
the soliton follows that of the Wannier centers of the single-
particle band from which the soliton bifurcates and, thus, is
governed by the Chern number of this band. However, as
shown in Sec. II B, there is a gradually growing admixture
of higher single-particle bands when the interaction is
increased, and the perturbative arguments fail entirely in
the fractional case. We note that there are approaches
introducing nonlinear winding numbers [15,20] or Chern
numbers [19] to characterize topological properties of the
mean-field solutions also in the regime of large nonlinear-
ities. These approaches are, however, limited to systems
with certain symmetries or capture only special nonlinear
solutions which do not include self-bound solutions such as
solitons or time-dependent Hamiltonians. Finally, cases of
anomalous nonlinear Thouless pumping were found [22],
and in Ref. [23] it was predicted that multicomponent
solitons can show fractional transport, despite the fact that
the single-particle bands are all topologically trivial. This
shows that the topological transport of solitons cannot be
traced back to topological properties of the underlying
single-particle Hamiltonian. Most recently, a fermionic
modelwith repulsive interactions has been investigated [24],
where fractional transport emerges from coupling of single-
particle bands by repulsive interactions of fermions.

We here unravel the origin of the quantized soliton
transport and provide an explanation for the observed phase
transitions by developing a fully quantum description of
topological soliton pumps. To be specific, we consider the
AAH model as a generic example; the approach applies,
however, to all systems with self-bound many-particle
states in a translationally invariant lattice model. We show
that the topological contribution to their transport can be
described in terms of an effective single-particle Chern
number, provided the soliton solution is gapped from all
extended (not self-bound) many-body states. Introducing
an effective single-particle Hamiltonian for solitons, which
due to translational invariance can be characterized by an
effective soliton band structure, we show that in the AAH
model for increasing interaction strength different soliton
bands merge at some parameter values of the pump cycle.
At this point, the transport is governed by a Wilson loop,
giving rise to different phases with fractionally quantized
average transport. Increasing the interaction further even-
tually mixes all soliton bands, and, since the total Wilson
loop of all soliton c.m. bands must vanish, the topological
transport collapses [6,25]. For single-particle Bloch
Hamiltonians also particles prepared in excited bands show
quantized topological transport, determined by the corre-
sponding Chern number. We show that an analogous
behavior can be observed for solitons if the system is
prepared in an excited soliton band that is stable and has a
finite band gap to lower- (and higher-) lying solutions.
Finally, we show that in some intermediate interaction

regimes the energetically highest of a set of crossing soliton
bands may be degenerate with bands of extended states. In
such a case, the transport is no longer (fractionally)
quantized and may take arbitrary values, explaining the
fluctuating transport numerically predicted in Ref. [17].
Since the effective Hamiltonian of solitons is a single-
particle Hamiltonian, its symmetries under time reversal,
charge conjugation, and chiral transformation provide a full
classification of possible topological phases according to
Refs. [26,27].

II. MODEL AND MEAN-FIELD APPROACH

A. Aubry-André-Harper model

We consider a generic lattice model with attractive on-
site interactions. Specifically, we investigate the bosonic
tight-binding Hamiltonian

HðtÞ ¼ H0ðtÞ þHint

¼ −
X
l

�
ðJlðtÞâ†l âlþ1 þ H:c:Þ

þ ϵlðtÞâ†l âl þ
U
2
n̂lðn̂l − 1Þ

�
; ð1Þ

where H0 describes the single-particle dynamics in
the lattice and is periodic in time with period T,

FIG. 1. (a),(b) 1D Aubry-André-Harper model with modulated
hopping rates J1ðtÞ…J5ðtÞ and on-site interactions U. (c) Motion
of center of mass of a soliton ΔX in a pump cycle. Upon
increasing the interaction strength, there are multiple transitions
between phases of integer, fractional, and eventually absent
transport, in some cases intersected by a small interval of
nonquantized transport (gray area).
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i.e., H0ðtÞ ¼ H0ðtþ TÞ. The corresponding hopping
amplitudes Jl and on-site energies ϵl have a spatial period
p, which defines the unit-cell size. Hint describes an
(attractive) on-site interaction of strength U > 0, which
will be parametrized as U ¼ U0=N with N being the total
number of particles. In order to understand the emergence
of topological phase transitions observed in Refs. [6,13],
we consider specifically the 1D Aubry-André-Harper
model [10,11] with hopping amplitudes

JlðtÞ ¼ J

�
1þ δ cos

�
Ωtþ 2πlk

p

��
; ð2Þ

with 0 < δ < 1; see Fig. 1.
The spatial period p is chosen to be a prime number so

that it is never commensurable with l and/or k, which would
effectively reduce the spatial period. The phase offset k,
which is chosen to be smaller than p=2, determines the
smallest possible fraction in the topological transport. If not
explicitly stated otherwise, we choose a spatial period
p ¼ 5 and a phase offset k ¼ 2. This is the smallest
possible unit-cell size where fractional transport appears
in the AAH chain. All on-site potentials ϵl in Eq. (1) are
chosen to be 0.
With periodic boundary conditions, the Hamiltonian is

translational invariant, i.e., T̂HT̂−1 ¼ H, where T̂ is the
translation operator by one unit cell, i.e., T̂âlT̂

−1 ¼ âlþp.
As a consequence, the lattice momentum K of the center of
mass (c.m.) is a conserved quantity.
Attractive interactions U lead to localized soliton states.

These are states with a distribution of occupation numbers
that decay with increasing distance to the center of mass
with a localization length ξ, i.e., hn̂lþdn̂li ∼ expf−jdj=ξg
for d ≫ 1. We call them stable if they have an energy gap to
all extended states with the same K. On the quantum level,
a minimum value Uc is required for a soliton to form,
which tends to zero as N → ∞ [28]. In a complex energy
structure, multiple soliton solutions can exist, which for
some parameter values may become degenerate.
Furthermore, stable excited soliton solutions may not exist
at all times, as they can become degenerate with extended
states in some parts of the pump cycle. In this case, we call
these solitons partially stable.

B. Mean-field approach: Discrete nonlinear
Schrödinger equation

In mean-field approximation, the dynamics of solitons in
a 1D lattice are described by the discrete nonlinear
Schrödinger equation. This equation can be obtained from
a Gutzwiller coherent-state ansatz [29] for the many-body
quantum state

jψi ¼
Y
l

jϕli; where âljϕli ¼ ϕljϕli:

For the AAH Hamiltonian [Eq. (1)], it reads (ℏ ¼ 1)

i
∂

∂t
ϕl ¼ −Jlϕlþ1 − Jl−1ϕl−1 − ϵlϕl − Ujϕlj2ϕl: ð3Þ

Numerical simulations of Eq. (3) have provided a good
description of soliton energies and the observed soliton
transport in parameter regimes where the soliton is stable.
The semiclassical description, however, fails to explain the
topological nature of the transport and the origin of
topological phase transitions. In Refs. [14,16], it was
argued that for weak interactions the solitons can be
represented in terms of the most localized Wannier states
of single-particle Bloch bands neglecting exchange terms
between the latter. Under this assumption, the topological
transport is described by the Chern number of the Bloch
band the soliton bifurcates from.
In Fig. 2, we have plotted the integrated overlap of a

soliton obtained from a self-consistent solution of Eq. (3)
with the single-particle Bloch wave functions for the two
lowest bands for the AAH model with phase offset k ¼ 2
and unit-cell size p ¼ 5 as a function of interaction strength
U=J. The vertical spread of data points reflects different
times in the pump cycle. One recognizes that, while in the
perturbative limit of very small absolute values of inter-
action strengths there is indeed a close to unity overlap with
the lowest Bloch band, contributions from higher bands
continuously grow with increasing interaction strength. In
particular, both in experiments and in numerical simula-
tions of the DNLSE, integer transport is seen up to rather
large interaction strength at which the admixture of higher
Bloch bands is already quite substantial. Moreover, in the
regime of fractional transport, following the above argu-
ment, one would expect equal contributions from the lowest
and the first excited band, which is clearly not the case.
Therefore, the resulting topological invariant is not just the
average of the single-particle Chern numbers.

FIG. 2. Overlap of eigensolution of the DNLSE [Eq. (3)] for the
AAHmodel with phase offset k ¼ 2 and unit-cell size p ¼ 5with
single-particle Bloch bands for different interaction strengthU=J.
Data points for the same interaction strength correspond to
different times in the pumping cycle.
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III. CENTER-OF-MASS TRANSPORT
AND MANY-BODY CHERN NUMBER

Since the semiclassical approaches to describe the trans-
port of lattice solitons were shown to be incomplete, we
here derive a quantum mechanical description. Specifically,
we are interested in the transport of the c.m. of a soliton
when H0ðtÞ is adiabatically varied over a period T, where
the translational invariance is not changed. The instanta-
neous eigenstates of HðtÞ can be classified in terms of the
conserved c.m. momentum K and a band index μ and are
denoted as jEμðKÞi with energy EμðKÞ.
The time evolution of the center-of-mass position of the

N particles, X̂ ¼ P
N
j¼1 x̂j=N, is governed by the N-particle

velocity operator ∂tX̂ ¼ V̂ ¼ −i½X̂;H� ¼ −i½X̂;H0�, which
can be conveniently expressed in terms of a momentum-
shifted Hamiltonian HðqÞ ¼ e−iqX̂HeiqX̂. In other words,
V̂ ¼ V̂ðqÞjq¼0 with V̂ðqÞ ¼ e−iqX̂V̂eiqX̂ ¼ ∂HðqÞ=∂q.

d
dt

hX̂i ¼ hV̂ðqÞiq¼0 ¼
�
∂HðqÞ
∂q

�
q¼0

: ð4Þ

In the following, we discuss the topological contributions
to dhX̂i=dt for degenerate and nondegenerate solutions
separately.

A. Nondegenerate soliton solutions

Let us first consider a nondegenerate soliton solution;
i.e., for a given c.m. momentum K, there is only one
eigenstate for each energy value in the whole pump cycle.
In order to calculate the transport of a soliton from a single
nondegenerate band, one can follow the well-known argu-
ments for the transport of a single particle [2,30]. To
account for the topological transport starting in an instanta-
neous eigenstate jE0ðK; tÞi at time t, one has to take into
account nonadiabatic corrections. As the modulation of the
Hamiltonian does not affect the translational invariance,
nonadiabatic transitions couple only to states with the same
c.m. momentum. Nondegenerate time-dependent perturba-
tion theory yields

jΨðK;tÞi¼jE0ðKÞiþi
X
α≠0

jEαðKÞi
hEαðKÞj∂tE0ðKÞi
EαðKÞ−E0ðKÞ ; ð5Þ

where we have suppressed the dependence on time for
notational simplicity. We note that j∂tE0ðKÞi is orthogonal
to jE0ðKÞi and that the second term in the above expression
is small. Calculating the average velocity in this state gives
in lowest order of perturbation theory

hV̂ðq¼ 0; tÞi

¼ ∂E0ðKÞ
∂K

þ i
X
α≠0

�hE0j∂qHðqÞjq¼0jEαihEαj∂tE0i
Eα−E0

− c:c:
�

¼ ∂E0ðKÞ
∂K

þ i

��
∂E0

∂t

����∂E0

∂K

�
−c:c:

�
: ð6Þ

For the second step, we used

0 ¼ ∂qhE0jHðqÞjEαi
¼ hE0j∂qHðqÞjEαi þ E0hE0j∂qEαi þ Eαh∂qE0jEαi ð7Þ

as well as

0 ¼ ∂qhE0jEαi ¼ hE0j∂qEαi þ h∂qE0jEαi: ð8Þ

The first term in Eq. (6) is just the group velocity of the
band and describes the dynamical contribution to the
transport. If we consider an initial soliton state with
coefficient cðKÞ in momentum state jE0ðKÞi, which is
symmetric with respect to K ¼ 0, the dynamical contribu-
tion vanishes. Then, the shift of the center of mass of the
soliton in one period T is given by the second term in
Eq. (6) integrated over all c.m. momenta K:

ΔhX̂i ¼
Z

T

0

dt
Z

π

−π
dKjcðKÞj2F ðK; tÞ: ð9Þ

Equation (9) is a weighted integral over the Berry curvature

F ðK; tÞ ¼ i

��
∂E0

∂t

���� ∂E0

∂K

�
− c:c:

�
ð10Þ

in ðK; tÞ space. In the special case, where the c.m. wave
function of the soliton is initially localized to a single unit
cell, all coefficients are equal, jcðKÞj2 ¼ 1=2π. In this case,
the transport is given by the effective single-particle Chern
number of the soliton Bloch band; i.e., it is integer
quantized:

ΔhX̂i ¼
Z

T

0

dt
Z

π

−π

dK
2π

F ðK; tÞ ¼ C: ð11Þ

Note that we did not make any assumption about the
many-body wave function other than its gapfulness. In
particular, no assumption about its behavior in the relative
coordinates of the particles was made. However, the
assumption of gapfulness of the N-particle state with fixed
c.m. momentum K requires, in general, that the N particles
are bound to each other.
Finally, we comment on the relation between our

description of soliton transport and other topological
invariants for interacting many-body systems, such as
the Niu-Thouless invariant [31]. The Niu-Thouless invari-
ant employs twisted boundaries and is an integral over a
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Berry curvature in ðθ; tÞ space, with θ∈ f0; 2πg being the
twist angle. In contrast to F ðK; tÞ [see Eq. (9)], a Berry
curvature in ðθ; tÞ would not describe the transport of an
individual soliton but applies only to an insulating many-
body state, such as a band insulator of noninteracting
fermions, where all momentum states are equally occupied.

B. Degenerate soliton solutions

In the degenerate case, i.e., if there are crossings of m
solutions at some points in time, we need to apply
degenerate time-dependent perturbation theory to an m
component vector jΨðKÞi ¼ ðjΨ0ðKÞi;…; jΨm−1ðKÞÞ⊤
and can express the time-evolved state as [32]

jΨðK; tÞi ¼ T exp

	
−i

Z
t

0

dτAKðτÞ


jΨðK; 0Þi

þ nonadiabatic terms; ð12Þ

where

AKðτÞ

¼

0
BBB@

E0 ihE0j∂tE1i ihE0j∂tE2i � � �
ihE1j∂tE0i E1 ihE1j∂tE2i � � �
ihE2j∂tE0i ihE2j∂tE1i E2 � � �

� � � � � � � � � � � �

1
CCCA ð13Þ

is the Wilczek-Zee non-Abelian Berry connection and
“nonadiabatic terms” denotes the perturbative contributions
due to nonadiabatic couplings to other, energetically
separated states similar to the nondegenerate case. We
note that since hElj∂tEmi ¼ ðhElj∂tHjEmiÞ=ðEm − ElÞ
[compare Eqs. (7) and (8)], the eigenstates of the matrix
AK coincide with the bare states jE0i…jEmi far away from
the crossing point in the adiabatic limit. At the crossing
point, the off-diagonal elements, however, diverge, in
general, which leads to a mixing.
Suppose the cyclic change of the Hamiltonian starts at a

point where there is no degeneracy between c.m. bands and
the system is prepared in one solution, say, jE0ðKÞi. Then,
in the presence of isolated crossing points with other
solutions jEαðKÞi, a single cycle t ¼ 0 → t ¼ T will, in
general, not return the initial state to itself, but multiple
cycles are needed. Therefore, the topological transport is
integer quantized only after multiple cycles, giving rise to a
fractional average transport per cycle. In this case, where
there are crossings of soliton solutions at some point in
time, say, of jE0ðK; tÞi and jE1ðK; tÞi, the Chern number
must be generalized to a Wilson loop:

Cn ¼
1

2π

Z
T

0

dt∂t Im log detWðtÞ; ð14Þ

where WðtÞ ¼ T exp fi RBZ dKBtðKÞg and

Bt ¼
� hE0j∂KE0i ihE0j∂KE1i
ihE1j∂KE0i hE1j∂KE1i

�
ð15Þ

is the Wilczek-Zee non-Abelian Berry connection [32] for
fixed time, here for n ¼ 2 crossing bands. Cn is an integer,
and the average topological transport per cycle in the n
bands is given by Cn=n.
The c.m. transport of a soliton is then fractional,

provided it returns to its original energy only after n
periods. We show that this is the case for the Aubry-
André-Harper model of Ref. [13].

IV. CALCULATING CHERN NUMBER
AND WILSON LOOP OF SOLITONS

While the soliton energy structure can be well approxi-
mated by a self-consistent solution of the DNLSE, the
many-body eigenstates and the Chern number [Eq. (11)] or
the Wilson loop [Eq. (14)] must be obtained from solving
the many-body Schrödinger equation, which constitutes a
substantial challenge for more than a few particles. To
tackle this problem, we introduce the following basis of
states with a fixed K [33,34]:

jΨαðKÞi ¼
XL−1
m¼0

ðeiKT̂ÞmjΦαð0;KÞi: ð16Þ

Here, we assume a lattice with L unit cells, each containing
p sites, and periodic boundary conditions. The states

jΦαð0;KÞi ¼
X0

fnlg
cα½fnlg;K�jfnlgi

describe the distribution of particlesnl¼fn−pL=2þ1…npL=2g
around the lattice site l ¼ 0 (conveniently chosen close to the
center of mass of all particles), with coefficients
cα½fnlg; K� ¼ cα½n−pL=2þ1…npL=2;K� and jfnlgi being a
number state.We assume for simplicity thatL is even.

P0
fnlg

denotes summation over all nl’s for which
P

l nl ¼ N.
Translation by a unit cell gives T̂jΦαð0;KÞi¼jΦαðp;KÞi.
(Note that, in order to guarantee orthonormality, states
jn−pL

2
þ1;…; npL

2
i must not be eigenstates of T̂.) Now we

can make use of the fact that for large attractive interactions
the solitons have a small localization length ξ. Thus, we can
restrict ourselves to special cases: (i) two-site solitons where
the basis states have at most two (neighboring) sites
populated (i.e., n0; n1 ¼ N − n0 ≠ N, in general) and
(ii) three-site solitons where three adjacent lattice sites might
be populated [i.e., n0; n1; n2 ¼ N − ðn0 þ n1Þ ≠ N, in gen-
eral]. In the basis of c.m. momenta K, the many-body
Hamiltonian [Eq. (1)] is block diagonal; i.e., the c.m.
momenta are decoupled. For the two-site solitons, the block
dimension is p · N; for the three-site soliton, it is
p · NðN þ 1Þ=2, which allows us to perform numerical
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simulations for tens to hundreds of particles. Because of the
limitation to two-site or three-site solitons, some of the
higher-energy solutions are not true eigensolutions but are
enforced by the boundary conditions. These states can be
detected, however, by comparing two- and three-site sol-
utions and are not relevant in the low-energy regime,
discussed here.
In Fig. 3, we have plotted the energies of the solitons for

the AAH model [Eq. (1)] and the c.m. transport as a
function of time, for N ¼ 10 particles with unit-cell size
p ¼ 5 and U ¼ 0.1 for phase offsets k ¼ 1 and k ¼ 2.
(Note that the soliton bands are almost flat with a
bandwidth less than the width of the lines.) In the first
case [Figs. 3(a) and 3(b)], there is a single lowest-energy
soliton solution with many-body Chern number [Eq. (11)]
C ¼ 1 and integer transport. In the second case [Figs. 3(c)
and 3(d)], two energies cross with a nontrivial Wilson loop
[Eq. (14)] C2 ¼ 1 giving rise to fractional transport of 1=2.
The data are calculated within the three-site soliton ansatz.
With the same approach, we can numerically calculate

the Berry curvature F ðK; tÞ and from this the Chern
number or Wilson loop. In Fig. 4, we have given an
example for the Berry curvature of the AAH model with
N ¼ 3 particles, a p ¼ 5 unit cell, and a k ¼ 1 phase offset,
which shows integer quantized transport similar to Fig. 3.
Using Eq. (11) for this Berry curvature yields a c.m. Chern
number C ¼ 1. The yellow lines in Fig. 4 are numerical
relicts and do not influence the result of the integration,
since they are effectively sets of measure zero.
We here showed the applicability of our c.m. approach to

identify the different topological phases. In the following,
we provide an explanation for the phase transitions.

V. TOPOLOGICAL PHASE TRANSITIONS

A. Effective soliton Hamiltonian

The c.m. dynamics of bound N-particle objects
(solitons) can be described by an effective single-particle
Hamiltonian with eigenstates jEμðKÞi:

Heff ¼
X
μ

X
K

EμðKÞjEμðKÞihEμðKÞj: ð17Þ

Since such a model misses out the continuum of extended
states, it is adequate only for stable soliton solutions.
Defining annihilation and creation operators for solitons
centered at lattice site l as d̂l and d̂†l , respectively, the
effective soliton Hamiltonian would read in coordinate
space

HeffðtÞ ¼ −
X
l

h
ðJl;effðtÞd̂†l d̂lþ1 þ H:c:Þ þ ϵl;effðtÞd̂†l d̂l

i
;

ð18Þ

where the Jl;eff are the effective hopping rates of the soliton
and the ϵl;eff effective local energies. (Note that we here
have assumed only nearest-neighbor hopping.) All topo-
logical properties, including the topological classification
according to the Altland-Zirnbauer scheme [26,27], as well
as all phase transitions of solitons are determined by this
effective Hamilton.
In the limit of strong attractive interactions, all soliton

solutions have a localization length of a single lattice
constant; i.e., all particles are located at the same lattice site.
In this limit, we can explicitly derive the effective

FIG. 3. Instantaneous soliton energies for ten particles for
attractive interaction U=J ¼ 0.1 with phase offset k ¼ 1 in (a)
and with phase offset k ¼ 2 in (c) and unit-cell size p ¼ 5. Note
that the soliton bands are almost flat and the variation of EðKÞ
with K is less than the width of the lines. The corresponding c.m.
movements in a pump cycle of the red and blue marked energies
are shown in (b) and (d). The energies and c.m. positions are
obtained with the three-site soliton ansatz.

FIG. 4. Logarithm of the absolute value of the Berry curvature
ln jF ðK; tÞj in the lowest-energy solution for N ¼ 3 particles, a
p ¼ 5 unit cell, and a k ¼ 1 phase offset. Integrating Eq. (11)
with this Berry curvature yields a Chern number C ¼ 1. The
sharp peaks, where ln jF ðK; tÞj is on the order of 10, are
numerical relicts but are effectively a set of measure zero for
the integration.
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Hamiltonian from perturbation theory. Furthermore, it is
obvious that in this limit the number of soliton bands is the
same as the number of single-particle bands. We explicitly
construct Heff for N ¼ 3 particles in the strong interaction
limit in Sec. VI. Here, we first discuss some of its general
properties.
In the Aubry-Andre-Harper model [Eq. (1)], any small

attraction U0 is sufficient to form a bound state (lattice
soliton) with an energy below the continuum of extended
N-particle states, if N is large. Increasing the attractive
interaction, the energy of these solitons is lowered and the
bands deform. Moreover, excited soliton solutions can
emerge. If the soliton bands have a nontrivial Chern
number or Wilson loop, (fractional) quantized topological
transport can be observed [6,13].

B. Merging of soliton bands

The experiments in Refs. [6,13] and DNLSE simulations
showed that, for very large but still finite values of the
interaction, the topological transport stops altogether. This
can be understood as follows: For U ≫ J, the localization
of all soliton solutions is reduced to a single lattice site.
Thus, the contribution of the local interaction to the energy,
UNðN − 1Þ=2, is the same for all solitons. Using a
perturbative ansatz, one can show that, moreover, the
contribution of the kinetic energy can be disregarded, as
it scales as ∼JðJ=UÞN−1 (see the Appendix and Ref. [35]).
Thus, the effective soliton Hamiltonian becomes approx-
imately diagonal and is entirely determined by local
energies ϵl;eff , which for the AAH model result from
virtual hopping processes of a single particle from the
soliton site l to an empty neighboring site (and back) and
are in second-order perturbation theory proportional to
ϵl ∼ ½J2l ðtÞ þ J2lþ1ðtÞ�=U. As a consequence, all soliton
bands cross at different points of the pump cycle and the
topological transport is given by the total Wilson loop of all
c.m. bands, which is always zero for general reasons.
The two limiting cases show that, as U is increased,

initially separated soliton solutions must approach each
other and eventually merge. As shown in Fig. 5, obtained
from exact diagonalization simulations of a small system
(30 lattices sites), they do so by forming Dirac-like cones
which touch at a critical interaction Uc. In this case, the
Chern numbers of the lowest two soliton bands are no
longer adequate topological invariants, but one has to
consider the Wilson loop. The topological transport can
then become fractional, provided the soliton solutions
which started at t ¼ 0 are energetically well separated
and switch bands at the Dirac-like points. We now show
that this is indeed the case.
When the two soliton bands touch, the adiabatic evolu-

tion is governed by a U(2) transformation [32] [compare

Eq. (12) in Sec. III B]

jΨðK; tÞi ¼ T exp

	
−i

Z
t

0

dτAKðK; τÞ


jΨðK; 0Þi: ð19Þ

Close to the crossing points, which we assume to take place
at t ¼ t0, the non-Abelian Berry connection AK takes on
the form

AK ¼
� ajτj − ib

τ

ib
τ −ajτj

�
; ð20Þ

with τ ¼ t − t0. Here, we assumed that apart from a
common energy offset E0 ¼ −E1 ¼ ajτj, and, thus,
hE0j∂tHjE1i=ðE1 − E0Þ ≈ b=τ. Because of the diverging
off-diagonal elements, the eigensolutions no longer follow
the original solutions but cross from one to the other [see
color code in Fig. 5(c)]. Since p is a prime number, there is
an odd number of crossing points in one period in the AAH
model. Thus, two periods are required for a soliton to return
to the solution it started from. The shift in the c.m. position
is then integer quantized only after two periods and the
average transport per cycle is fractionally quantized. This

FIG. 5. Merging of soliton energies obtained from exact
diagonalization with increasing interaction strength U for
N ¼ 3 particles, a p ¼ 5 unit cell, and k ¼ 2 phase offset. The
number of unit cells is L ¼ 6. A soliton originally prepared at
t ¼ 0 in one of the two bands will remain in this band if the
changes are adiabatic and the soliton energies do not touch [(a) and
(b)]. Once the energies touch in Dirac-like cones, the solutions
switch bands at every crossing [red curve in (c)]. The width of the
lines is larger than the width of the soliton bands in K space.
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integer-to-fractional transition is sharp; i.e., it does happen
without a region of nonquantized transport in between the
two phases. The following section, however, discusses a
situation where an intermediate region of nonquantized
transport appears.

C. Failure of transport quantization

Based on solutions of the mean-field DNLSE, it was
shown in Ref. [17] for the example of the Rice-Mele
model [36–38] with local attractive interactions that the
transition between quantized topological pumping of a
soliton to zero pumping upon increasing the interaction
strength may go through an intermediate regime of non-
quantized transport. This transient failure of transport
quantization, where hΔX̂i strongly fluctuates, was attrib-
uted in Ref. [17] to a ”self-crossing” of solutions of the
semiclassical DNLSE. This phenomenon can be easily
understood in the full quantum picture. For intermediate
interactions, the excited soliton solution is in some parts of
the pump cycle degenerate with the continuum of extended
states and, thus, unstable. If this solution merges with the

lower soliton band, the time evolution is no longer adiabatic
and the transport is not quantized until the interaction is
large enough such that also the excited band becomes fully
gapped. In Fig. 6, we show the soliton energies in the Rice-
Mele model with different values of the attractive on-site
interaction U obtained from exact diagonalization simu-
lations of a N ¼ 4 soliton. The width of the lines reflects
the width of the soliton bands EðK; tÞ in K space. Although
only marginally visible due to finite-size effects, Fig. 6(b)
indicates the existence of a parameter range where the
lowest soliton band becomes degenerate with an unstable
excited solution leading to a fluctuating, nonquantized
transport.

VI. EFFECTIVE HAMILTONIAN:
TRIPLON MODEL

As stated in Sec. VA, we can explicitly construct the
effective soliton Hamiltonian in the strongly interacting
limit where the noninteracting part of the Hamiltonian
[Eq. (1)] can be treated as a small perturbation and the
solitons become maximally localized (i.e., with a locali-
zation length ξ smaller than the lattice spacing).
In this limit, the binding energy ðU=2ÞNðN − 1Þ is equal

for all soliton solutions and is disregarded. Transport of the
composite object occurs through collective hopping of
particles, arising in Nth-order perturbation theory, which
has a very small effective amplitude of ∼JN=UN−1 [35]. At
the same time, virtual hopping processes of particles from
the soliton site to a neighboring site and back give rise to
local energy shifts with an amplitude proportional to
∼J2=U. As shown in detail in the Appendix, this results
in the effective energies and hopping amplitudes

ϵl;eff ¼
3

2

J2l−1 þ J2l
U

; Jl;eff ¼
3

2

J3l
U2

ð21Þ

for the triplon model (i.e., N ¼ 3). (For effective Bloch
Hamiltonians of bound doublons and their topological
features, see also Refs. [39–41]).

HeffðtÞ ¼ −
X
l

½½Jl;effðtÞd̂†l d̂lþ1 þ H:c:� þ ϵl;effðtÞd̂†l d̂l�:

ð22Þ

In Fig. 7, we have shown the soliton energies of the
effective triplon model for two different interaction
strengths for the AAH model along with the integrand
of the Wilson loop in Eq. (14) Wm ¼ Im log detPðtÞ,
where m is the number of crossing bands. One clearly sees
that for increased interaction strength the bands merge.
Eventually, all five bands cross and there is no winding of
W5; i.e., the total Wilson loop vanishes. Thus, despite the
fact that the soliton mass is still finite, the topological
transport vanishes exactly.

FIG. 6. Breakdown of transport quantization in the Rice-Mele
model for intermediate values of on-site interactions. Shown are
lowest energies for N ¼ 4 bosons. (a) U ¼ 2.0: the lowest soliton
(quadron) band is gapped with Chern number C ¼ 1 (hΔX̂i ¼ 1).
(b) U ¼ 3.0: the lowest two bands merge but (except for finite-
size effects) overlap with extended states (unstable quadron)
where the transport is not quantized. (c) U ¼ 4.0: the lowest two
quadron bands merge with vanishing Wilson loop (hΔX̂i ¼ 0).
The width of the lines reflects the width of the soliton bands
in K space.
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The doublon model (N ¼ 2) can also be treated ana-
lytically and, depending on the lattice model, can as well
show an integer, fractional, or trapped case. But, since in
the doublon case both the effective hopping and the
effective potential are of the same order in interaction
strength U−1, there is no qualitative change of the band
structure and, therefore, no phase transition.
Furthermore, while the dispersion of wave packets

during a topological pump can be suppressed also for
single particles in lattices with weakly dispersive (or flat)
bands [42], the interaction-driven topological phase tran-
sitions, discussed here, require virtual hopping processes
which do not exists in single-particle systems. Thus, these
transitions are a remarkable and unique feature of
composite particles (with more than two particles).

VII. TOPOLOGICAL TRANSPORT
IN HIGHER SOLITON BANDS

So far, we mainly discussed the behavior of ground-state
solitons. In single-particle Thouless pumps (like the AAH
model without interaction), quantized topological transport
also occurs in higher bands, determined by the corresponding

Chern number, where the sum of all Chern numbers has to
vanish. While this is still true in the effective single-particle
model, it does not cover the full physics in the composite-
particle setting. Here, excited composite-particle solutions
might be unstable (compare Fig. 6); i.e., the soliton can be
energetically degenerate with extended, i.e., not self-bound
many-particle, states. In such a case, the statewould not survive
in the real time evolution of the pump, because the soliton can
evaporate and, therefore, lose its composite structure.
If, on the other hand, an excited soliton is stable, there is

quantized topological transport determined by the effective
Chern number of the excited soliton band; see, e.g., Fig. 1(a)
in the extended data ofRef. [6]. In Fig. 8,we show the energy
spectrum from the three-site soliton ansatz of the AAH
model for N ¼ 3 particles with a p ¼ 17 unit cell and a
k ¼ 8 phase offset. The interaction strength is chosen as
U=J ¼ 1=3. As one can see, there are crossing solutions in
the low-lying part of the spectrum, above which another
gapped soliton solution exists (marked in red). The corre-
spondingChern number of this soliton band isC ¼ 2, which
is in agreement with the displayed transport.

VIII. SUMMARY AND OUTLOOK

We developed a full quantum description of topological
pumps of self-bound N-particle states, i.e., lattice solitons.
The quantum description allowed us to identify and to
explicitly calculate a topological invariant, i.e., an effective

FIG. 7. Instantaneous soliton energies of the effective triplon
model [Eq. (21)] for attractive interaction U ¼ 5 in (a) and
U ¼ 20 in (b), phase offset k ¼ 2, and unit-cell size p ¼ 5. The
inset shows the winding of W ¼ Im log detPðtÞ [Eq. (14)],
determining the Wilson loop.

FIG. 8. Instantaneous soliton energies for three particles for
attractive interaction U=J ¼ 1=3 with phase offset k ¼ 8 and
unit-cell size p ¼ 17 with the corresponding c.m. movement in a
pump cycle of the red marked energy. The solutions are obtained
with the three-site soliton ansatz.
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single-particle Chern number or Wilson loop explaining the
emergence of integer and fractional transport in the full
range of interaction strength, where perturbative arguments
[14,16] fail. Transitions between phases of differently
quantized topological transport observed in experiments
[6,13] as well as the possibility of parameter regimes
without quantized transport were explained by coalescence
of soliton bands and possible degeneracies with extended
states. Quantized topological transport can also be observed
in excited soliton bands, provided these bands are gapped
and stable; i.e., there are no degeneracies with extended
many-particle states. The concept can easily be extended to
multicomponent solitons [22,23,43], where, among other
things, fractional transport was predicted despite the fact
that all single-particle bands are topologically trivial. In the
latter case, interactions lead not only to the modification of
topological properties, such as the transition from integer to
fractional phases, but to the emergence of topology. Finally,
we note that the concept can also be applied to bound
many-particle states in cold gas experiments and topologi-
cal pumps [39,44–47].
Some of the data in this script have been obtained using

the QuantumOptics.jl framework [48].
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APPENDIX: EFFECTIVE SOLITON
HAMILTONIANS IN THE LIMIT

OF STRONGLY LOCALIZED SOLITONS

To derive an effective model for strongly localized
composite particles, let us first look at the binding energy
of such a maximally localized soliton in the AAHmodel (1)
(i.e., a localization length ξ smaller than the lattice spacing),
which has a binding energy given by

Eint;N ¼ U
2
NðN − 1Þ; ðA1Þ

whereas states with N − 1 localized particles have an
energy

Eint;N−1 ¼
U
2
ðN − 1ÞðN − 2Þ: ðA2Þ

The energy difference jEint;N − Eint;N−1j is UðN − 1Þ. So if
U is sufficiently larger than the Bose-enhanced hoppingffiffiffiffi
N

p
J, the energetically lowest states are localized solitons.

To derive an effective description of the maximally
localized solitons, as proposed in Eq. (18), we have to
identify the relevant processes, treating the particle hopping
as perturbation. These processes have to be resonant
between the degenerate ground states of the interaction
Hamiltonian Hint [35]: For the effective potential, it is the
virtual hopping of a single-particle occurring in second-
order perturbation theory:

∼â†l âlþ1â
†
lþ1âljΨi:

On the other hand, the effective hopping of the complete
composite particle emerges only in Nth-order perturbation
theory:

∼ðâ†lþ1âlÞN jΨi:

The amplitude for the virtual hopping scales as ∼1=U,
while the effective hopping goes with ∼1=UN−1.
The minimal particle number: Triplons—In the follow-

ing, we explicitly calculate an effective Hamiltonian for the
minimal possible particle number: the triplon. For a
composite object consisting of only two particles, both
processes (virtual and effective hopping) would have the
same scaling 1=U and, therefore, the interaction has no
qualitative influence on the system properties.
The effective potential is calculated directly within

second-order perturbation theory of the Hamiltonian and
is given as

ϵl;eff ¼
3

2

J2l−1 þ J2l
U

: ðA3Þ

Calculating the effective triplon hopping in perturbation
theory is possible but already requires good bookkeeping
since it is a third-order process.
Therefore, we take a look at the local basis of two sites

for three particles:

j30i; j21i; j12i; j03i:

The local Hamiltonian for these states can be written in
matrix form:
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0
BBBBB@

−3U −
ffiffiffi
3

p
Jl 0 0

−
ffiffiffi
3

p
Jl −U −2Jl 0

0 −2Jl −U −
ffiffiffi
3

p
Jl

0 0 −
ffiffiffi
3

p
Jl −3U

1
CCCCCA
:

Here, we assume—without loss of generality—that the left
site is located at position l in our system. Diagonalizing this
4 × 4 matrix yields four eigenstates. The two low-energy
eigenstates are (for sufficient large values of the interaction
strength U)

jψ�i ∝ j30i � j03i:

The corresponding eigenenergies are

E� ∝∓ t − 2U −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4t2 ∓ 2tU þU2

p
:

In the effective Hamiltonian [compare Eq. (18)], the
eigenenergies of jψ�i can be shown to be

Eeff;� ¼∓Jl;eff þ const;

Eeff;þ − Eeff;− ¼ −2Jl;eff :

Given these two relations, we can Taylor expand the
energy difference Eþ − E− for small values of the hopping
amplitude and extract the effective hopping:

Jl;eff ¼ −
Eþ − E−

2
¼ 3

2

J3l
U2

þO
�
J5l
U4

�
: ðA4Þ

With both the virtual and the effective hopping Eqs. (A3)
and (A4), we can calculate an effective single-particle
Hamiltonian [Eq. (18)] reflecting the same physics as the
full model in the strong interacting limit.
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